


114 

Structure and Bonding 
 

Series Editor: D. M. P. Mingos 

  



Superconductivity 

in Complex 

Systems 
 

Volume Editors: K. A. Müller, A. Bussmann-Holder 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Springer    Berlin   Heidelberg   New York  



The series Structure and Bonding publishes critical reviews on topics of research concerned 
with chemical structure and bonding. The scope of the series spans the entire Periodic 
Table. It focuses attention on new and developing areas of modern structural and 
theoretical chemistry such as nanostructures, molecular electronics, designed molecular 
solids, surfaces, metal clusters and supramolecular structures. Physical and spectroscopic 
techniques used to determine, examine and model structures fall within the purview of 
Structure and Bonding to the extent that the focus is on the scientific results obtained and 
not on specialist information concerning the techniques themselves. Issues associated with 
the development of bonding models and generalizations that illuminate the reactivity 
pathways and rates of chemical processes are also relevant. 
As a rule, contributions are specially commissioned. The editors and publishers will, 
however, always be pleased to receive suggestions and supplementary information. Papers 
are accepted for Structure and Bonding in English. 
In references Structure and Bonding is abbreviated Struct Bond and is cited as a journal. 
 
 
Springer WWW home page: http://www.springeronline.com 
Visit the SB content at http://www.springerlink.com 
 
 
ISSN  0081-5993  (Print) 
ISSN  1616-8550  (Online) 
 
ISBN-13  978-3-540-23124-0 
DOI  10.1007/b12231 
 
Springer-Verlag Berlin Heidelberg 2005 
Printed in Germany 



Volume Editors
Professor Dr. Dr. h.c. mult.
K. Alex Müller
Physik-Institut 
der Universität Zürich 
Winterthurer Str. 190
8057 Zürich, Switzerland
kam@physik.unizh.ch

Editorial Board

Prof. Allen J. Bard
Department of Chemistry 
and Biochemistry
University of Texas
24th Street and Speedway
Austin, Texas 78712, USA
ajbard@mail.utexas.edu

Prof. Thomas J. Meyer
Associate Laboratory Director 
for Strategic and Supporting Research
Los Alamos National Laboratory
PO Box 1663
Mail Stop A 127
Los Alamos, NM 87545, USA
tjmeyer@lanl.gov

Prof. Jean-Pierre Sauvage
Faculté de Chimie
Laboratoires de Chimie
Organo-Minérale
Université Louis Pasteur
4, rue Blaise Pascal
67070 Strasbourg Cedex, France
sauvage@chimie.u-strasbg.fr

Prof. Peter Day, FRS
Director and Fullerian Professor 
of Chemistry
The Royal Institution of Great Britain
21 Albemarle Street
London WIX 4BS, UK
pday@ri.ac.uk

Prof. Herbert W. Roesky
Institute for Inorganic Chemistry
University of Göttingen
Tammannstrasse 4
37077 Göttingen, Germany
hroesky@gwdg.de

Series Editor
Professor Dr. Michael P. Mingos
Principal
St. Edmund Hall
Oxford OX1 4AR, UK
michael.mingos@st-edmund-hall.oxford.ac.uk

Priv.-Doz. Dr.
Annette Bussmann-Holder
Max-Planck-Institut 
für Festkörperforschung 
Heisenbergstr. 1
70569 Stuttgart, Germany
A. Bussmann-Holder@fkf.mpg.de



Preface

In this volume of the Springer Series “Structure and Bonding” superconductiv-
ity in unconventional systems is reviewed with emphasis on cuprate supercon-
ductors, however one additional contribution to the superconductivity of alka-
li-doped fullerides A3C60 has also been included.Even though in this latter com-
pound the evidence for phonon mediated pairing is well manifested, the prob-
lem to be solved lies in the fact that the Coulomb repulsion is of the same order
of magnitude as  the vibronic energy, whereas the A2C60 and A4C60 are insula-
tors, the A3C60 is a superconductor. Treating both energy scales on the same
footing, an interesting interplay between Coulomb and phonon contributions
results which enables electron (hole) pairing locally. The important phonon
contribution is shown to arise from an intramolecular Jahn-Teller vibration
which stabilizes the local pairs and overcomes the Coulomb repulsion for the
A3C60.

The problem with cuprates is more complex since here pairing via phonon
exchange is strongly debated. In addition the conventional pairing mechanism
in the sense of the Bardeen-Cooper-Schrieffer (BCS) theory can be ruled out,
as the very enhanced superconducting transition temperatures are not attain-
able without use of unreasonable parameters. The complexity of cuprates is
enhanced due to the doping dependent phase diagram which not only change
from an antiferromagnetic insulator to a metallic superconductor, but also
exhibits regimes where charge and/or spin ordering is observed, typically char-
acterized by the appearance of a pseudogap. The antiferromagnetism of the
parent compounds has frequently been taken as evidence that a purely elec-
tronic mechanism is the origin for the hole pairing.Also the near vanishing iso-
tope effect on the superconducting transition temperature Tc at optimum dop-
ing has supported a non-phononic mechanism, even though a substantial iso-
tope effect appears when approaching the antiferromagnetic regime. The sup-
port of purely electronic pairing models was further increased by the observa-
tion that the superconducting gap function is of dx2–y2 symmetry, which is hard
to achieve within a phonon mediated pairing model. However, more detailed
experiments give clear evidence that the symmetry of the pairing function is not
that simple and especially bulk sensitive experiments have to be contrasted
with surface sensitive ones. Obviously a pure dx2–y2 symmetry order parameter
is incompatible with the experimental observations and a substantial s-wave
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component has to be present. Also the role of lattice displacements is crucial
to superconductivity as outlined in the present volume.

A very specific aspect of exotic superconductivity in cuprates is played by
the inherent heterogeneity of these compounds which reflects itself in the
coexistence of locally distorted areas with the regular lattice. The role played
by this heterogeneity is reviewed by one of the authors (K. A. M.) where vari-
ous experimental findings are summarized which all yield stringent evidence
that inhomogeneity is crucial to the pairing mechanism. Since most of the
experimental data test lattice responses, a substantial involvement of the lattice
in the pairing mechanism must be considered. Consistent with these observa-
tions are new isotope experiments where unconventional isotope effects as e.g.
on the London penetration depth are reported. Such effects neither find an
explanation within conventional phonon mediated BCS theory nor within any
purely electronic pairing model. Here ideas related to the Jahn-Teller effect,
polaron, bipolaron formation and preformed pair models are the only way out
to obtain any isotope effect and again underline the special role played by spe-
cific lattice vibrations. Obviously also neutron scattering data support this
point of view since strong phonon anomalies are observed in the supercon-
ducting regime only. The transfer of spectral weight at special momentum val-
ues to other regions in the Brillouin zone signals the local character of the lat-
tice vibration and establishes that average properties are less relevant to super-
conductivity. This is also related to the short coherence length of the Cooper
pairs which reflects the local character of the pairing potential.

A detailed neutron scattering analysis of the crystal-field spectra reveals
evidence that the doping induced charge distribution is inhomogeneous and
tends to appear in clusters thus leading to charge rich and charge poor areas.
These experiments are also able to test directly the opening of the pseudogap
where a huge mass reversed isotope effect is observed on the corresponding
temperature T*. Also this effect implies that the lattice plays a dominant and
unconventional role at least for the pseudogap state, but if this is considered to
be the onset of local pair formation, it also points to a relevant role of special
lattice distortions to superconductivity. A detailed analysis of the quasiparti-
cle dynamics by femto second spectroscopy supports the picture of inherent
heterogeneity since two relaxation times are observed which suggest that qua-
siparticles obeying different time scales coexist. The finding supports the idea
of Jahn-Teller polaron formation and real space pair formation. Similarly the
analysis of electron paramagnetic resonance data convincingly supports a
polaronic picture where here a three spin polaron state is required in order to
obtain agreement with experiment. Theoretically a two-component approach
has been analysed which indicates that strong enhancements of the super-
conducting transition temperature are obtained as soon as the interaction
between the two components is switched on.An additional enhancement fac-
tor stems from polaronic coupling as long as this is not too strong, which then
favours localisation and a breakdown of superconductivity. The inhomo-
geneity is attributed here to strong anharmonicity in the electron-phonon
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interaction which enables and stabilizes coexisting ground states. Charge rich
and poor areas coexist and define new length scales which are incommensu-
rate with the regular lattice. An extended account is also given of a scenario
where local pairs coexist with itinerant electrons by means of which interest-
ing crossovers between a BCS regime and a Bose-Einstein condensation are
obtained. Finally a chemists point of view is presented where superconductiv-
ity is attributed to the coexistence of flat and steep electronic bands.While the
flat bands give rise to local pairs, the steep bands provide them with mobility.
Some conventional superconducting systems are analysed but also results for
MgB2 are presented where special emphasis is put on the role played by the
smaller gap.

The current volume of Structure & Bonding is certainly biased concerning
the pairing mechanism in exotic superconductors, since models based on
purely electronic mechanisms are not included even though briefly reviewed
in one of the contributions. It seems, however, to be timely to stress two issues
which have long been ignored in these systems: the role of heterogeneity and
the role of the lattice. While the former could be substantiated by new high 
resolution time and local probe experiments, the latter are known to be the key
in conventional superconductors, but have been mostly ruled out for the com-
pounds considered in this volume. The accumulating experimental evidence
for their central role has been summarized in this issue. Last but not least it
should be noted that the discovery of high temperature superconductivity in
cuprates originated from the idea that Jahn-Teller polaron formation could
cause a sufficiently attractive pairing potential to support high temperature
superconductivity.

Stuttgart and Zürich, January 2005 Annette Bussmann-Holder
K. Alex Müller
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Abstract An expanded review of recent pertinent experiments in hole-doped cuprates is pre-
sented [1]. These include photoemission, inelastic neutron scattering, EXAFS, PDF, electron
paramagnetic resonance and susceptibility data. For doping concentrations below optimum
all are compatible with Jahn-Teller bipolaron formation at the pseudogap temperature T*,
with a simultaneous presence of fermionic quasi-particles. The theoretically derived super-
conductivity onset and maximum Tc at optimal doping agree quantitatively with observation.
Very large isotope effects at T* for lower doping support the vibronic character of the ground
state.
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1
Local Distortions

The essential structure of high Tc superconductors is well represented by Tokura’s
[2] picture of donor/acceptor/inert layers bracketing a CuO2 sheet conductor.The
many body wave function in the material is vibronic, i.e. includes both nuclear
and electronic parts. For a single ion with the degenerate ground state

Y = ∑i yi
n yi

e (1)

without being in the adiabatic slaving limit and i=2,3. The many body nuclear
part yi

n is probed in neutron scattering experiments, while the electronic part 
yi

e is probed by photoemission. There are, in general, two types of excitation 
energies that are doping dependent. This “vibronic” picture, in the sense of
an interplay between the electronic charge and the ionic lattice structure, is a
major theme of this review.

Photoemission (ARPES) data by Lanzara et al. [3] clearly show a common
feature in different high temperature superconductors, that is a signature of the
lattice playing a role. The quasi-particle energies vs (rescaled) wave vector plots
for Bi2212, Bi2201 and LSCO show a kink, while NCCO does not show any such
behaviour (Fig. 1).

The kink occurs near 70 meV at a characteristic wave vector half in the 
Brillouin zone and indicates two different group velocities. They are due to two 
different quasi-particles, one of fermionic character, and the other of more
bosonic character at more negative energies.

Probing the other part of the wave function in Eq. (1), inelastic neutron 
scattering by Egami and collaborators [4] shows that LO phonon spectra in
YBCO and LSCO change significantly with oxygen doping concentrations in
YBa2Cu3O6+x from x=0.2 to 0.93 (Fig. 2).

2 K. A. Müller

Fig. 1a–d The quasi-particle dispersions vs the rescaled momentum k¢ for three p-type 
material systems (nodal direction): a Bi2212; b Bi2201; c LSCO. The arrow indicates the 
frequency values obtained by inelastic neutron diffraction data. The dispersions are com-
pared with: d n-type superconductor NCCO along GY. The dotted lines are a guide to the eye
obtained fitting, the linear part with a linear function [3]
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Fig. 2 Composition dependence of the inelastic neutron scattering intensity from YBCO 
single crystals with x=0.2, 0.35, 0.6 and 0.93, at T=10 K [4]

There is a distinct feature in the dispersion at 60–80 meV that also occurs in
the Brillouin zone along a particular wave vector. The intensity of the excitation
above the anomaly changes significantly in favour of the one below it. This 
reflects the change of the ratio of the two types of quasi-particles present.

While structure clearly is expected to play a role, there was already early 
evidence by EXAFS measurements of Bianconi et al. [5] that this lattice struc-
ture is locally varying. They suggested in x=0.15 LSCO that nano domains 
occurred,with alternating bands of “stripes”, separating charge-rich and charge-
poor regions. The stripes consist of distorted unit cell bands (D) of width ~8 Å
and undistorted unit cell bands (U) of width ~16 Å (Fig. 3).

The U regions are locally LTO like, while the D regions have LTT like CuO6
octahedra, relatively tilted by about 16°, and with bonds relatively closer in
length. We note that the distorted octahedral are similar to a “Q2” type local
mode, familiar in the Jahn-Teller effect, a point we will return to later.

Lattice inhomogeneities are associated with the local patterns of octahedral
tilts, or more generally, with a pair distribution (111) of such tilts as found by
the Billinge group [6] (PDFs). They find from neutron diffuse scattering, that
for LSCO, the x=0.1 data corresponding to “3° tilts” can in fact be reproduced
by combinations of heavily (5°) and untilted (0°) octahedra. They support 
qualitatively the existence of two different lattice conformations in stripes as 
indicated in Fig. 3.

EPR data by Kochelaev et al. [7] show that in LSCO distortions exist (Fig. 4).
They have been successfully modelled as a 3-spin polaron, again associated
with dynamic “Q2” like Jahn-Teller distortions.
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Fig. 3 Stripe formation at T* for La2–xSrxCuO4, x=0.15. Pictorial view of the distorted CuO6

octahedra (left side) of the “LTT type” assigned to the distorted (D stripes) of width ≈8 Å and
of the undistorted octahedra (U stripes) of width L≈16 Å. The superlattice of quantum
stripes of wavelength l=L+W is shown in the upper part [5]

Fig. 4 Three-spin magnetic polaron which is regarded as the EPR active centre in the CuO2

plane. The Jahn-teller distorted polaron has two degenerate configurations as indicated by
the dashed lines. The inset shows the corresponding double-well potential with the excited
vibronic states (dashed lines) and the ground state split by tunnelling (solid lines) [7]

In short, a variety of probes, including neutron scattering, PDF, ESR and 
EXAFS show that structural modes are important at various finite wave vector
values, involving combinations of JT distortions.

2
Pairing

The intersite JT correlations can in fact, lead to a finite wave vector qc=2p/d
pairing interaction, with a small pair size and short coherence length, dµx.
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Kabanov and Mihailovic [8] have introduced a model compatible with these 
experiments, and to an interaction with a coupling constant of the form

g(q) = g0 [(q – qc)2 + G2]1/2 (2)

that is resonant in the wave vector.A group theoretical analysis showed that one
can have coupling between q≠0 phonons and two-fold degenerate electron
states including spins (Fig. 5) all with the resonant coupling structure of Eq. (2).
By symmetry there are four coupling terms as shown in Panel 1. In front of each
is a Pauli matrix si, due to the twofold degeneracy of the state. The first term
results from the coupling to the breathing mode. The second and third are 
due to the interaction to the x2–y2 and xy JT modes, and the fourth with the sz
matrix is due to the magnetic interaction. Measurements of the ratios of the g1
and g2 JT-coupling constants vs the magnetic coupling g3 would settle the long
standing discussion on the importance of lattice displacements as compared to
the magnetic origin of the HTS in the cuprates.

Panel 1: Interaction between phonons k≠0 and twofold degenerate electronic
states (a k≠0 Jahn-Teller effect)

4
Hint = ∑s0, l ∑ ∑ g0 (k0, k

t
)exp[i k

t
l](b+

k
t + b–k

t) 
l, s k0 = 1 k

t

4
+ ∑s3, l ∑ ∑ g1(k0, k

t
)(k2

x – k2
y)exp[i k

t
l](b+

k
t + b–k

t)
l, s k0 = 1 k

t

4
+ ∑s1, l ∑ ∑ g2(k0, k

t
)kxky exp[i k

t
l](b+

k
t + b–k

t)
l, s k0 = 1 k

t

4
+ ∑s2, l Sz, l ∑ ∑ g3(k0, k

t
)kxky exp[i k

t
l](b+

k
t + b–k

t)
l, s k0 = 1 k

t

g0 kllpg 2

where gi(k0, k
t

)=997 and the Pauli matrices si,j represent the degen-  
[(k – k0)2 + g 2]

erate electronic states.
We note here that Weisskopf had shown for classical superconductors, that

D ≈ EF l/x (3)

where l is the screening length. This implies that the superconducting gap/
temperature D≈Tc is high when the correlation length x is small. Thus a small-
pair model can be a high-Tc model.

In fact, if pairs are small, then superconductivity can be established through
some kind of percolation, with pair size lP smaller than the coherence length,
and bigger than the lattice scale a:

a < x < lP (4)



The picture that emerges is of Jahn-Teller induced mesoscopic pairs, that 
fluctuate and percolate [9].A further development of these ideas (Fig. 6) yields
quantitatively:

1. An understanding of the minimum coherence length observed
2. The right percentage of holes for the onset of cuprate superconductivity

(~6%)

6 K. A. Müller

Fig. 6 a The amplitude of the lattice deformation caused by pairs described by the meso-
scopic Jahn-Teller model. The picture corresponds to a “snapshot” at 6% doping at T=0 K.
b The bond percolating model describing situation a [9]

Fig. 5 The intersite Jahn-Teller pairing interaction. The Brillouin zone (BZ) of La2–xSrxCuO4

corresponding to the tetragonal phase with point group D4h is shown below [8]



3
Pseudogap

Returning to structure, we consider the pseudogap temperature T* as where the
local distortions begin to occur.Work by Bussmann-Holder et al. [10] has shown
that the bands of different symmetries x2–y2, 3z2–r2 can be coupled dynamically
by tilting octahedra. The model yields both a Tc, and a pseudogap temperature
T*. The pseudogap formation drastically reduces the energy separation between
charge and spin levels, from ~2 eV to the ~meV level.

There are also other related analyses [11] based on the JT polarons com-
bining to form bipolarons, whose binding energy is found to fall as 1/x with
doping. So the temperature doping phase diagram would show a bipolaron 
formation temperature T*(x) that decreases with doping x, and is above another
negative-slope characteristic temperature, where bipolarons cluster to form
stripes. The decreasing T* line would nearly meet the increasing supercon-
ducting Tc phase boundary at the optimum doping, i.e. maximum temperature
Tc

max for superconductivity.
The local structure and its formation temperature T* can be probed by

XANES methods, when an X-ray photon ejects an electron from the Cu2+ and
the electron waves interact with the O2– neighbours. Plots in an early paper by
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Fig. 7 The oxygen isotope effect on the charge-stripe ordering temperature T* in La1.94Sr0.06-
CuO4 and the doping dependence of T*. The temperature dependence of the XANES peak
intensity ratio R for the 16O and 18O samples of La1.94Sr0.06CuO4 [12]
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Fig. 8 Temperature dependence of the reduced linewidth observed for both copper and 
oxygen isotope substituted HoBa2Cu4O8. The solid line represents the normal state linewidth
were the linear term expected by the Korringa law has been subtracted

Lanzara et al. [12] show fluorescence counts vs phonon energy, with features
that are linked to the neighbouring La/Sr, and in-plane oxygen. NQR is another
important probe of local structure, as used by Imai and collaborators [13].

The temperature-dependence of the XANES peak intensity ratio shows a
dip at T*~110 K, that is associated with stripe formation. Since this technique
probes only oxygen neighbours, it is a site specific way to investigate effects 
of isotopic substitutions. In fact there is a large isotope effect, with 16OÆ18O
substitution causing a rise to T*~180 K (Fig. 7). The dynamics of the stripes is
exponentially dependent on the oxygen mass due to the polaronic character of
the quasiparticles. The compound with the heavier 18O then requires a larger
thermal energy to “melt” the stripes at T* into single polarons.

Several techniques can be used to probe the T* vs doping curve for La and
the techniques like XANES, NQR and EPR probe widely different time scales
(10–13 s, 10–7 s, 10–9 s). Nonetheless, the data fall on the same curve below Tc

max.
A quantitative confirmation of the XANES results in Fig. 7 are the inelastic

time-of-flight, neutron scattering measurements by Rubio Temprano et al. [14]



that substitute for yttrium. This work on the isotopic series HoBa2
(n)Cu4

(p)O8
where n=63, 65 and p=16, 18, reveals a large T* isotope effect for oxygen
(a*0=–2.2) and an even larger value for copper (a*Cu=–4.9) (Fig. 8 [14]). Thus
both copper and oxygen dynamics play a role in stripe formation of YBCO, on
a scale of ~10–12 s, that cannot be accounted for by magnetic interactions.

The oxygen isotope shift reflects the JT interaction whereas the Cu isotope
effect is ascribed to the so-called “umbrella” mode in which a Cu motion is
present due to the lack of inversion symmetry at the planar Cu site. This is 
because of the pyramidal oxygen coordination of Cu in YBCO. Indeed, later 
results for Ho in LSCO yielded a similar oxygen isotope shift for T* but none
between Cu63 and Cu65 samples [15]. In LSCO the Cu is octahedrally coordi-
nated and only the quadrupolar JT modes can be active; the inversion sym-
metry precludes an asymmetric Cu motion. In conjunction, the Tc in LSCO is
about half the one in YBCO of 92 K at maximum doping, that is the coupling
to the umbrella mode in YBCO is responsible for about half of the supercon-
ductivity, the other half appears to come from the JT mode with the same
strength as in LSCO.

4
Most Recent Advances

Both, photoemission and EPR have substantially contributed very recently to the
understanding of the microscopic behaviour of the cuprates, deepening the so
far described insights. The former technique probes the wave vector particle 
dispersion as a function of energy. Referring to Fig. 1, no isotope effect has been
found for small energies below (0,0), marking the Fermi level. However, for the
larger energies below the characteristic knee in the dispersion substantial and
doping dependent effects have been observed by Lanzara et al. [16]. The isotope
independent part near the Fermi energy is ascribed to metallic quasi particles
and the other may be related to polarons. This confirms the presence of two
kinds of particles one of fermionic and the other of polaronic character.

Directly related to these observations are the EPR results of Shengelaya et al.
[17]. In lightly doped LSCO, using Mn2+ as a probe, two EPR lines are detected,
a narrow and a broad one. The width of the narrow one is oxygen isotope 
independent, whereas the broad one is isotope dependent. The former line is
assigned to Mn2+ ions sited in metallic regions of the sample and the broad to
those near single polarons. Upon cooling, the narrow one grows exponentially
in intensity whereas the broad one nearly disappears. The activation energy 
deduced from the exponential behaviour of the narrow EPR line is 460 (50) K,
independent of the hole doping between 1% and 6%, the range of the experi-
ments. The experimental activation energy is within experimental error the
same as deduced from Raman and inelastic scattering from bipolarons. There-
fore it is suggestive that bipolaron formation is the elementary process for the
aggregation of metallic regions, as Fig. 6 shows. This finding has as well a

Essential Heterogeneities in Hole-Doped Cuprate Superconductors 9



macroscopic consequence, because the EPR intensity follows the same tem-
perature dependence as the in-plane resistivity anisotropy in LSCO for the
same doping range (Fig. 9). The same temperature behaviour of the micro-
scopic EPR and macroscopic resistivity anisotropy shown is astounding.

5
Concluding Comments

Most theories of cuprate superconductors use the machinery of highly corre-
lated conducting matter, and in them the lattice is taken as rigid at the outset.
The many experiments of quite different character outlined here tell a quite 
different story, especially if the time scale of a particular experiment is suffi-
ciently short. The heterogeneity becomes manifest in a clear manner. For all of
them, the vibronic character of the ground state is present in a consistent way.
This, however, was the concept which led to the discovery of HTS cuprates [18].
Finally it should be noted that the JT bipolaron quasi-particles include high
correlations as well, which is often overlooked.

Acknowledgements A. Bussmann-Holder edited this manuscript in a substantial way based
on an earlier version [1].
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Fig. 9 Temperature dependence of the narrow EPR line intensities in La2–xSrxCu0.98Mn0.02O4
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Abstract The possibility of superconductivity is analyzed within models where two com-
ponents are present. Here both components may be non-superconducting on their own, but
become superconducting when coupled to each other. Also the possibility exists that only
one system is superconducting and induces via coupling superconductivity in the second
component. Another scenario is that the physical properties of the considered systems 
are totally different: while one is assumed to consist of itinerant fermions, the second may
consist of preformed pairs, “hard core bosons”. All scenarios are shown to lead to super-
conductivity where different pairing symmetries are possible. Typically two superconduct-
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ing gaps are observed, and enhancements of the superconducting transition temperature Tc

as compared to BCS theory are a consequence. The consequences for other superconducting
characteristics but also for the normal state are investigated and possible applications to new
non-conventional high temperature superconductors discussed.

Keywords High temperature superconductivity · Unconventional electron-lattice 
interactions · Boson fermion model · Two component superconductivity

List of Abbreviations
BCS Bardeen Cooper Schrieffer
d d-wave symmetry
KT Kosterlitz Thouless
LP Local Pair
MFA Mean-field approximation
s s-wave symmetry
s* Extended s-wave symmetry
T* Pseudogap temperature
Tc Superconducting transition temperature

1
Introduction

The discovery of superconductivity in mercury by Kammerlingh Onnes in 1911
was not expected theoretically and remained an unsolved problem for about
half a century. Only in 1957 Bardeen, Cooper and Schrieffer (BCS) [1] suggested
that the virtual exchange of phonons may give rise to an effective attractive
electron-electron interaction and a superconducting ground state. This theory
is based on amazingly many simplifying assumptions which are hardly ever 
fulfilled in realistic systems: the Fermi surface is approximated by a sphere with
a single band, the phonons are structureless, i.e. Einstein oscillators, the crys-
talline lattice is replaced by an oscillating continuum, the Coulomb interaction
is replaced by a constant, the electron-lattice coupling is weak, etc. In spite of
all these simplifications the theory has been extremely successful and applied
to many compounds, and mostly the predictions made by BCS have been ver-
ified experimentally.With the increasing number of superconducting systems,
deviations from BCS theory were observed experimentally which have been 
explained within extensions of the theory as, e.g., strong coupling Eliashberg
theory [2], the Allen-Dynes approach [3], and many more approaches [4–6].
However the main assumptions of the BCS theory of electron-electron attrac-
tion due to virtual exchange of phonons have mostly remained the basis of all
its extensions.

In this review we concentrate on systems which consist of two components,
both of which may be superconducting on their own, both may be non super-
conducting, one may be a superconductor while the other is a conventional
metal or insulator, one subsystem consists of preformed pairs (bosons), while
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the other consists of itinerant electrons. The diverse scenarios are investigated
and the consequences for the superconducting as well as the normal state 
explored.

The review is organized in the following way: in the next section the two-
band model is introduced followed by an introduction of the standard case.
Extensions of this are presented in the following section where first the case of
induced superconductivity is discussed and then the competition and/or coex-
istence of different gap symmetries is analyzed. Possible sources of how to 
enhance the superconducting transition temperature are detailed consecutively,
where especially the role played by unconventional electron-lattice coupling 
is addressed. Consequences of these couplings are shown to arise in unusual 
isotope effects. After this, the emphasis is on the coexistence of local electron
pairs and itinerant electrons. The generalities of such a scenario are outlined
first, followed by solutions for anisotropic superconductivity in terms of the
phase diagram and the superfluid characteristics. Phase fluctuation effects,
pairing correlations and the pseudogap are finally analyzed. Finally, the results
are summarized and possible applications discussed.

2
The Two-Band Model

2.1
The Standard Case

Very shortly after the work by BCS [1] two papers discussed independently of
each other the possibility that superconductivity may not arise in a single band,
but may be a consequence of two overlapping bands in the vicinity of the Fermi
surface where a pairwise exchange of electrons between the two bands takes
place via a phononic mechanism [7, 8]. In spite of the fact that effectively s and
d bands or s and p bands or various other bands may contribute to the two-band
model, effective density of states in the vicinity of the Fermi surface are intro-
duced in addition to average matrix elements for phonon mediated transitions.
The starting point for this two-band model is the generalized BCS Hamiltonian:

H = H1 + H2 + H3 (1)

H1 = ∑ [E1( k
t

) – m1) a+
k,s ak,s + (E2 ( k

t
) – m2) b+

k,s bk,s] (1a)
k,s

1
H2 = – 4 ∑ [V1 a

+
k≠ a

+
–kØ a–gØ ag≠ + V2 b

+
k≠ b

+
–kØ b–gØ bg≠] (1b)

V  k π g

1
H3 = – 4 ∑ [V12 (a+

k≠ a
+
–kØ b–gØ bg≠ + b+

k≠ b
+
–kØ a–gØ ag≠] (1c)

V k π g
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Here V is the volume and the terms in H1 are the momentum k, g dependent 
kinetic energies Ei (i=1, 2) and chemical potentials mi of the two bands consid-
ered, where electron creation and annihilation operators of the two bands are
denoted by a+, a in band 1 and b+, b in band 2, respectively, with spin index s.
H2 contains the effective attractive intraband pairing potentials given by Vi,
whereas H3 corresponds to pairing interactions V12 stemming from interband
pair scattering. Even though the attractive interactions can be due to any type
of interactions, it is assumed that they are phonon mediated. Obviously the
above Hamiltonian implies that the coupled components are characterized by
two order parameters and a term that admits for pairwise exchange between
both. A scenario like this has long been searched for after the introduction 
of the two-band model and its extensions [9–13], and has been believed to 
be realized in many conventional superconductors; however an unambiguous
identification of a two-gap structure, which is a consequence of the model,
could only be obtained in Nb-doped SrTiO3 [14]. Only very recently, it has
been shown that the new high temperature superconductor MgB2 is charac-
terized by two gaps with very different values of the individual gap energies
[15–21]. In high temperature superconducting cuprates this question is still
open even though many experimental facts point to a realization of such a 
scenario.

In order to derive the superconducting properties of the Hamiltonian in
Eq. (1), it is convenient to apply a Bogoliubov transformation [22] to the Fermi
operators according to

ak≠ = u(a)
k   ak1 + v(a)

k   a+
–k0 bk≠ = u(b)

k   bk1 + v(b)
k   b+

–k0
(2)

akØ = u(a)
k   ak0 – v(a)

k   a+
–k1 bkØ = u(b)

k   bk0 – v(b)
k   b+

–k1

The transformed Hamiltonian then reads

H = U + H0 + H1 + H2 + H3 + H4 + H5 (3)

U = 2 ∑ [e1(k
t

)vk
(a)2 + e2 (k

t
)vk

(b)2), ei = Ei – mi (3a)
k

H0a = ∑ W1(k
t

)[a+
k1ak1 + a+

k0ak0] (3b)
k

H1a = ∑ [e1(k
t

){uk
(a)2 – vk

(a)2 – W1( k
t

)}]{a+
k1ak1 + a+

k0ak0} (3c)
k

H2a = ∑ 2e1(k
t

)uk
(a)vk

(a)[a+
k1a+

–k0 + a–k0ak1] (3d)
k

1
H3a = – 4 ∑ uk

(a)vk
(a)[a–k0 a+

–k0 – a+
k1ak1][V1ug

(a)vg
(a) (a–g0 a+

–g0 – a+
g1ag1)V k, g

(3e)
+ V12 ug

(b)vg
(b) (b–g0b+

–g0 – b+
g1bg1)]
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1 
H4a = – 4∑ uk

(a)vk
(a) [a–k0a+

–k0 – a+
k1ak1][V1(ug

(a)2 – vg
(a)2)(a+

g1a+
–g0 + a–g0ag1)V k, g

+ V12 (ug
(b)2 – vg

(b)2)(b+
g1 b+

–g0 – b–g0 bg1)] (3f)

1
H5a = – 4 ∑ [uk

(a)2a+
k1a+

–k0 – vk
(a)2a–k0ak1]{V1(ug

(a)2a–g0 ag1 – vg
(a)2a+

g1a+
–g0)V k, g

+ V12 (ug
(b)2 b–g0 bg1 – vg

(b)2 b+
g1b+

–g0)} (3g)

All terms of Hib (i=1–5) in Eq. (3) analogous to those in a have to be added to
the above Hamiltonian, whereby all terms referring to the first band have to be
replaced by those of the second band and vice versa. In Eq. (3) the renormalized
energies of the elementary excitations Wi(k

t
) have been introduced. These

together with u(a,b), v(a,b) have to be determined.A convenient method to do this,
is to consider the thermodynamic potential [23]:

1
1/kBT

Y = Y0 – 6 ∑ (–1)p ∫ dt1 … dtp < S¢(t1) … S¢(tp) > (4)
kBT p ≥ 1 0

where < > is the statistical average and

S¢(t) = eH0t S¢e–H0t (5)

The thermodynamic potential in the zero order approximation is then given by

Wi (k
t

)
Y0 = U – 2kBT ∑ ∑ ln�1 + exp�– 92�� (6)

k i = 1, 2 kBT

Following [24] and introducing the Fermi functions fi(k)=1/[1+exp(bWi(k)]
(b=1/kBT) one obtains for the first order in S¢:

Y = Y0 + 2   ∑ [ei (k
t

)(uk
(a, b)2 – vk

(a, b)2) – Wi (k
t

)][1 – fi (k
t

)]  
k, i = 1, 2
a, b

1
– 4 ∑ Vi uk

(a, b)vk
(a, b) [1 – 2fi (k

t
)] (7)

V  k, i = 1, 2
a, b

1
– 2 4 ∑ V12 [uk

(a)vk
(a)(1 – 2f1(k

t
)][ug

(b)vg
(b) (1 – 2f2 ( gt)]

V   k, g

The parameters of the problem are calculated by requiring that terms appearing
in second order in S¢ are fully compensated, whereas the asymptotic higher 
order approximations for S¢Æ∞ do not contribute further to the thermodynamic
potential. As a result the following solutions are obtained:
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9595 9595
1         e 1(k

t
) 1         e 1(k

t
)

uk
(a) =��3 �1 + 92��, vk

(a) = ��3 �1 – 92��2           W1(k
t

) 2         W1(k
t

)
(8)  

9595 9595
1         e 2 (k

t
) 1         e 2 (k

t
)

uk
(b) = ��3 �1 + 92��, vk

(b) = ��3 �1 – 92��2           W2 (k
t

) 2         W2 (k
t

)

991Wi ( k
t

)= kei (k
t

) 2 + D2
i

V1 V12D1 = 4 ∑ uk
(a)vk

(a) [1 – 2f1(k
t

)] + 42 ∑ uk
(b)vk

(b)[1 – 2f2(k
t

)]
V k V k

(9)
V2 V12D2 = 41 ∑ uk

(b)vk
(b) [1 – 2f2(k

t
)] + 42 ∑ uk

(a)vk
(a)[1 – 2f1(k

t
)]

V    k V k

Consequently the thermodynamic potential adopts the following form:

Y =   ∑ [ei (k
t

) – Wi (k
t

)] – [2kBT ∑ ln[1 + exp(– Wi (k
t

)/kBT)]
k,i=1,2 k, i=1,2

V12 V12D1 – 42 D2                      D2 – 42 D1 (10)
V V2 V V1+ 4 D1 992 + 4 D2 992V1 V 2

12 V2 V 2
121 – 9 1 – 9V1V2 V1V2

The gap equations can now be derived:

V1 D1 W1(k
t

)       V12 D2 W2(k
t

)
D1 = 6 ∑ 92 tanh �92� + 42 ∑ 92 tanh �92� (11)

2V   k W1(k
t

) 2kBT 2V k W2(k
t

)            2kBT

V2 D2 W2(k
t

)       V12 D1 W1(k
t

)
D2 = 6 ∑ 92 tanh �92� + 42 ∑ 92 tanh �92� (12)

2V   k W2(k
t

) 2kBT 2V k W1(k
t

)             2kBT

The critical temperature Tc is then defined by the condition D1, D2 Æ 0 to yield:

V1 D1 e1(k
t

)        V12 D2 e2(k
t

)
D1 = 6 ∑ 91 tanh �92� + 6 ∑ 91 tanh �92�2V   k e1(k

t
) 2kBTc 2V k e2(k

t
)             2kBTc

(13) 
V2 D2 e2(k

t
)        V12 D1 e1(k

t
)

D2 = 6 ∑ 91 tanh �92� + 6 ∑ 91 tanh �92�2V   k e2(k
t

) 2kBTc 2V k e1(k
t

)             2kBTc

18 R. Micnas et al.



Upon replacing the summations by integrals and introducing the density of
states at the Fermi energy like

1                    dSiNi,i=1,2 (0) = 7 ∫∫EF 9921 (14)
8p3 | gradk Ei (k

t
)

dimensionless coupling constants are defined by l1=N1(0)V1, l2=N2(0)V2,99l12=kN1(0)N2(0)V12 from which, together with Eq. (13) the implicit equation 

for Tc is given by

�w 1               e 1 9981
∫ 3 tanh�91� de = 3 [l1 + l2 ± k(l1 – l2)2 + 4l2

12]/[l1l2 – l2
12] (15)

0 e 2kBTc 2

i.e.

kBTc = 1.14�w exp(–1/l) (16)

1 9981
1/l = 3 [l1 + l2 ± k(l1 – l2)2 + 4l2

12]/[l1l2 – l2
12] (17)

2

The sign in front of the root in Eq. (17) has to be chosen such that l is positive.
At this point it has to be emphasized that in the final derivation of Tc already 
a number of approximations have been introduced which might be rather 
unrealistic for real systems: i) the gap parameters have been taken to be inde-
pendent of k; ii) it has been assumed that a single (Einstein) phonon energy is 
involved in the pairing which is the same for both bands; iii) the density of states
at EF has been assumed to be constant; iv) the interband scattering potential is
the same for pair exchanges between band 1 and 2 and vice versa; v) finally both
band energies are identical. In spite of these approximations a variety of predic-
tions are obvious from the modeling: i.e. the gap to Tc ratios do not agree with
BCS predictions, the isotope effect differs from the one in conventional BCS 
theory, the penetration depth could be anisotropic, in tunneling experiments two
gaps should be detected, the specific heat jump at Tc is modified like

V dD2
iDcV = 93 ∑ Ni (0) �93� (18)

(kBTc)2
i=1,2 1

d 8kBTc T=Tc

When analyzing the above results limiting solutions are obvious: in the case of
V12 being zero the gap equations are decoupled and basically two values for Tc,
i.e. Tci, are obtained: Here the smaller value of Vi defines the lower bound of Tci.
Thus upon cooling the system of independent electrons, system 1 will become
superconducting at Tc1, whereas further cooling will drive subsystem 2 into the
superconducting state at Tc2 (if V1>V2). In this case the values for the gaps can
be derived analytically in the limit TÆ0: D1=2�w exp(–1/l1),D2=2�wexp(–1/l2),
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D1/D2=exp(1/l2–1/l1). However, as soon as V12 is finite, both gaps vanish 
simultaneously at a single transition temperature, as given in Eq. (16). In the
special case of V 2

12/(V1V2)=1 the equation for Tc simplifies to: Tc=1.14�w
exp[–1/(l1+l2)] and the gaps become

l2922
V12

l1 + l2

D1(0) = 2�w �5� exp[–1/(l1 + l2)]
V2 (19)

l1922
V12

l1 + l2

D2(0) = 2�w �5� exp[–1/(l1 + l2)]
V1

A similar simplification is achieved if one assumes that the densities of states
in the two bands differ considerably, i.e. one being much larger than the other,
a situation which probably applies to systems with d-electron bands. Here,
however, the analytical derivation is not given since this can be done easily
from the knowledge of the above derived expressions. It is important to note
that superconductivity in the two-band model is much more robust than in
the conventional BCS model, as here even repulsive interband interactions
lead to enhancements of the superconducting transition temperature and the
neglected Coulomb repulsion is more easily compensated.

2.2
Induced Superconductivity

An interesting case of the above model has been studied by Kresin and Wolf
and collaborators [24–30], where they assume that one of the two subsystems
is not superconducting at all (normal), but may become superconducting 
under the influence of the second (intrinsically superconducting) component.
Here two possibilities arise: superconductivity in the normal band can be 
induced either via charge transfer through the interband interaction term V12
or by tunneling. The tunneling can easily be incorporated in the Hamiltonian
equations (Eq. 1) by adding the term [31]

HT = ∑ (Tk, g
(a, b) a+

k bg + Tg, k
(b, a) b+

g ak) (20)
k, g

to the Hamiltonian. This leads to an important modification of the gap equa-
tions, i.e.

V1 D1 W1(k
t

)       V12 D2 W2(k
t

)
D1 = 6 ∑ 92 tanh�92� + 42 ∑ 92 tanh�92�2V   k W1(k

t
) 2kBT 2V k W2(k

t
)            2kBT

(21)
D2 W2(k

t
)

+ G(a, b)
1, 2  ∑ 91 tanh �92�k W2(k

t
)          2kBT
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V12 D1 W1(k
t

)                        D1 W1(k
t

)
D2 = 6 ∑ 92 tanh�92� + G(a, b)

1, 2  ∑ 92 tanh �92� (22)
2V   k W1(k

t
) 2kBT k W1(k

t
)             2kBT

with the definition G(a, b)
1, 2  =|T(a, b)|2N2(0), G(b, a)

2, 1  =|T(b, a)|2N1(0) [4]. In view of the
fact that system 2 is normal, the first term appearing in the equation for D1 is
missing in the one for D2. This means explicitly that superconductivity is in-
duced in this band where two terms contribute to it: the first term in Eq. (22)
arises from charge transfer, while the second is equivalent to the MacMillan
tunneling proximity model [4]. This is possible only, if the two subsystems 
are spatially separated and tunneling of Cooper pairs becomes possible. A 
realization of this idea can be found in layered compounds where, e.g., one
layer is a metal while the other one is an insulator. Here the cuprate supercon-
ductors are likely candidates and also MgB2 could represent a realization of
these ideas.

Similar to the two-band model with two intrinsically superconducting 
subsystems the induced two-band model also admits for limiting cases which
are analytically solvable. In the weak coupling limit, i.e. l1�v/2p, where
v=�w2�1/2 is a typical phonon frequency, the gap equations can be reduced to
a single one by inserting D2 into the equation for D1 [28]. This procedure leads
to the appearance of new terms in D1 which stem from the intrinsic pairing of
the a carriers, the two-band channel, and the intrinsic proximity channel. A
new feature appears in addition to the above mentioned ones, which is mixed
in character since phonon mediated transitions from a to b are followed by
proximity tunneling from b to a and vice versa. In case that the tunneling term
is small, i.e. G=G12+G21�1 the critical temperature is given by [29]

Tc = Tc1 exp( f)
(23)

l12l21 1        l12 G12f = 91 + 5 �2 6 – 1�6 ,
l3

1 16        l1 Tc1

where l12, l21 are interband couplings. Such a case is realized when the spatial
separation between the two subsystems is large.Obviously, in the limit G12=0 and
l12, l21�l1 the BCS results are obtained. In the opposite limit, when the separa-
tion between the two layers becomes very small corresponding to G�v,

Tc1     
b

Tc = Tc1 �64�1.14w–
(24)

G12 l12 G
b = 6 �1 – 6 6�G21 l1 G12

Since the above results have been derived in the weak coupling limit, and set-
ting l12=0, the tunneling effect always leads to a depression of Tc as compared
to the isolated a system, i.e. Tc<Tc1. In the strong coupling limit, i.e. l1 large 
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corresponding to 2pTc�v, and neglecting terms proportional to l12l21, the 
expression for Tc is given by [29]

Tc ≈ v/2p [l~]1/2

(25)
G21l1 + l12 7pTcl~ = 9995G211 + 96 + 2m1pTc + G21

When the interband phonon mediated term is set equal to zero, then Tc will be
depressed by the proximity effect, whereas the mixed term, which combines the
tunneling channel with the phonon mediated one, stabilizes superconductivity
and always enhances Tc [3, 31].

In the intermediate coupling regime and in the limit of small l21, the tun-
neling channel is the relevant one, which supports an increase in the density of
states in system 2 and consequently depresses Tc as compared to Tc1. Oppositely,
large values of l21 reverse this effect and together with terms proportional to 
lijGij (i, j=1, 2) strengthen superconductivity. Results from the numerical calcu-
lations [29] in this regime are shown in Fig. 1.
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Fig. 1 Tc/v as a function of the ratios of the density of states for various model parameters



Two-Component Scenarios for Non-Conventional (Exotic) Superconductors 23

Fig. 2 a (Left panel). Temperature dependence of the density of states of stoichiometric
yBa2Cu3O7. b (Right panel). Temperature dependence of the energy gaps D1/Tc, D2/Tc together
with the same for an ordinary BCS superconductor [30]

The model has been applied to various superconductors and specific appli-
cations have been made for YBa2Cu3O7. On the basis of Eqs. (21) and (22) the
temperature dependence of the density of states for stoichiometric YBa2Cu3O7
has been calculated (Fig. 2a), where at low energies no contributions to it exist
[30]. The first peak is observed when the lower gap value is reached and a 
second one at higher energies, signaling the opening of the higher gap, which
is attributed to the CuO planes. Here, the energy gaps are determined in close
analogy to the BCS formalism as appearing at the peak positions. The energy
gaps at T=0 K can thus be derived and their corresponding ratio to Tc be 
determined. These are D1=3 Tc and D2=0.8 Tc, respectively [30]. Their tem-
perature dependencies are shown in Fig. 2b, where strong deviations from con-
ventional BCS superconductors are observed since over a broad regime the 
dependence on T is very weak, to become strong only in the very vicinity of Tc.

In summarizing the results of induced superconductivity within the two-
band model, the important aspects are that besides of the fact that two chan-
nels are available to induce superconductivity in the normal subsystem 2, an
additional channel is opened where both, phonon mediated processes and
tunneling act cooperatively. Even though the pure proximity effect induces 
superconductivity in channel 2, it acts destructively on Tc. The pure phonon
processes also induce superconductivity but support higher Tc’s as compared
to the Tc of the isolated system 1. The same effect is observed for the combined
action of phonon and tunneling since here a pair in 1 is transferred to 2 via
the phonon mechanism and then scattered back to 1 via the proximity effect.
Finally, it should be mentioned that magnetic impurities [29], induced in sub-
system 2, have the interesting effect of leading to gapless superconductivity in
channel 2, however, with finite order parameter D2.

a b



3
Extensions of the Two-Band Model

3.1
Motivation

Cuprate superconductors [32] are one of the very first systems, where various
experiments give evidence that the superconducting order parameter is of
d-wave symmetry. On the other hand, experiments testing properties along 
the c-axis seem to support an s-wave order parameter. The situation here 
is obviously much more complex than discussed above and the two-band
model requires extensions to account for these observations. Also it has been
pointed out by various authors that it is important to consider two components
in these materials, since experimentally two different time and length scales
have been observed (for further details see the articles by D. Mihailovic,
T. Egami and K. A. Müller in this volume). An additional complication arises 
in cuprates due to the fact that superconductivity appears on doping the anti-
ferromagnetic parent compounds. Since these are insulating half-filled band 
systems, it is stringent that a large Hubbard repulsion at the copper site is pre-
sent which prevents it from being metallic. This fact together with a missing 
isotope effect on Tc at optimum doping [33–35] (the various isotope effects are
discussed in the review by H. Keller, and, in part by A. Furrer, this volume) has
been taken as evidence that more complex pairing interactions than phononic
mechanisms have to be considered [see, e.g., 36–38]. Especially strong electron
correlations have been favored as microscopic origin of the hole pairing mech-
anism [39–42]. Also the unexpected large values of Tc give clear evidence that
a pure BCS or strong coupling approach is insufficient. Thus the origin of
superconductivity in these materials is still strongly debated and remains 
controversial.

It is argued in the following that a two-component approach carries much
of the physics observed in these materials, although in a more complicated
fashion than within the simple two-band model introduced in the beginning
(this topic is also addressed in the contribution by S. Deng et al. in this volume,
although with emphasis on chemical aspects). This paragraph is subdivided
into sections where first the two-band model is discussed extended to incor-
porate different pairing symmetries and realistic band structures. The second
section deals with lattice effects which differ from conventional electron-
phonon interaction models, since higher order electron-phonon interactions
are included [43–45] and treated within the Lang-Firsov approximation [46].
In the following paragraph, the consequences of these terms on isotope effects
and pseudogap formation are discussed.
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3.2
Gap and Order Parameter Symmetry

The starting point is again the two-band model, although extended to account
for different order parameter symmetries which are a consequence of the 
effective pairing interaction. The origin of the electron-electron (hole-hole) 
attraction is not the focus here. It can be a phonon mechanism as well as a con-
sequence of strong electronic correlations. However, since the final results are
thought to be applicable to cuprate superconductors, the relevant electronic
bands are the copper d-states and the oxygen p-states [47]. The attractive 
interactions are analogue to the two-band model, but extended to take into 
account their momentum k dependence. The electron creation and annihila-
tion operators are differentiated according to the predominance of the p-d 
hybridized bands as p and d states. The two bands which are of relevance, are
the in-plane copper-oxygen band (d-band) and the out-of-plane copper-oxygen
band (c-band). The Hamiltonian is given by [47, 48]

H = H0 + H1 + H2 + H12 (26)

H0 = ∑ xk1c+
k1s ck1s + ∑ xk2 d+

k2s dk2s (26a)
k1s k2s

H1 = –  ∑ V1(k1,k¢1) c+
k1+q/2≠ c

+
–k+q/2Ø c–k¢1+q/2Ø ck¢1+q/2≠ (26b)

k1k1¢q

H2 = –   ∑ V2(k2,k¢2) d+
k2+q/2≠ d

+
–k2+q/2Ø d–k¢2+q/2Ø dk¢2+q/2≠ (26c)

k2k2¢ q

H12 = –  ∑ V12(k1, k2) {c+
k1+q/2≠ c

+
–k1+q/2Ø d–k2+q/2Ø dk2+q/2≠ + h.c.} (26d)

k1k2q

where H0 is the kinetic energy of the bands i=1, 2 with band energy, xk . ei de-
notes the position of the c and d band with creation and annihilation operators
c+, c, d+, d respectively, and m is the chemical potential. The pairing potentials
Vi(ki , ki¢) are assumed to be represented in factorized form like Vi(ki , ki¢)=
Vi(jki , yki¢), where jki , yki , are cubic harmonics for anisotropic pairing which
yields for dimension D=2 and on-site pairing: jki=1, yki=1, extended s-wave:
jki=coskxa+coskyb=gki, and d-wave: jki=coskxa–coskyb=hki where a, b are 
the lattice constants along x and y directions; throughout this chapter aπb. By
performing a BCS mean-field analysis of Eqs. (1) those transform to

Hred = ∑ xk1 c+
k1s ck1s +  ∑ xk2 d

+
k2s dk2s + H–1 + H–2 + H–12 (27) 

k1s k2s

H–i = – ∑ [Dki¢ c
+
ki¢≠ c+

–kiØ + D*ki¢ c–ki¢Ø cki≠]  
ki¢ (27a)

+ ∑ Vi (ki, k¢i) �c+
ki≠ c

+
–kiØ� �c–ki¢Ø cki¢≠�

ki, ki¢
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where (i=1, 2)

H–12 = – ∑ [V12 (k1, k2) �c+
k1≠ c+

–k1Ø� d–k2Ø dk2≠ + V12(k1, k2) �d–k2Ø dk2≠� c+
k1≠ c

+
–k1Ø

k1, k2

+ V*12 (k1, k2) d+
k2≠ d

+
–k2Ø �c–k1Ø ck1≠� + V*12(k1, k2) c–k1Ø ck1≠ �d+

k2≠ d
+
–k2Ø�

– V12(k1, k2) �c+
k1≠ c

+
–k1Ø� �d–k2Ø dk2≠� – V*12(k1, k2) �c–k1Ø ck1≠� �d+

k2≠ d
+
–k2Ø�]

(27b)
and for i=2 c is replaced by d. xki=ei+eki–m, where m is the chemical potential.
Here it is assumed that �c+

–k1+q/2≠c+
–k1+q/2Ø�=�c+

k1≠c+
–k1Ø�dq,0 and equivalently for the

d operators. In addition the following definitions are introduced:

D*ki¢ = ∑Vi (ki, k¢i) �c+
ki≠ c

+
–kiØ� (28)

ki

together with A*k1=∑V12(k1,k2)�d+
k2≠ d

+
–k2Ø�, B*k2=∑V12(k1,k2)�c+

k2≠c+
–k2Ø�,and V*12=V12.

k2 k2

Applying standard techniques as derived earlier we obtain

D–*k1 Ek1�c+
k1≠ c

+
–k1Ø� = 7 tanh 81 = D–*k1Fk1 (29a)

2Ek1 2kBT

D–*k2 Ek2�d+
k2≠ d+

–k2Ø� = 7 tanh 81 = D–*k2 Fk2 (29b)
2Ek1 2kBT

with E2
k2=x2

k2+| D–k2|2, D– k2=Dk2+Bk2 and E2
k1=x2

k1+|D– k1|2, D–k1=Dk1=Dk1+Ak1, which 
results in the self-consistent set of coupled equations

D–k1 = ∑V1(k1, k¢1)D–k ¢1 Fk ¢1 + ∑ V1, 2(k1, k2) D–k2Fk2 (30a) 
k ¢1 k2

D–k2 = ∑V2 (k2, k¢2)D–k ¢2 Fk ¢2 + ∑ V1, 2(k1, k2) D–k1Fk1 (30b)
k ¢2 k1

from which the temperature dependencies of the gaps and the superconduct-
ing transition temperature have to be determined. If the interactions V are
constants, the resulting gaps are momentum independent corresponding to
the results obtained earlier. A more interesting case is obtained by assuming
the following general momentum dependence of the intraband interactions 
Vi=g0

(i)+g(i)
g gk gk¢+g(i)

h hkhk¢, where as already outlined above, the first term yields 
onsite pairing, the second extended s-wave pairing and the last term d-wave
pairing. In the calculation it is assumed that V1 is proportional to g0 while V2
is determined by either g0 or by gh. In addition the two bands considered are 
1-dimensional in the case of the c band while the d-related band is 2-dimen-
sional with the following dispersion: ek2=–2t(coskxa+coskyb).Also, it is assumed
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in all cases discussed later that the values for the intraband interactions are  
chosen such that both bands separately do not exhibit superconductivity, specif-
ically, V1=V2=0.01,where V1= ~V1Nc,V2=

~V2=Nd.Within this scenario the self-con-
71

sistent set of equations is solved numerically as a function of V12=
~V12kNcNd,

where Nc, Nd are the density of states of c and d band, respectively. The results
are shown in Fig. 1 where both cases V1~g0, V2~g0 and V1~g0, V2~gh are consid-
ered. Obviously small values of V12 are sufficient to induce superconductivity in
both channels. With increasing V12 dramatic enhancements of Tc are obtained
such that Tc easily exceeds 100 K. Interestingly the d-wave component in the two
component systems has an additional Tc-increasing factor which increases with
increasing interband coupling (Fig. 3). This finding clearly shows that a mixed
order parameter symmetry favors superconductivity, as opposed to two onsite
pairing interactions.

The related superconducting energy gaps are shown in Fig. 4 where V12=0.5.
Here again the effect of considering onsite couplings only depresses the gaps
as compared to s/d-wave coupled gaps, and in addition a stronger anisotropy
of the two gaps is observed within the mixed order parameter system as com-
pared to the one with identical order parameters. In Fig. 5 the ratios of the gaps
with respect to Tc are shown as a function of Tc for the mixed order parameter
case only. Interestingly the s-wave gap ratio is close to the BCS ratio, slightly in-
creasing with increasing Tc. The corresponding ratio of the d-wave gap is 
enhanced as compared to a one band approach and remains nearly constant as
function of Tc with a slight decrease at small Tcs. The gap vs temperature 
behavior is comparable to the conventional two-band model and follows a BCS
type temperature dependence.

In summarizing this paragraph it can be concluded that the two-band model
with different pairing symmetries bears new features as compared to the con-
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Fig. 3 The dependence of the superconducting transition temperature on the interband 
coupling V12 for the case of both, V1 and V2~g0 (circles) and the case where V1~g0, V2~gh (squares)



ventional one and the induced pairing model. The enhancements in Tc in a
mixed order parameter model are nearly twice of those of two isotropic order
parameters even if the individual components are not superconducting on their
own. Including the possibility that either of the bands is superconducting (see
the above section) has been tested numerically. In this case Tc is further en-
hanced by a superconducting s-wave channel whereas the d-wave component
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Fig. 4 Temperature dependencies of the superconducting gaps. Squares and circles refer to
s+s gaps while down and up triangles are derived for s+d gaps

Fig. 5 The ratios of the maximal gaps over Tc vs Tc. The parameters used for this calcula-
tion are the same as given in [47]

2D–– /kBTC



has a minor effect on this increase.Also the inclusion of second nearest neigh-
bor hopping in the d-band dispersion has been tested. This also seems to be
quite irrelevant for the magnitude of Tc within the above modeling.

3.3
Unconventional Lattice Effects and the Phase Diagram of Cuprates 
Within the Two-Band Model

The two-band model has originally been developed on the basis that intraband
as well as interband interactions are mediated by the virtual exchange of
phonons. However, in cuprate superconductors the role played by the lattice is
unclear. Conventional electron-phonon coupling can nearly be ruled out to
contribute to the pairing mechanism. In addition, the phase diagram of high
temperature superconducting copper oxides exhibits, as a function of hole dop-
ing, an unusual richness. It shows antiferromagnetism in the undoped or lightly
doped regime, a bad or strange metal state follows with increasing doping with
charged stripe formation [50]. Superconductivity with unexpectedly high tran-
sition temperatures sets in with increasing doping. In the overdoped regime a
normal metallic behavior is observed.

The understanding of this complexity is at present very incomplete and only
few concepts exist to address the full range of experimentally observed prop-
erties. Specifically, the antiferromagnetic properties have challenged theoreti-
cians to explain the pairing and the phase diagram in terms of purely electronic
models based on spin fluctuation mechanisms; see [37–42]. In these approaches
the onset temperature T* of the so-called pseudogap opening is identified as a
spin gap temperature, even though various recent experiments have revealed a
giant oxygen and copper isotope effect on T* [51–53]. These findings point to
strong lattice effects being important in the pseudogap formation. Correlated
with the above mentioned isotope results are experimental results obtained
from EXAFS [54], inelastic neutron scattering [55, 56] NMR [57] and EPR [58],
which all show that strong anomalies in the lattice take place at T*. Thus, in 
order to model high-temperature superconductors and understand their phase
diagram, a pure electronic mechanism is insufficient. Rather the interaction be-
tween spin, charge and phonons (lattice) has to be properly included. Another
crucial issue, which is also debated experimentally, is the correlation between
T* and Tc. While various approaches exist, which invoke the striped phase 
as destroying superconductivity [59], others assume that the striped phase 
supports superconductivity and leads to enhancements of Tc [60]. Also it is
strongly debated how to locate the phase separating T* and Tc. While tunnel-
ing data from [61] support a coincidence between the optimum Tc and T*, other 
tunneling data [62], find that T* is larger than Tc at the optimum doping.
This controversial issue has the important consequence, that the first men-
tioned tunneling data suggest that a quantum critical point [63] (QCP) exists
inside the superconducting phase, while the latter data give no evidence for this 
scenario.
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It is shown the QCP seems unlikely to be realized in HTSC, but that – if there
is any QCP at all – this point should lie at the onset of the superconducting
phase in accordance with a 2D/3D crossover scenario of the quantum critical
XY model [64], and possibly show a second QCP when superconductivity and
the striped phase are destroyed in the overdoped regime.

In the following the starting point are the antiferromagnetic parent com-
pounds of cuprate superconductors. The relevant two components, which will
be discussed below, are attributed, as before, to the CuO2 planes and the Cu 
d3z2-r2 and O pz orbitals perpendicular to the planes[48, 49, 65]. In the undoped
state the physics of the planes can be cast into a pure spin 1/2 antiferromagnetic
Heisenberg model. Doping has very dramatic consequences since all energy
scales are destabilized. Since the large Hubbard U at the copper site prevents the
holes from occupying d-orbitals, in a scenario that neglects Cu-O covalency,
the oxygen ion p-orbitals will be occupied by the doped holes. This leads to a 
stabilization of the oxygen ion 2p6 instability and an energy gain at the oxygen
ion lattice site [66].As a consequence and in order to achieve a low energy state,
the hole spin aligns anti-parallel with respect to the nearest neighbor copper
ion to form a spin singlet state [67]. In addition hole doping induces a strong
electron-phonon coupling to a Q2-type Jahn-Teller distortion [68–70] which
leads to a substantial localization of the singlet state and renders it ineffective
for superconductivity. This localization is even more enhanced through the 
antiferromagnetic background where hopping of the singlet is possible only
through energetically unfavorable spin flips or triplet formation. Consequently
it has to be concluded that the spin related in-plane channel provides a stable
low-energy state [67].

The out-of-plane component carries a “ferroelectric” type character with
strong electron phonon interactions. Here an instability to a charge ordered
state is inherent. Since, without doping, the two components discussed above
are orthogonal, no interaction between them is possible. However, when the
structure is distorted this orthogonality is violated and they start to interact.
For instance, if the Cu-O-Cu bond angle deviates from 180° by buckling or 
tilting, the in-plane and c-axis phonon modes become coupled [54, 71–75].
These distortions occur due to changes in the chemical bonding by doping, and
play an important role, as will be shown below. Such distortions are usually lo-
cal, rather than collective, and can be static as well as dynamic. It is important
to point out that a two component scenario has been considered by others 
before to be of relevance in understanding the physics of cuprates [13, 76–81].

In order to describe the coupling between the two components, new hopping
elements have to be introduced which admit for processes like hopping from
dx2-y2–pz, pz–d3z2-r2, d3z2-r2–px, py, etc. (It should be noted here that band structure
calculations point to the possibility that the Cu 4 s states are more likely occu-
pied than the d3z2-r2-states [82]. This is, however, for the following considerations,
of no importance.) In addition, strongly anharmonic interactions between 
in-plane and c-axis phonons take place [83]. It is important to emphasize that
these anharmonic interaction terms give rise to spatial modulations of the ionic
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displacement coordinates which – in turn – can induce nanoscale inhomo-
geneity [84, 85]. The electronic response to these modulations is strong and 
dynamic charge ordering a consequence to be discussed later.Assuming for sim-
plicity that the in-plane states can be described by a single already strongly 
p-d hybridized band and making the same simplification for the c-axis electronic
states, the system can be modeled by the following Hamiltonian [48, 49, 86]:

H = ∑ Exy, i c
+
xy, i, s cxy, i, s + ∑ Ez, j c

+
z, j, s cz, j, s +  ∑ Txy, z [c+

xy, i, s¢ cz, j, s¢ + h.c.]
i,s j,s i, j, s, s¢

(31)
+ ∑ T~xy nxy, i≠ nxy, jØ +    ∑ V~C ni, s nj, s¢ + ∑ Vpd ni, s nj, s¢

i, j i, j, s, s¢ i, j, s, s¢ 

Here c+c=n is the in-plane (xy), c-axis (z) electron density at site i, j with energy
E and spin index s. Txy,z is the hopping integral between plane and c-axis or-
bitals, and T~ is the in-plane spin singlet hopping integral from which a d-wave
symmetry of the superconducting order parameter would result. VC as well as
Vpd are density-density interaction terms referring to plane/c-axis and in-plane
elements. The phonon contributions have already been incorporated in Eq. (31),
where all energies are given by renormalized quantities:

Exy, i = [xxy, i – {~D* + f(xy, z)}] (32a)

Ez, j = [xz, j – {D* + f(z, xy)}] (32b)

711Txy, z = [txy, z – k~D* D*] exp(–FT
xy, z) (32c)

U~d – (Exy,i – Ez,j)T~xy = �t2
pd 999999993 – ~D*� exp(–FT

xy, z) (32d)
(Exy, i – Ez, j)[U~d – (Exy, i – Ez, j)] 

U~d = Ud – ~D* (32e)

711VC = VC – k~D* D* (32f)

711Vpd = ~D* + k~D*D* (32g)

In Eqs. (32) the x are the unrenormalized band energies, f(xy, z), f(z, xy) are
higher order electron-phonon interaction energies caused by anharmonicity,
and ~D*, D* are level shifts due to intraband electron-phonon coupling with

D* = |gz(q0) |2 �wqz (33)

and an equivalent expression for ~D*, where w, g is the phonon mode energy
and the dimensionless electron-phonon coupling [87, 88] which is proportional 
to klM, M being the ionic mass. From the above equations it is obvious that  
both energy bands experience a level shift, and a strong suppression of the 
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onsite Coulomb repulsion Ud takes place. Similarly the Coulomb correlations
VC are reduced and additional phonon driven density-density interactions (pro-
portional to Vpd) appear which lead to its further reduction. This hybridization
term is a consequence of electron-phonon interactions only, and favors the 
hopping between in-plane and out-of-plane orbitals.Another important obser-
vation is the exponential suppression of the in-plane related hopping integral
(proportional to tpd) where

1                                 �wqFT = 9 ∑ f(q) |g |2 coth 95 (34)
2N q 2kBT

with f(q) a function of the scattering angle [46]. From the structure of Eqs. (32)
it becomes clear that two instabilities should be observed in this coupled system:
in the charge channel (c-axis, z), a charge density wave (CDW) instability could
set in, while in the spin channel (ab-plane, xy) a transition to a spin density wave
state (SDW) could occur which has also been reported experimentally [89]. A
stabilization of both these instabilities is obtained through the coupling between
both components (proportional to f(xy,z), f(z,xy), Txy, z, VC, Vpd) which are dom-
inated by anharmonic interactions present in these compounds [91]. The effect
of doping is to shift the “spin” gap state towards the Fermi level and to provide
mobility of it through dispersion. The charge related channel has Fermi liquid
like properties, is highly mobile and located in the very near vicinity of the
Fermi energy. Here the charge gap shifts the states towards the other singlet re-
lated band and takes away dispersion to reduce the mobility. Since both effects
combine to drive the charge and spin channels together, interband processes
are easily facilitated. (An approximate band scheme is shown in Fig. 6.) It is 
just this interband coupling which is driven by buckling/tilting which has, in
addition to the single particle gaps, an important enhancement effect on Tc. In
analogy with [87], the two transition temperatures can be calculated. The
higher (charge instability) temperature is identified with the onset temperature
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Fig. 6 The schematic energy level structure of the charge and spin related components. The
grey line refers to the spin channel, the black line to the charge level. The left panel shows the
energy level structure in the absence of the pseudogap D*, while the right panel shows the 
effect of D* on the level position and dispersion



of stripe (i.e., charge/lattice inhomogeneity) formation T*. In Fig. 7 T* is shown
as a function of the phonon induced electronic gap D*.

In order to figure out the effect of the band renormalization on supercon-
ductivity the Hamiltonian in Eq. (31) is recast into an effective Hamiltonian
analogue to Eq. (26), where now c-operators are used instead of the previously
used notations c, d:

Heff = ∑ Exy, k c
+
xy, k, s cxy, k, s + ∑ Ez, k c

+
z, k, s cz, k, s

k k

+ ∑ V1(k1, k¢1) c+
xy, k1+q/2≠ c

+
xy, –k1+q/2Ø cxy, –k¢1+ q/2Ø cxy, k¢1+q/2≠

k1, k¢1, q
(35)

+   ∑ V2 (k2, k¢2) c+
z, k2+q/2≠ c

+
z, –k2+q/2Ø cz, –k¢2+ q/2Ø cz, k¢2+q/2≠

k2, k¢2, q

+ ∑ V12 (k1, k2)[c+
xy , k1+q/2≠ c

+
xy, –k1+q/2Ø cz, –k2+ q/2Ø cz, k2+q/2≠ + h.c.]

k1, k2, q

Here the effects of the Coulomb interactions are included in the effective in-
teraction constants V. It is most important here that the spin/charge related
gaps D*, ~D* act on the single particle energies. The mixing of both components
is not only through the effective interaction V12, which stems from buckling/
tilting, but also through the site energies (terms proportional to f in Eq. 32).
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Fig. 7 T* plotted as function of the phonon induced energy gap (c-axis) proportional to D*.
The inset shows T* as function of doping proportional to E–EF (EF=Fermi energy)
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Fig. 8 The superconducting transition temperature Tc as a function of D* for different 
values of the inter-component coupling V12

Equation (35) can be solved in complete analogy to the methods used earlier
to yield the gap equations and the corresponding superconducting transition
temperature Tc. Starting point is again the assumption that the two components
when uncoupled are not superconducting, i.e., V1=V2=0.01 are too small to 
create a paired state.With relatively small interband coupling, V12=0.1 the sys-
tem remains non-superconducting.When including the effect of the T* related
gap D*, superconductivity appears already at rather small values of D*, but the 
corresponding Tc remains small. Keeping V1, V2 unchanged, but increasing the
interband interaction V12 (see Fig. 8) and incorporating the effect of D* yields
a rapid increase in Tc which readily approaches the experimentally observed
values.

As discussed previously, the in-plane spin related channel supports a d-wave
superconducting order parameter, while the charge channel leads to an s-wave
superconducting state. Here both contributions are mixed, leading to the 
scenario developed earlier and an additional Tc enhancing effect. The crucial
effects played by the lattice, as emphasized here, point to the pivotal role played
by the atomic structure.

From the above calculations the phase diagram can now be calculated, since
T* is known as function of the Fermi energy and Tc is know as function of D*.
This makes it possible to relate Tc and T* simultaneously to the doping level
and to derive the corresponding phase diagram. The results are shown in Fig. 9.



It is obvious from Fig. 9 that the maximum Tc at optimum doping is smaller
than the corresponding T*. The two temperature scales vanish simultaneously
in the overdoped regime which means that a quantum critical point within the
superconducting regime is not existent in the present scenario.

Importantly the present scenario establishes a direct connection between Tc
and T* and the superconducting gap and the pseudogap, and yields mixed pair-
ing symmetries. In Fig. 10 the calculated dependencies of 2Dsc,max(d)/kTc and
2Dsc,max(s)/kTc on T*/Tc are shown, where the d-wave component is related to 
in-plane pairing while the s-wave component is related to the out-of-plane 
pairing. These dependencies are approximately linear.As a function of doping
the relative s-wave component increases.

Concluding this chapter, it has been shown, that the analysis of a two-com-
ponent model of high temperature superconducting copper oxides yields two
inherent instabilities related to a d-wave spin governed channel in the CuO2
planes and an s-wave charge channel stemming from out-of-plane elements.
Both components are coupled by buckling/tilting of the CuO2 planes. The cou-
pling between these elements occurs through incipient spin and charge density
wave instabilities and leads to high temperature superconductivity with mixed
s- and d-wave pairing symmetry. The predicted pseudogap temperature T* is
always greater than Tc, so there is no quantum critical point within the super-
conducting region in the present modeling. The effect of the lattice is crucial,
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Fig. 9 The phase diagram of cuprates as a function of doping which is here simulated by
varying the Fermi energy. Circles refer to the superconducting transition temperature Tc ,
while squares denote the charge ordering temperature T*. The results are obtained for 
both order parameters being of s-wave symmetry, but do not change qualitatively for 
mixed pairing symmetries
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Fig. 10 2Dsc,max(s,d) as functions of T*/Tc for doping levels >0.986 (E-EF). The lines are guides
to the eye. Note that the s-wave component gains weight with increasing doping

since the electron-phonon coupling induces a level shift in the single particle
energies together with an exponential reduction of the in-plane hopping 
integral. The level shift (proportional to D*) leads to an enhancement of Tc as
long as the coupling is not too strong. However, upon increasing the electron-
phonon coupling further, localization sets in which is accompanied by a rapid
depression of Tc.

3.4
Isotope Effects in a Two-Component Model

The hole pairing mechanism in cuprate superconductors has rapidly been ruled
to be conventional, not only because of the high superconducting transition
temperatures but also because of the missing isotope effect on Tc at optimum
doping. However, with decreasing doping it has been shown that the isotope 
effect recovers [91–96] and even exceeds the BCS value at the boundary to the
antiferromagnetic regime [97]. In addition various unexpected other isotope 
effects have been reported like, e.g., one, already mentioned before, on the
pseudogap formation temperature T* [51–53], which is huge and has the
“wrong” sign, i.e., T* increases with increasing isotope mass, an isotope de-
pendence of the plane copper NQR frequency [98], and an isotope effect on the
London penetration depth lL [99–103], which should be absent in all conven-
tional theories including the two-band model and any purely electronic model.

In this section it will be shown, that the unconventional electron-phonon
couplings considered above provide an explanation for these observations and
that polaronic coupling is their origin. While all previous sections dealt with 



results obtained on a mean field level, the isotope effect on T* can only be 
obtained by going beyond this level and looking for exact solutions of the non-
linear model equations [104]. Here it is meant that exact solutions for the 
lattice displacement fields modified by the electron-phonon interaction are 
investigated, which give rise to “extra” dynamics on top of the ordinary phonon
spectrum [54, 73, 74, 105–107]. Such solutions have no analytical analogue but
are obtained numerically only. The displacement fields are always anomalous
with respect to the oxygen ion while the Cu ion displacements, when dealing
with the CuO2 planes, are harmonic [104]. Typical oxygen ion displacements in
the planes are shown in Fig. 11. Correlated with these extra dynamics are mod-
ulations in the charge distribution which have to be calculated by inserting 
the local spatial solutions for the displacements into a CDW type gap equation
[87, 88, 108, 109] which in turn yields the spatial variation of the charge distri-
bution. A similar variation in the induced electronic gap is observed as in the
induced displacement field by means of which charge rich and charge poor 
areas can be defined. In terms of cuprate superconductors these results can be
interpreted also as areas where spin dynamics dominate (charge poor) and 
areas where the doped holes lead to an accumulation of charge (Fig. 12).

A possible isotope effect on this charge ordering phenomenon is investi-
gated by substituting the 16O mass by its isotope 18O and solving the nonlinear

Two-Component Scenarios for Non-Conventional (Exotic) Superconductors 37

Fig. 11 In-plane oxygen ion displacements along the �11� and �10� direction. The displace-
ments are “on-top” of the phonon dynamics and correspond to solutions of the nonlinear
problem which have been obtained numerically

Fig. 12 Induced modulations of the electronic energy gap as function of lattice constants
along the �11� direction



equations again numerically. Then, in turn, the solutions are inserted into the
gap equations, where an increase in the induced gap is observed [104]. Since T*
is identified as the temperature at which charge ordering occurs, the results
show that an increase in the oxygen ion mass leads to an increase in the elec-
tronic gap which corresponds to an increase in T*. However, a direct compar-
ison with experiments is hard to achieve as spatial variations are considered
whereas in the experiments integrated quantities are observed. Qualitatively
one can, however, estimate the effect of the isotope substitution on T* by 
integrating the spatial solutions. This method gives an estimate of T*(16O) as
function of [T*(18O)-T*(16O)] (Fig. 13). Obviously, the smaller T* the smaller
is the isotope shift. For large values of T* substantial enhancements in T*(18O)
are obtained which are in approximate agreement with experimental data.

The issue of the isotope effect on Tc as function of doping has been addressed
in [110], where it was shown that the density of states of the specific structural
elements of cuprates is differently modified by the isotopic substitution.Also the
site dependent isotope effect could be explained within this framework. The
same topic has been investigated in [111], where another approach based on a
Landau free energy model has been introduced.

Very recently it has been shown for the first time by direct methods using
low energy muon spin rotation (LEmSR) [103] that the London penetration
depth is isotope dependent. The results clearly show, that lL increases by a few
percent when 16O is replaced by 18O. Theoretically, an isotope effect on Tc and
the in-plane effective mass has been considered within a (bi)polaronic model
[112]. Also it has been noted that a violation of the Migdal theorem and/or
nonadiabatic effects could induce this isotope dependence [113]. Another in-
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Fig. 13 Isotope effect on T*: T*(16O) as a function of [T*(18O)–T*(16O)]



terpretation has been given in terms of impurity scattering [114] which leads
to new scaling relations. In line with the previously developed picture for
cuprates it can be shown that the observed isotope effect can be a consequence
of polaronic coupling within the two component scenario [115]. The details of
the polaronic coupling are now explicitly given by [46]

H–0 = ∑ xki c
+
kis ckis + ∑ �wq b

+
q bq

kis q (36)
1

+ 811 ∑ gi (q) c+
ki + qs ckis (bq + b+

–q); i = 1, 2
kll2N q, s, k1

where the consequences for the two bands are, as shown before, different since
xkz is renormalized as defined in Eq. (32a), whereas xkxy experiences an ad-

1 �wqditional exponential narrowing: x
~

k2 =�ekx,ky exp�– 6∑ |g |2 coth 9�–~D*�2N   q 2kBT
(the notations used here are the same as those used earlier). In the above equa-
tions b+, b are phonon creation and annihilation operators with energy w,g is the
dimensionless electron-phonon coupling [29].The in-plane electronic dispersion
is of tight-binding form, i.e., ekx,ky=–2t[coskxa+coskyb] with aπb to account for
the orthorhombicity and t being the nearest neighbor hopping integral. The 
penetration depth lL is anisotropic as a consequence of the two-channel super-
conductivity and is obtained from the superfluid stiffness ÇS via the relation

lL
–2 = (16pe2/�2c2)Çs (37)

The superfluid stiffness is calculated within linear response theory through the
relation between the current and the induced transverse gauge field [116]:

1            ∂x
~

ka
2 ∂f(Eka)     1 ∂2x

~
ka x

~
ka EkaÇa

s = 5 ∑ ��8� 02 + 3 9 �1 – 6 tanh 7�	 (38)
2V k ∂ka ∂Eka 2   ∂k2

a Eka 2kT

821where Ek=kx
~

k
2+–Dk

2, f(Eka) is the Fermi function, and –D as defined earlier. The
penetration depth can thus be calculated for the two channels (in-plane d-wave,
s-wave along the c-axis) where the renormalizations arising from gap coupling
and polaronic effects are fully taken into account. The results for the isotope 
effect on the in-plane penetration depth are shown as a function of polaronic
coupling in Fig. 14, where the insert shows the dependence of Tc on the isotope
effect and the coupling. The interband interactions are kept constant for the two
cases investigated and the intraband interactions are, as noted, too small to 
induce superconductivity in the individual channels. The relevant regime of g
reproducing the experimental findings is indicated by the shaded areas and lies
between 0.4<g<1.1, which corresponds to small to intermediate couplings and
is too small to account for bipolaron formation [112]. The temperature de-
pendence of the normalized 18lab and 16lab, i.e, [18la–16lab]/16lab, is derived from
Eq. (38) together with the self-consistent gap (Eqs. 30a,b) and is shown in
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Fig. 15 Calculated temperature dependence of the normalized in-plane penetration depth 
l2

ab(0)/l2
ab(T) for 16O (squares) and 18O (circles) with polaronic coupling g2=1. and V12=0.7

Fig. 14 Relative change in the in-plane penetration depth with oxygen isotope replacement
[18lab – 16lab]/16lab as a function of polaronic coupling g2. The inset shows the isotope 
dependence of Tc as a function of g2. In both figures the interband coupling is 0.6, 0.7,
respectively, as indicated in the figure and both intraband couplings are 0.01. The shaded 
areas correspond to the experimentally relevant regime
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Fig. 16 Isotope induced relative change in the c-axis penetration depth [18lc–16lc]/16lc as a
function of polaronic coupling for two different interband coupling strengths (V12=0.6 –
black line and symbols; V12=0.7 – grey line and symbols). The insert shows the anisotropy 
ratio lc/lab as a function of the coupling. The shaded areas are those which are relevant to
the experimental results on the inplane penetration depth

Fig. 15 for the case of g2=1. The results are in good agreement with experi-
mental data [102, 103]. Also the isotope effect on the c-axis penetration depth
and the anisotropy of l, i.e., lab/lc have been investigated where the former is
shown in Fig. 16 while the anisotropy is shown as the insert to Fig. 17. Obvi-
ously, within the coupling regime discussed above, the isotope effect on lc is
very small and nearly negligible while the anisotropy can be substantial and
seems to diverge for small couplings.

Since for many experiments single crystals are rarely available, a dependence
of the ratio lab/lc for an oxygen isotope effect could be experimentally more
meaningful. Our results are shown in Fig. 17 for two different interband cou-
plings. As before, it is observed that the interband coupling strength does not
affect the overall behavior. More interestingly, the isotope effect now reverses
sign as compared to the in-plane penetration depth but remains rather small
in the experimentally relevant regime. The last result together with the one on
the c-axis penetration depth have not been measured so far and are suggested
for future experimental tests.



4
Superconductivity in a Two-Component Model with Local Electron Pairs

Due to the complexity of the model of coexisting preformed pairs and itiner-
ant electrons we restrict ourselves in the following discussion of this model to
purely electronic aspects, by means of which isotope effects are not accounted
for and anomalous lattice effects are neglected. Further numerical studies 
of the model are planned where the important lattice contributions will be 
incorporated.

4.1
Introduction

In classical BCS-like superconductors and also two-band superconductors with
finite interband interactions, the electron (hole) pairing temperature Tc coin-
cides with the formation of a coherent macroscopic quantum state. It has been
argued frequently that the pair formation could be independent of temperature
of the long-range coherence and occur at much higher temperatures than the
superconducting Tc. In the case of strong electron-phonon interaction the 
carriers can form small polarons. Typically the strong lattice deformation is
sufficient to attract another of these objects to combine into pairs which have
Bose character and can eventually condense into a superfluid state [117]. The
result is the formation of a macroscopic coherent quantum state of q=0 eigen-
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Fig. 17 Isotope dependence of the relative change of lab/lc as a function of polaronic 
coupling for interband interactions V12=0.6 (black symbols and line), 0.7 (grey symbols, line).
The shaded area corresponds to one which is experimentally relevant



states of hard-core bosons on a lattice. Materials exhibiting such behavior
should have paired electrons already in the normal state. Besides strong elec-
tron-lattice interaction effects, an attractive Hubbard term could also give rise
to the above scenario, where the source of this attractive interaction has to be
detailed and can arise from all kinds of couplings.

The existence of local pairs has been established in a variety of different
compounds [117–119]; however, the observation of pure bipolaronic super-
conductivity is debated. The reasoning for this has frequently been attributed
to the fact that those compounds are mostly half-filled band systems which have
the tendency to form charge ordered ground states [120, 121]. The discovery of
new superconductors which neither fit into the conventional BCS scheme nor in
the two-band model [42, 119, 122, 123] has re-invoked the picture of preformed
pairs as origin of exotic superconductivity. These new superconductors typically
have several electronic bands in the vicinity of EF, which are either d or f in 
character with the tendency towards localization, i.e., they are rather flat than
dispersed, which is a prerequisite for local pairing since the electronic wave
function is highly localized. In particular, such a localization can occur in 
systems where the electron-phonon coupling constant l≥1 [124, 125]. The the-
ory of local pairs has been worked out considerably [112, 119, 121, 126] and
many properties, observed in exotic superconductors have been predicted
within this scheme, like, e.g., non-monotonic variation of Tc with the concen-
tration; extremely high values of the upper critical field Hc2 and its nonstan-
dard variation with temperature, non-exponential variation of the specific
heat with temperature; effects of collective modes in the superconducting
state; strong influence of magnetic as well as nonmagnetic impurities, etc.
These results have mostly been obtained by considering a single narrow band
corresponding to the scenario of carriers being only local pairs (hard-core
charged bosons) [119, 121, 124].An extension of these ideas takes into account
that two components are mostly relevant in realistic systems, i.e., wide band
electrons and narrow band electrons which interact with each other. This mix-
ture of interacting charged bosons (local electron pairs with charge e*=2e)
and fermions can exhibit properties intermediate between pure bipolaronic
superconductivity and BCS-like superconductivity [117, 119, 127, 128]. It can
also give insight into the problem of single band systems with short range at-
traction in the intermediate coupling regime, where bound and ionized pairs
coexist. Its various versions have been analyzed as a two-component model-
ing of high temperature superconductors [42, 128, 129]. A similar model has
been used to describe superfluidity in atomic Fermi gases, where the bosons
are associated with a Feshbach resonance and can mediate a resonance s-wave
superfluidity [130–132].
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4.2
The Model of Coexisting Local Pairs and Itinerant Electrons

The effective Hamiltonian describing coexisting electron pairs (hard-core
bosons “b”) and itinerant electrons (“c”) is given by [133]:

H = ∑ (ek – m)c+
k, s ck, s + 2 ∑ (D0 – m)b+

i bi – ∑ Jij b+
i bj

k, s i                             ij (39)
+ ∑ [Vq (k)c+

k+q/2, ≠ c
+
–k+q/2, Ø bq + h.c.] + HC

k, q

Here ek refers to the band energy of the c-electrons with momentum k and spin
s, D0 measures the relative position of the local pair level with respect to the
bottom of the c-electron band, m is the chemical potential which ensures that
the total number of particles is constant, i.e,

1
n = 3 [∑ �c+

k, s ck, s � + 2 ∑ �b+
i bi �] = nc + 2nB (40)

N k, s i

where nc is the concentration of c-electrons, and nB is the number of local pairs
per site. Jij is the pair hopping integral, HC denotes the Coulomb interaction
terms and Vq(k) is the coupling constant between the two components. The 
operators for local pairs bi

+, bi obey the commutation rules for hard-core bosons
(the Pauli spin 1/2 commutation rules), which exclude multiple occupancy of
a given pairing center: [bi, bj

+]=(1–2ni)dij, [bi, bj]=0, (bi
+)2=(bi)2=0, bi

+bi+bi bi
+=1,

ni=bi
+bi. For on-site pairs the relations bi

+=di≠
+diØ

+, bi=diØ di≠, 2bi
+bi=∑sdis

+dis
hold (where dis

+dis operate in the subspace with single occupancies excluded).
For the analysis of the properties for T≤Tc, in the following the q-dependence
of the inter-component coupling V will be neglected for small q, i.e.Vq(k)=V0(k)=
Ifk/klN. With this definition the interaction between the singlet pair of c-elec- 
trons Bq

+ and the hard core bosons bq becomes

1
H1 = 6 ∑ I[B+

q bq + b+
q Bq] (41)

klN q

where

B+
q = ∑ fk c

+
k+q/2, ≠ c

+
–k+q/2, Ø (42)

k

is the singlet pair creation operator of the c-electron subsystem and I is the 
coupling constant. The pairing symmetry on a 2D square lattice is determined
by the k-dependence of fk, which is constant (=1) for on-site pairing (s),
fk=gk=cos(kx)+cos(ky) for extended s-wave (s*), and fk=hk=cos(kx)-cos(ky) for
dx2-y2-wave pairing (d). In general, one can consider a decomposition Ifk=
g0+gsgk+gdhk, with appropriate coupling parameters for different symmetry
channels. The appropriate symmetry form factors for 3D lattices can also read-
ily be determined.
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The superconducting state of the model can be characterized by two order
parameters:

1
x0 = ∑ fk �c+

k≠ c
+
–kØ�, Ç x

0 = 5 ∑ �b+
i + bi� (43)

k 2N i

The following analysis of the model is within the BCS mean-field approximation
(BCS-MFA) and linear response theory, but keeping in mind that further theo-
retical extensions are required in this complex many-body problem. However,
for the evaluation of the superconducting critical temperature these extensions
are already incorporated, i.e., the Kosterlitz-Thouless theory will be used in 2D
and the T-matrix approach in 3D. Within the BCS-MFA and in the limit HC=0,
the following set of self-consistent equations is obtained:

1      If2
kÇx

0 Ekx0 = – 4 ∑ 0 tanh 8 (44)
N   k 2Ek 2kBT

Ix0 – J0 Ç x
0 D

Ç x
0 = – 05 tanh 7 (45)

2D kBT

1      ek – m Eknc – 1 = – 4 ∑ 0 tanh 8 (46)
N k Ek 2kBT

D0 – m D
2nB – 1 = – 01 tanh 7 (47)

D kBT

where the quasiparticle energy of the c-electron subsystem is given by:
01 00071Ek=ke–2

k+D–2
k , e–k=ek–m, D–2

k=I2f2
k(Çx

0)2, D=k(D0–m)2+(–I|x0|+J0Çx
0)2, J0=∑ Jij .

i π j

For the 2D square lattice the c-electron dispersion is of the form ek=e~k–eb=
–2t[cos(kx)+cos(ky)]–4t2cos(kx)cos(ky)–eb, where t, t2 are nearest and next-near-
est-neighbor (nn, nnn) hopping integrals and eb=min e~k with the lattice spac-
ing set to unity. The case of a quasi 2D electron spectrum is discussed below.
It is important to mention that the energy gap in the c-band is caused by the
non-zero Bose condensate amplitude (|�b�|π0), and well defined Bogoliubov
quasiparticles can exist in the superconducting state. The free energy of the sys-
tem reads

2kBT
F/N = – 9 ∑ ln[2cosh(Ek/2kBT)] – kBT ln[2 cosh(D/kBT)] + C (48)

N    k

with

C = –eb + D0 + m(nc + 2nB) – 2m – 2I | x0 | Çx
0 + J0 (Çx

0)2 (49)
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The energy spectrum of the system is characterized by Ek and D. The order 
parameters and chemical potential can also be obtained by minimizing the free
energy with respect to them, i.e.,

∂F ∂F ∂F
6 = 0, 6 = 0, 5 = 0
∂x0 ∂Çx

0 ∂m

and yield Eqs. (44)–(47). These equations have to be solved simultaneously with
the condition that the total number of particles is n=nc+2nb. The superfluid
stiffness is derived in analogy to Eq. (38) and is, in the case Jij=0, [133]:

1            ∂ek
2 ∂f (Ek)    1 ∂2ek e–k EkÇx

s = 5 ∑ ��7� 01 + 3 7 �1 – 5 tanh 8�	 (50)
2N k ∂kx ∂Ek 2 ∂k2

x Ek 2kBT

where similar equations hold for Çy
s, Çz

s. In the local limit the London penetra-
tion depth lL can be expressed by l–2 µ (16pe2/�2c2)Çs. It is also of interest to 
derive the BCS condensate density of c-electrons which is given by

1        D–k Ek
2

n0(T) = 3 ∑ �6 tanh 9� (51)
N k 2Ek 2kBT

and the pair correlation length

x2 = ∑ | —jk |2/ ∑ |jk | 2 (52)
k k

where jk= D–k/(2Ek). The mean-field transition temperature (Tc
MFA), at which the

gap vanishes, yields an estimation of the c-electron pair formation tempera-
ture [134]:

e–k D0 – m
tanh �04� tanh �03�I 2 2kBTc

MFA kBTc
MFA

1 = �J0 + 4 ∑ f 2
k 007�006 (53)

N k 2e–k 2(D0 – m)

D0 – m 1                   e–kn = 2 – tanh 02 – 3 ∑ tanh 04 (54)
kBTc

MFA N k 2kBTc
MFA

In Eq. (53) I 2/2(D0 – m) can be interpreted as the pairing interaction mediated
by the local pairs and the factor tanh[D0 – m)/kBT] is due to the hard-core nature
of the bosons.

Due to fluctuation effects, the superconducting phase transition temperature
is lower than the one obtained within BCS-MFA theory. In 2D, Tc can be derived
within the Kosterlitz-Thouless (KT) theory for 2D superfluids, which describes
the transition in terms of vortex-antivortex pair unbinding [135]. Using the KT
relation for the universal jump of the (in-plane) superfluid density Çs at Tc=Tc

KT

[135, 136], one obtains
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Fig. 18 The relative position of the local pair (LP) level D0 with respect to the bottom of the
wide band electrons in the absence of any interaction effects: (i) D0<0: In the ground state
only LP states are occupied; (ii) 0<D0=m: In the ground state both, local pairs and wide band
electron states are occupied; (iii) m<D0. In the ground state only single particle states of wide
band electrons are occupied

2 
3 kBTc

KT = Çs (Tc
KT) (55)

p

Consequently Tc
KT has to be derived from a set of four self-consistent equations

(Eqs. 55, 50, 44–47) whereas in the weak coupling limit (|I0|/2D�1, J0=0, D is 
the half band-width, I=–|I0|) the relation Tc

KT/Tc
MFAÆ1 if |I0|/2DÆ0 is obtained.

It is important to emphasize that the sign of I can be positive as well as negative.
For I>0 the order parameters exhibit opposite signs, whereas for I<0 they both
have the same sign. In 3D the superconducting transition temperatures derived
within the T-matrix approach are given below.

The phase diagrams and superfluid properties of the model defined by
Eq. (39) are discussed in the following. In the absence of interactions and 
depending on the relative concentration of c-electrons and local pairs, three
physically different regimes can be distinguished (Fig. 18):

For n≤2 these are:

1. D0<0: at T=0 all available electrons form local pairs (2nb�nc). This limit is
the local pair regime (LP).

2. D0>0: the c-electron band is filled up to the Fermi level m=D0 and the re-
maining electrons form local pairs. Obviously here a coexistence of local
pairs and c-electrons is observed (0<2nb, nc<2) corresponding to a mixed
regime (LP+E).

3. D0>0: the Fermi level is below D0 and at T=0 all available electrons are in
c-states (nc�2nb). This limit corresponds to c-regime or the weak-coupling
(“BCS”-like) regime (E).



For |I0|π0 in case 2 superconductivity is a consequence of the interchange be-
tween local pairs and c-electron pairs. The c-electrons become “polarized” into
Cooper pairs and local pairs gain mobility by decaying into c-electron pairs. In
this intermediate regime neither the usual BCS picture nor the LP approach 
apply, and superconductivity has a “mixed” character. The system shows here
features which are intermediate between both limits. This concerns the energy
gap in the single electron excitation spectrum, the gap to Tc ratios, the critical
fields, the Ginzburg ratio k, as well as the normal state properties. In case 1 the
local pair mobility is provided through virtual excitations into empty c-elec-
tron states. This mechanism gives rise to long range hopping of local pairs
(which is analogous to the RKKY interaction for the s-d mechanism in the
magnetic equivalent). The superconducting properties resemble those of a
pure bipolaronic superconductor, especially if Jijπ0. In case 3 the situation is
similar to that of a BCS superconductor: Cooper pairs of c-electrons are 
exchanged via virtual transitions into local pairs. This mechanism can be par-
ticularly effective in the presence of additional attractive interactions among
the c-electrons.

4.3
Phase Diagram and Critical Temperatures

A study of the phase diagrams and the superfluid properties of the model
Eq. (39) for different pairing symmetries including s, extended s (s*) and dx2-y2-
wave symmetries for 2D and quasi 2D lattices has been performed in [133, 134].
The generic phase diagram for t2=0 and d-wave symmetry is shown in Fig. 19
as a function of the LP level D0; n is fixed here and two different values of |I0/D|
(D=4t) have been used.

A sharp drop in the superfluid stiffness and in Tc
KT takes place when the

bosonic level reaches the bottom of the c-electron band and the system moves
to the LP limit. In the opposite limit, i.e., the BCS-like regime, Tc

KT is asymptot-
ically close to Tc

MFA, with a narrow fluctuation regime. Between both Tc
KT and

Tc
MFA, phase fluctuations are of importance and a pseudogap in the c-electron

spectrum develops. In this region the normal state properties will show non-
Fermi liquid behavior [137]. In Fig. 20 the phase diagram, is shown as a func-
tion of the total number of carriers for given value of D0/D=0.25. The regime
between the MFA and KT transition temperatures, where a pseudogap devel-
ops, decreases in magnitude with decreasing inter-subsystem coupling |I0|.
Simultaneously the superconducting mixed region shrinks as can also be 
observed in Fig. 20. The dependences of Tc

MFA and Tc
KT on the local pair level D0

for d-, s*- and s-wave symmetry are shown in Fig. 21a–c, respectively. In all
cases a sharp drop in the KT transition temperature takes place when the LP
level reaches the bottom of the c-electron band. For extended s-wave pairing
Tc

KTµÇs(0) if D0<0. The non-monotonous behavior of Tc for the extended s-wave
paring and n>1 reflects the fact that in a single band model this pairing is 
realized for low electron (hole) densities if t2=0.
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Fig. 19 Phase diagram of the induced pairing model for dx2–y2-wave symmetry. The para-
meters used are n=1.5, I=–|I0|, Jij=0, D=4t. The dashed line corresponds to the BCS-MFA
transition temperature, the line with diamonds represents the KT temperature for |I0|/D=0.25.
The dotted line and the line with full squares show the BCS-MFA and KT transition tem-
peratures for |I0|/D=0.15. LPN – normal state of LPs; EM – electronic metal; LPS+ES –
(mixed) superconducting state

Fig. 20 Phase diagram of the induced pairing model (for d-wave symmetry) as a function 
of the total number of carriers n and fixed value of D0/D=0.25. The two values of the inter-
subsystem couplings, used in the figure, are indicated in there. Here and in Figs. 21–31 |Jij|=0
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Fig. 21 The transition temperatures Tc
MFA and Tc

KT as functions of D0/D for several fixed 
values of n as indicated in the figures with |I0|/D=0.25 and t2=0: a dx2–y2-wave symmetry;
b extended s-wave symmetry; c s-wave symmetry



The region between Tc
MFA and Tc

KT, where the system can exhibit a pseudo-
gap, expands with increasing intersubsystem coupling |I0|/D, which is shown in
Fig. 22. As observed previously [133], the coupling dependencies of Tc

MFA and
Tc

KT are qualitatively different, except for |I0|/D�1. Tc
MFA is an increasing func-

tion of |I0|/D for all pairing symmetries, whereas Tc
KT vs |I0|/D first increases,

then passes a through a round maximum to finally decrease (analogous to the
attractive Hubbard model). The position of the maximum appears at interme-
diate values of |I0|/D and depends on the pairing symmetry as well as on the
values of D0 and n. For large |I0|/D, Tc

KT is close to the upper bound of the phase
ordering temperature which is given by pÇs(0)/2.

Including the effect of a finite next-nearest-neighbor (nnn) hopping integral
t2 in the evaluation of Tc yields a substantial enhancement of Tc

MFA as long as the
sign of t2 is opposite to the one of t (Fig. 23). Also d- and s-wave pairings are
supported by the nnn hopping term, however for smaller values of nc. If both
hopping parameters have the same sign Tc

MFA is reduced as compared to the
case where t2=0. In the case that the hopping parameters have opposite signs,
both, Tc

MFA and Tc
KT, shift to lower values of D0/D, and, in addition, the LP regime

increases which is consistent with the fact that the fermionic bound states are
favored for t2<0.

The above results clearly point to the importance of including the next-near-
est-neighbor hopping in the calculation of Tc when considering a scenario of
coexisting local pairs and c-electrons.
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Fig. 22 Temperatures Tc
MFA and Tc

KT as functions of |I0|/D for various types of pairing for a
2D lattice (t2=0). The lines with full symbols and the thick solid line denote the KT transition
temperatures. The line with empty squares is Tc

MFA for d-wave pairing (D0/D=1, n= 2), while
the line with open circles is Tc

MFA for s*-wave pairing (D0/D=0.5, n= 1)



4.4
Superconducting Characteristics and Crossover from Weak-Coupling 
to Local Pair Regime

The system of coexisting local pairs and itinerant electrons exhibits the lim-
iting behaviors discussed above. Depending on the choice of parameters and
the number of pairs and c-electrons, the system can exhibit different kinds of
superconducting behavior ranging from weak-coupling (“BCS-like) to local
pair like. Interestingly a new regime is possible in this scenario, which is nei-
ther BCS nor LP like: this is the regime where LPs and c-electrons contribute
equally well to the pairing and superconductivity is of mixed character. The
superfluid characteristics as a function of n at fixed D0 and as a function of D0
at fixed n are shown in Figs. 24–28. In the case of n fixed and <2, the super-
conducting properties evolve from LP to mixed and finally to weak-coupling
with varying LP level. If n>2, the situation is reversed, i.e.,“BCS” to mixed to LP.

In Fig. 24 the evolution of the order parameters, the concentrations of c-elec-
trons and LPs, the chemical potential, the gap related parameter in the fermi-
onic spectrum and the superfluid density in the superconducting ground state
are shown as a function of D0/D with n fixed. In particular, Fig. 24b shows that
the superfluid stiffness Çs(0) in the mixed and LP regimes is smaller than the
fermionic gap amplitude DF(0), in contrast to the “BCS”-like limit. Especially
the pair correlation length x and the gap ratios are affected by this crossover
which is shown for the correlation length in Fig. 25 where in Fig. 25a n=1 and
D0/D is varied, while in Fig. 25b D0/D is given whereas n is varied. Here the pair-
ing symmetries are also of importance since for extended s-wave symmetry x
increases smoothly from the LP limit to the “BCS” like regime while in the case
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Fig. 23 The effect of t2 on the transition temperatures Tc
MFA (lines), Tc

KT (lines with symbols)
for d-wave pairing. The variation of t2 together with the parameters used, are indicated in
the figure



of d-wave symmetry an anomaly in x is observed when D0 passes the bottom
of the c-electron band which is a consequence of the existence of nodal quasi-
particles for D0>0.

An analogous calculation has been performed for the variation of the Tc to
gap ratios again as a function of D0/D and n, where as above, in the first case
n is constant while in the latter D0/D is fixed (Figs. 26 and 27). Also here the
pairing symmetries are crucial for these ratios, where the energy gap for the
c-electrons is defined by Eg=2 max D–k if the chemical potential is within the
band for s- and d-wave pairing, and Eg=2 min Eg for extended s-wave pairing,
or if m is below the bottom of the band. In the weak-coupling regime the ratios 
approach the BCS values (0.57 for s and extended s-wave symmetry and 0.47
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Fig. 24 a Variation of nc (concentration of c-electrons), nB (concentration of LPs), super-
conducting order parameters Ç0

x, x0 and the chemical potential m/D at T=0 as functions of
D0/D, for n=1, |I0|/ D=0.25, t2=0, J0=0, d-wave pairing. b DF (0)/D and Çs(0)/D vs D0/D for the
same parameters where DF=|I0|Ç0

x
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Fig. 25 a Pair radius of the c-electrons as a function of D0/D for |I0|/D=0.25, n=1, t2=0 and
extended s-wave and d-wave symmetries. In the case of d-wave symmetry the calculations
were done at small but finite temperature. b Pair radius of c-electrons as a function of n for
D0/D=0.25 and some fixed values of |I0|/D for extended s-wave symmetry and t2=0

for d-wave symmetry) and decrease with increasing concentration of LPs. In
the regime, where predominantly LPs exist, the ratios approach zero. A sharp
anomaly is observed for d-wave pairing when D0=0.

Since the mixed regime is the most interesting one, this has been analyzed
in deeper detail. It is observed here that when the LP level is lowered and
reaches the bottom of the fermionic band, the effective attraction between
c-electrons becomes strong as it varies like I2/(2D0–2m) and m≈D0. Here the den-
sity of fermions is small and formation of preformed c-electron pairs sets in.
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Fig. 26 2kBTc
MFA/Eg(0) as a function of D0/D for various pairing symmetries and n=1, |I0|/D=

0.25, t2=0

Fig. 27 Eg(0)/2 kBTc
MFA as a function of total carrier concentration n for d-wave and extended

s-wave symmetries for |I0|/D=0.25, t2=0 and two values of D0/D=0.25 and 0.5 as indicated in
the figure.The two straight lines correspond to weak coupling BCS results for d-wave (full line)
and s-wave pairing (dotted line), respectively



This, however, is accompanied by the opening of a gap in the single-particle
spectrum, independent of the pairing symmetry, where half of the binding 
energy of these preformed pairs essentially scales with Tc

MFA. Such a behavior
is an indication of a rearrangement of the normal state occurring at Tc

MFA when
D0<0, since bound states with zero center of mass momentum of c-electrons are
formed [133, 138]. The transition temperature to the superconducting state is
always much lower than the c-pair formation temperature and quickly vanishes
with |D0/D|. In this case the superconducting state consists of a mixture of
coexisting (composite) bosons: preformed c-electron pairs and LPs.

The superconducting properties are strongly dependent on the total number
of carriers and in general three different types of density driven crossovers 
can occur with increasing n: 1. for 2≥D0/D≥0 the weak coupling (“BCS”-like) 
behavior changes to the “mixed” regime and then again to weak coupling;
2. D0/D>2 weak coupling directly changes to that of LPs; 3. D0/D<0 the reversed
behavior is seen as compared to 2., i.e., LPÆweak coupling.

The density driven crossovers are shown in Fig. 25b for the correlation length
and in Fig. 27 for the gap to Tc ratio. It is important to emphasize again that in
the mixed regime a strong increase in the gap ratios takes place accompanied by
a substantial and sudden decrease of the c-electron pair radius. Here x is only
weakly dependent on n and is of the order of a few lattice constants only. Only
when the LP level is located deeply below the bottom of the c-electron band,
the system remains in the LP regime for any n≤2 and x is small (about of the 
order of a the lattice constant). Here for s and extended s-wave pairing as well as
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Fig. 28 Temperature dependencies of the superfluid density Çs for d- and extended s-wave
pairing and the BCS condensate density of the c-electrons n0 (for d-wave) with |I0|/D=0.25,
D0/D=0.8, n=1



for d-wave pairing symmetry the gap ratios tend to the BCS value at the mixed-
“BCS” boundary (Fig. 27) while they strongly increase in the mixed region.
Here the d-wave symmetry favors even higher ratios as compared to extended 
s-wave.

If D0 is fixed but n is varied, superconductivity in the mixed regime seems
to be not very sensitive to the pairing symmetry. Here nc remains almost con-
stant whereas nb increases with n. The chemical potential in this mixed regime
is nearly pinned around D0, being an increasing function of n.

In Fig. 28 the superfluid and BCS-condensate densities are shown as functions
of temperature. A clear difference in the behavior of the superfluid density is 
observed when comparing d-wave symmetry with extended s-wave symmetry.
While in the former case a linear in T-behavior is observed at low temperatures,
it is nearly independent of T for the latter case in the same temperature regime.
The c-electron condensate density follows mostly a BCS T-dependence.

Within the KT scenario the Tc
KT vs zero temperature phase stiffness Çs(0) de-

pendencies have been calculated for d-wave and extended s-wave symmetries
in order to reproduce the Uemura plots [139] (Figs. 29 and 30). For fixed n but
with varying position of the LP level a linear dependence of Tc

KT with Çs(0) is
obtained which is a consequence of the separation of energy scales for the pair-
ing and phase coherence in the proximity of the nonmetallic LP regime. Such
a linear scaling is, however, not present within the MFA approach (Fig. 30). If
D0/D is fixed and n is varied, this linear relation is not obtained as long as the
hopping among c-electrons is allowed for nearest neighbors only [133]. (The
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Fig. 29 Uemura-type plots kBTc
KT/D vs Ç0/D for d-wave and extended s-wave symmetries with

control parameter D0/D and n=1, |I0|/D=0.25, t2=0. D0/D varies fom –0.4 to 0.85 and from –0.1
to 0.8 for extended s-wave and d-wave pairing, respectively. The straight line gives an estimate
for the upper bound of the phase ordering temperature pÇs(0)/2. The corresponding depen-
dence of Tc

MFA for extended s-wave pairing is indicated by the curve with open circles
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Fig. 30 Uemura-type plots kBTc
KT/D vs Çs(0)/D for d-wave and extended s-wave symmetry

with control parameter n and |I0|/D=0.25, D0/D=0.05, t2=–0.45t. The increase in n is marked
by the arrow. nŒ[0.1, 2] for extended s-wave and nŒ[0.2, 2] for d-wave symmetry. The anal-
ogous plot for Tc

MFA and dx2-y2 symmetry is represented by open squares with nŒ[0.05, 2.2].
As before, the straight line yields the upper bound on the phase ordering temperature

straight line in Figs. 29 and 30 represents an upper bound for the phase order-
ing temperature, i.e., pÇs(0)2.) Including, however, a finite second nearest
neighbor hopping integral t2, with t2 opposite in sign to t, yields the Uemura
plots with a linear scaling at low superfluid stiffness again for both d-wave and
extended s-wave symmetry. As a matter of fact, for low c-electron concentra-
tions, there exists the possibility to form bound states, and the chemical po-
tential in the superconducting phase can move below the bottom of the bare
electronic band. In this case, the superconducting state is a consequence of LPs
and preformed pairs of c-electrons.

4.5
Effects of Weak Interlayer Coupling

The properties of the model of coexisting local pairs and itinerant c-electrons
have, up to now, been considered within a two-dimensional case. Effects of
quasi-two-dimensionality can be incorporated by modifying the c-electron dis-
persion to allow for an inter-planar hopping element, i.e., ek=–2t[cos(kx)+
cos(ky)]–4t2cos(kx)cos(ky)–2t^cos(kz)–e~b, where t^ is the inter-planar hopping
amplitude, and the bottom of the band is shifted to e~b–4t–4t2–2t^. In the spe-
cial case that t2=0 and t^/t≤0.01, the inter-planar hopping has nearly no influ-
ence on Tc

MFA. Results of the numerical calculation are shown in Fig. 31 where
Tc

MFA for d-wave symmetry is plotted as function of n with D0 constant. The in-
vestigation of Tc

MFA at constant n but D0 variable yields similar results [133]. The



influence of the weak interplanar hopping is in both cases very small and 
justifies to work in the 2D space.

The effects of a weak interlayer coupling on the calculated superconduct-
ing transition temperatures [140, 141] are discussed in the following. In the 
KT theory the 2D correlation length behaves as follows for T>TKT: x(T)=

05a exp(b/kT/TKT–1), where b≈1.5 and a is the size of the vortex core. If Uc is the
coupling energy per unit length between the planes and Uc�TKT, then the actual
Tc can be estimated by calculating the energy needed to destroy phase coherence
between two regions of size ≈x2 in different planes, i.e., Tc≈

–cUc[x(Tc)/a]2, where
–c is the interplanar distance. The resulting equation for Tc can be solved asymp-
totically:

4b2

Tc = TKT �1 + 00� (56)
ln2(TKT/–cUc

Therefore Tc is only weakly dependent on the interplanar distance –c and is 
close to TKT, if Uc�TKT. In the presence of the interplanar coupling there is no
discontinuous jump in Çs but a crossover from 2D like to 3D like (XY) behavior
occurs.

4.6
Superfluid Transition from the Pseudogap State in 3D

In this last section, results obtained by going beyond the BCS-MFA in the
isotropic 3D case are presented. Of interest here is the evaluation of the super-
conducting transition temperature from the pseudogap state. This can be
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Fig. 31 Effect of the interplanar hopping t^/t on kBTc
MFA with varying n for d-wave symme-

try and t2=0. The curves correspond to different ratios of t^/t as indicated in the figure



analysed by applying the generalized T-matrix approach adapted to a two-
component boson-fermion model [142], and it includes pairing fluctuations
and bosonic self-energy effects. This approach is an extension of the pairing
fluctuation theory of the BCS-Bose-Einstein crossover [143, 144] developed
previously for a one-component fermion system with attractive interactions.
The numerical results presented in Fig. 32 are for s-wave pairing and a 3D sc
lattice assuming the tight-binding dispersions for fermions and bosons to be
of the following form:

ek = D(1 – g~k ), D = zt; Jq = J0 g
~

q , J0 = zJ, g~q = [coskx + cosky + coskz]/3,
z = 6

The results are shown for both cases, with and without the direct hopping of
LPs Jij. Except for the c-regime, the calculated Tcs are much lower as compared
to BCS-MFA results (which are given by Eq. 53), and if J=0 Tc is strongly 
depressed as soon as the LP level is close to the bottom of the electronic 
band. In the pseudogap region the electronic spectrum is gapped, and the
pseudogap parameter at Tc for D0>0 essentially measures a mean square 
amplitude of the pairing field (of the “c” electrons). The values of the pseudo-
gap parameters at Tc are comparable to the zero temperature gap values in 
the fermionic spectrum beyond the c-regime.
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Fig. 32 Phase diagrams of the hard-core boson-fermion model as a function of D0/D for 
s-wave pairing and an sc lattice with n=0.5, |I0|/D=0.5, D=6 t. The transition temperatures,
derived within the T-matrix approach, are for two values of J (J0/D=0.1: solid line, J0=0: solid
line with symbols). The dashed curves correspond the BCS-MFA transition temperatures
(J0/D=0.1: upper curve, J0=0: lower curve). The dotted line is the RPA result for J0/D=0.1,
|I0|=0. LPN: normal state of predominantly LPs; EM: electronic metal; SC: superconducting
state (LPS+ES); PG: pseudogap regime



With the direct hopping J0/D=0.1, which corresponds to mB=10mF (mB,
mF=boson, fermion mass), the hard-core bosons can undergo a superfluid tran-
sition even without the inter-subsystem coupling |I0|. For the case |I0|=0 the 
approach reduces to the random phase approximation for hard-core bosons
and the critical temperature is determined by [121]

1                  E0
q(1 – 2nB)–1 = 3 ∑ coth 9 (57)

N q 2kBTc

where E0
q=J0(1–g~q)(1–2nB) together with the constraint n=nc+2nB, nc=1–

(1/N)∑k tanh(e–k/2kBTc), 2m=2D0–J0(1–2nB). The solution (for a parabolic dis-
persion of the bosons) is shown in Fig. 32 by the dotted line.As can also be seen
there, in the presence of finite boson-fermion coupling |I0| the transition tem-
perature is much enhanced in the mixed regime.

In the self-consistent T-matrix approach the fluctuations of the order 
parameter are included at the Gaussian level. Nevertheless it is interesting 
to observe that the phase diagram for J0=0, shown in Fig. 32 displays similar
regimes as that of Figs. 19 and 21c determined from BCS and KT theories 
in 2D discussed earlier. It is worthwhile to note that in both cases, the shapes
of the dependence of Tc on D0/D are qualitatively similar for J0=0. Proceed-
ing from the regime of predominantly c-electrons to that of predominantly
LPs Tc first sharply increases with decreasing D0, going through a maximum
inside the mixed regime, to decrease then and being suppressed when the 
LP level reaches the bottom of the c-band, where the system enters the LP
regime.

4.7
Summary of the Model of Coexisting Local Pairs and c-Electrons

Superconductivity as result of the coexistence of local pairs and itinerant elec-
trons has been studied, where the coupling between the two components is due
to a charge exchange mechanism. The cases of 2D, quasi 2D and 3D lattices
were considered. In the analysis MFA-BCS and linear response theory were 
applied. In addition, the KT scenario has been used for the study of phase fluc-
tuation effects on the superconducting transition temperature in 2D and the
self-consistent T-matrix approach for pairing fluctuations in 3D. The super-
conducting characteristics of the system have been found to be strongly 
dependent on the relative position of the local pair level with respect to the
bottom of the c-electron band and the total number of carriers n. As a conse-
quence the model exhibits not only the limiting cases of weak coupling and
pure LP superconductivity, but also the interesting, intermediate regime where
the properties are mixed. Typically and independently of the pairing symme-
try, it is observed that Tc

KT is substantially smaller than Tc
MFA in the mixed and

LP regime. Similarly, Tc in 3D is strongly reduced as compared to Tc
MFA due to

pairing fluctuations.
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The main results can be summarized as follows:

1. In the mixed regime the mechanism of induced superconductivity (at con-
stant D0) is not very sensitive to the pairing symmetry; nc is nearly constant
and nb increases with n. The chemical potential in the superconducting
phase remains almost pinned around D0.

2. Well defined Bogoliubov quasiparticles can exist in the superconducting
ground state. However, above Tc (in the mixed regime) local pairs coexist
with itinerant fermions, and the normal state properties deviate from Fermi
liquid behavior [137].

3. The Tcs as calculated beyond BCS-MFA within the T-matrix approach in 3D
and in the KT scenario for 2D show crucial effects of pair fluctuations (and
phase fluctuations) in the mixed and LP regimes.

4. In the mixed regime, for temperatures between Tc
MFA and Tc

KT, the system 
exhibits a pseudogap in the c-electron spectrum, which develops into a real
gap when moving to the LP regime. For D0<0, the LPs coexist with preformed
c-electron pairs which have a binding energy Eb/2µTc

MFA, and the system will
show nodeless behavior even for dx2-y2-wave pairing symmetry.

5. As long as only nearest neighbor hopping in the c-electron band is consid-
ered, d-wave pairing and also on-site s-wave pairing are favorable as com-
pared to extended s-wave pairing at high concentrations of c-electrons, while
in the small concentration regime extended s-wave can be realized. Inclusion
of second nearest neighbor hopping terms t2 (with reversed sign as compared
to t) can enhance Tc, and, moreover, it supports d-wave symmetry for smaller
values of nc.

6. The existence of nodal quasiparticles for d-wave pairing (beyond the LP
regime) gives rise to a linear in T relationship in the superfluid density
which is absent for the other here considered pairing symmetries. The nor-
malized superfluid stiffness as a function of normalized temperature shows
only a weak dependence on the total carrier concentration.

7. The gap to Tc ratios differ substantially from weak coupling BCS predictions
and are especially enlarged over the BCS value when d-wave symmetry is 
realized.

8. The Uemura type plots, i.e., the Tc vs zero-temperature phase stiffness Çs(0)
are obtained for s, extended s- and d-wave symmetry within the KT scenario.
The Uemura scaling TcµÇs(0) is a consequence of the separation of energy
scales for pairing and phase coherence. Such a scaling is not realized within
the BCS-MFA.

Relations to experimental results for high temperature superconducting cop-
per oxides are especially interesting concerning ARPES experiments, from
which a pseudogap has been suggested with features related to truncations of
the Fermi surface around the corners caused by the formation of preformed
pairs (bosons) with charge 2e. Along the diagonals these features are absent
thus indicating the existence of unpaired “normal” electron states [145, 146]. In
the two-component model such a situation is realized when LPs and c-electrons
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coexist in the mixed regime. The linear in T dependence of the superfluid stiff-
ness has been observed experimentally in cuprates and also in other super-
conductors (e.g., organic superconductors). This points to a d-wave order 
parameter symmetry and the existence of nodal quasiparticles. The Uemura
plots and the scaling TcµÇs(0) reported for cuprates and organic supercon-
ductors can be reproduced within the present model for extended s and d-wave
order parameters. In the model the gap ratios are not universal for all pairing
symmetries and can deviate strongly from BCS predictions. This feature is also
observed in several other exotic superconductors.

5
Conclusions

In this review a two-component model for superconductivity has been analyzed
within different scenarios.Above, the two-band model is considered where pair-
ing takes place in both bands simultaneously and interband interactions provide
the possibility of a pairwise exchange between both bands. The model has been
introduced as a generalization of the BCS model and distinctly different features
as compared to the BCS theory have been obtained, concerning the gap to Tc
ratio, the isotope effect, the critical fields, specific heat etc. The realization of a
two band superconductor has long been searched for and been believed to be
realized many times, however without a direct probe of the two gap features.
Until now only two systems have been discovered, i.e., SrTiO3 [14] and MgB2
[15–21] where these gaps could be seen. In the cuprates there is some evidence
for its realization, but hidden beyond a strong d-wave order parameter.

Extensions of the two-band model in its simplest form have been considered
consecutively (see above) where specifically the idea of having a superconduct-
ing state in one band only whereas the second band exhibits induced super-
conductivity has been analyzed in detail. Including tunneling in this approach
yields the possibility to open a second channel where electron pairs are scattered
via interband effects into the nonsuperconducting component and tunnel back
into the first channel. This model is thought to apply to layered structures
where the interlayer distance triggers the tunneling process. It is, however,
observed that the tunneling part does not yield a Tc enhancement effect but
mostly counteracts superconductivity.

The other alternative scenario for the two-band model is based on the as-
sumption that both components are not superconducting on their own but only
via interband interactions. These interactions are crucial in enhancing Tc, and
when taking into account that the pairing potentials of both bands might have
different symmetries an additional support for superconductivity is obtained.
Incorporating in such a model electron-lattice interaction effects in a polaronic
manner leads to strong renormalizations of all energy scales and the opening
of pseudo-gaps in both bands.While a level shift in the one-dimensional band
occurs, an additional exponential narrowing effect sets in in the two-dimen-
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sional band. These effects yield a reasonable explanation for unusual isotope 
effects, especially on the superfluid stiffness, whereas solutions obtained beyond
a mean-field level provide an explanation for the isotope effect on the pseudo-
gap opening temperature T*.

Finally, the two component model consisting of itinerant electrons and local
electron pairs (hard-core bosons) is discussed, where the coupling between
both systems is due to charge exchange. Such a model provides a new scenario
for both, the normal and the superconducting state properties. The normal
state can exhibit non-Landau Fermi liquid properties and a new type of super-
conductivity can develop, which is neither BCS like not pure LP like but has a
mixed character. In this case the LPs scatter into c-electrons and vice versa, thus
providing a new pairing mechanism. As discussed above, depending on the 
location of the local pair level with respect to the wide band or the total carrier
concentration, the model can exhibit several kinds of crossovers between the
weak coupling, the mixed and the LP regimes. In the most interesting mixed
regime a pseudo-gap is realized and dramatic deviations from both the BCS
limit and the LP limit properties are obtained.A variety of experimental results
can be related to this regime and applications to exotic superconductors are
possible.
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mean-field theory. We find that the interplay between the electron-electron and electron-
phonon interactions is crucial, leading to a so-called local pairing, where the electrons
tend to pair on the molecules. This results from the important phonons being intramolec-
ular Jahn-Teller phonons. This local pairing helps forming a coherent superconducting
state and it makes the superconductivity quite resistant to the Coulomb repulsion. It also
explains the strong doping dependence in these systems.

Keywords Alkali-doped fullerides � Retardation effects � Local pairing

List of Abbreviations and Symbols

A(!) Electron spectral function
a Lattice parameter
N (�) Density of states per spin at the Fermi energy
t Hopping integral
T Temperature
Tc Superconductivity transition temperature
U Coulomb repulsion between two electrons on the same molecule in a solid
U� Coulomb repulsion between two electrons on a free molecule
W Band width
˛ Isotope effect
ˇ � �=T Inverse temperature
Γ Effective electron-electron interaction
Δ Superconductivity gap
� Dimensionless electron-phonon coupling
�(�) Penetration depth
�� Coulomb pseudopotential
�GL Ginzburg-Landau coherence length
� loc Spectral function of � loc

� loc
� Spectral function of � loc

�
� Imaginary time
� Pairing susceptibility
� loc Local pairing susceptibility
� loc

� Local pairing susceptibility for independently propagating electrons (holes)
!ph Phonon frequency

1
Introduction

The fullerenes, e.g., C	�, were discovered in ��
� by Kroto et al. [�]. The C	�

molecule immediately attracted a lot of interest because of its appealing symmet-
ric form. Due to the extremely small amounts of fullerenes available, however,
little progress could be made. This changed completely when Krätschmer et
al. [�] in ���� discovered how to produce C	� in large quantities. Very soon Had-
don et al. [�] found that intercalation of alkali metal atoms into solid C	� leads
to a metallic behavior. Soon afterwards it was discovered by Hebard et al. [�]
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and several other groups [�–
] that some of these alkali-doped C	� compounds
are superconducting with a transition temperature Tc which at that time was
only surpassed by the cuprates. Thus Tc is �� K for RbCs�C	� [�] and for Cs�C	�

under pressure Tc = �� K has been reported [�].
Solid C	� is a molecular solid, with a rather weak interaction between the

molecules. The molecular levels therefore form narrow, essentially nonoverlap-
ping bands in the solid. In alkali-doped C	� compounds a threefold degenerate
t�u band is partly occupied. Superconductivity is usually, but not always [��–��],
assumed to be due to the electron-phonon interaction [��–��]. The main contri-
bution to the electron-phonon interaction comes from intramolecular phonons,
in particular, eight fivefold degenerate Hg modes, which are Jahn-Teller phonons.
Essential aspects of the C	� superconductors are therefore that they are molecular
solids with Jahn-Teller phonons.

The interest in the the fullerides is partly based on their unusual parameter
range, which has forced the community to address interesting issues which had
earlier been largely ignored. In particular, the ratio between the energy scales for
the electronic and nuclear motion is very unusual. For typical metals, the energy
scale for the phonons is on the order of!ph ∼ �:��−�:� eV while the energy scale
for the electrons is on the order of W ∼ �� eV, i.e., !ph=W ∼ �:��� − �:��. The
ratio is very small due to the small ratio of the electronic and the nuclear masses.
The smallness of this ratio plays a crucial role in many contexts, in particular in
the theory of superconductivity.

For fullerides, the phonon energies are very large, extending up to about
�.� eV. The reason is that the carbon nuclei are light and the C	� molecule is
stiff. At the same time the conduction electron energy scale of the alkali-doped
fullerides is very small, on the order of �/� eV. This is due both to the small carrier
density and to the molecular solid character of C	� which makes hopping between
the molecules difficult. Thus we are confronted with the extraordinary situation
that the energy scales for the electronic and nuclear motion are comparable, in
spite of the small mass ratio between the electrons and the nuclei.

Superconductivity in conventional superconductors is driven by a weak at-
tractive interaction induced by the electron-phonon coupling. The fact that
!ph=W � � enters crucially in the theory in two ways:

�. These superconductors are normally described in Eliashberg theory, which
is based on Migdal’s theorem. This theorem states that in a diagrammatic
expansion of the electron-phonon interaction, only the lowest order diagram
is needed if !ph=W � �. This provides a tremendous simplification of
the theory. Such a simplification, however, is very questionable for the C	�

compounds [�	], since !ph=W ∼ �.
�. !ph=W � � is crucial for the understanding of how the weak phonon in-

duced attraction can lead to superconductivity in spite of the much stronger
Coulomb repulsion [��]. This is sometimes explained in a pictorial way as
indicated in Fig. �. As an electron moves through the solid, it attracts the
positive nuclei. A second electron moving along the same path feels the
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Fig. 1 Schematic picture of the retardation effects

attraction from these nuclei, which leads to an induced weak attractive com-
ponent of the electron-electron interaction. Simultaneously, the electrons
strongly reduce their Coulomb repulsion by staying at a large distance from
each other most of the time. For instance, one electron typically arrives at
an atom well after the other electron has left, but not so much later that the
surrounding nuclei have had time to return to their equilibrium positions.
This is possible for a conventional superconductor, because the energy scale
is so much smaller for the nuclear motion than for the electronic motion.
This leads to a strong reduction of the effective Coulomb repulsion, which is
described by the dimensionless Coulomb pseudopotential �∗. The value of
�∗ has usually been treated as a small empirical parameter, and the interest
has focused on the electron-phonon interaction.

Since !ph=W ∼ � for C	�, we expect the retardation effects to be rather
small. The Coulomb repulsion between two electrons on the same molecule, U ∼
�:� − �:� eV [�
], however, is much larger than the phonon induced attraction,
on the order of �.� eV. The main problem in explaining superconductivity for
these systems is therefore to explain why pairing is nevertheless possible. This
major complication was not addressed in the early work on superconductivity in
alkali-doped C	�.

The separation of the electron-electron interaction in an empirical repul-
sive Coulomb part and an attractive phonon part is somewhat artificial. Below
we show that it is important for the understanding of superconductivity in C	�

compounds to treat the electron-electron and electron-phonon interactions on an
equal footing. This has been done by Capone et al. [��] and by Han et al. [��] This
leads to a so-called local pairing, where the electrons tend to pair on a molecule,
due to the interplay between the Coulomb interaction and the Jahn-Teller effect.
This local pairing is helpful in establishing a coherent superconducting state
through the solid. We furthermore show that Jahn-Teller phonon and non-Jahn-
Teller phonons act in quite different ways. Superconductivity in these systems
therefore differs in important ways from conventional superconductors.
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There have been several reviews of superconductivity in alkali-doped ful-
lerides. The experimental aspects were emphasized by Ramirez [��] and the
theoretical aspects by Gelfand [��] and Gunnarsson [��].

In the next Section we review some of the experimental results. Following
that, we describe models we use for studying C	� compounds. The retardation
effects are then discussed, and it is shown that they are rather small. It is argued
that screening effects play a substantial role in reducing the Coulomb pseu-
dopotential. Finally, we avoid the somewhat artificial separation of a Coulomb
pseudopotential and treat the electron-electron and electron-phonon interaction
on an equal footing by applying the dynamical mean-field theory. This treatment
also makes it possible to avoid the assumptions of Migdal’s theorem.

2
Experimental Results

There are several classes of C	�-based superconductors. Much of the interest has
focused on the A�C	� (A = K, Rb, Cs or some combination of these elements). Tc
as a function of the lattice parameter a has been determined by a large number
of groups [�,
,��–�	], and results are shown in Fig. �. The figure illustrates that
Tc varies smoothly with a, with a moderate dependence on the alkali atoms in
the compound. The lattice parameter dependence is well understood [�, 
, ��].
The electron-phonon coupling � depends on intramolecular coupling constants,
which are essentially independent of a and on the density of state N (�). As a
is increased, the bandwidth is reduced and N (�) is increased. The result is an
increase in � and Tc .

Fig. 2 Tc as a function of the lattice parameter a for the A�C	� superconductors. For
Rb�C	� the lattice parameter was varied by changing the pressure, while for MxM

′
��xC	�

(with M, M
′
=K, Rb, Cs) the lattice parameter was varied by changing the composition.

(after Diederich et al. [�	])
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Fig. 3 Tc as a function of C	� valence n for the Na�CsxC	� (x � �, valence � �) and
K��xBaxC	� (valence 	 �) compounds. Tc is scaled by the Tc (T max

c ) of the end members
Na�CsC	� and K�C	�. The heavy line is a guide for the eye. Observe the different lattice
structures (Pa� and Fm�m)(after Yildirim et al. [��])

A second class, Na�AC	� (A = K, Rb, Cs or a combination of these), has also
attracted much interest due to Tc having an extremely strong dependence on
a [�
, ��]. This strong dependence appears not to be well understood.

The doping dependence of Tc has been studied for the compounds Na�CsxC	�

(x = �:��, �.�� and �.��) [��] and Rb�−xBaxC	� (x=�.��, � and �) [��–��]. The
values of Tc found for these compounds are shown in Fig. � as a function of the
expected valence n = � + x for Na�CsxC	� and n = � + x for Rb�−xBaxC	�.
The figure suggests a rapid drop of Tc when the C	� valence deviates from �,
and no superconductivity was observed for valence �.� or �. Similar results have
been obtained for LixCsC	� [��]. Rb�C	� becomes a metal under pressure but no
superconductivity has been observed [��].

There has also been a substantial interest in (NH�)�Na�CsC	� [��] and
NH�K�C	� [�	,��]. In the systems above, the t�u orbital is partly occupied. Super-
conductivity has furthermore been observed in fullerides where the t�g orbital
is starting to be filled, e.g., CaxC	� (x ∼ �) [�
], Ba�C	� [��] and Sr�C	� [��].
These systems have been review by Iwasa and Takenobu [��]. Superconductivity
has also been found in Yb�:��C	� [��], i.e., a rare-earth-doped fulleride.

The superconductivity energy gap Δ is of great interest, since a value of �Δ=Tc
is substantially larger than the BCS value (�.��) indicates that strong-coupling
effects are important. For intermediate coupling, it is found that [��] (see also
the review of Carbotte [��] for a discussion)
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�Δ
Tc

= �:��[� + ��:�(
Tc
!ln

)�ln(
!ln

�Tc
)]; (�)

where !ln is the logarithmic average phonon frequency. This formula says that
the deviation from the BCS result is small if Tc=!ln � �. The gap has been
measured using many different techniques, e.g., point contact [��,�	] and break
junction [��] tunneling, NMR [�
–��], muon spin relaxation [��], optical mea-
surements [��, ��] and photoemission measurements [��, ��]. The data for the
ratio �Δ=Tc obtained from different experiments show a large variation, with
many experiments giving results close to the BCS value �.�� but others giving
rather large values on the order of �.�-�.�. No consensus seems to have been
reached.

The isotope effect may provide interesting information about the mechanism
for superconductivity. We define the isotope effect as

˛ = − dlnTc
dlnM

; (�)

where M is the carbon mass. For complete (��%) substitution of ��C by ��C it was
found that ˛ = �:�� ± �:�	 [�	] for K�C	�and ˛ = �:�� ± �:�� [��] or ˛ = �:��
for Rb�C	� [�
]. For the alkali phonons no isotope effect was observed with in
the experimental accuracy [��, 	�].

The upper critical field Hc�(�) is of interest, since it allows an estimate of the
Ginzburg-Landau coherence length �GL via [	�]

Hc�(�) =
��

�	��
GL

; (�)

where �� = hc=(�e). From measurements of dHc�=dT , Hc�(�) was deduced using
the Werthamer-Helfand-Hohenberg theory, and �GL = �	 Å was obtained for
K�C	� [	�]. Based on dc-magnetization measurements, �GL was found to be �� Å
for Rb�C	� [	�]. The high-field susceptibility gave the values �� Å to �� Å [	�]
and �� Å [	�] for K�C	� and �� Å [	�] for Rb�C	�.

The lower critical field Hc� can be used to estimate the penetration depth
�(�), using [	�]

Hc� =
��

�	�(�)�
ln(

�(�)
�GL

): (�)

In this way, the values �(�) = ���� Å [	�] for K�C	� and ���� [	�] and ���� Å [		]
for Rb�C	� were obtained. The penetration depth has also been estimated from
�SR [	�, 	
], optical conductivity [��] and NMR [�
]. From the ratio of �GL=�
it is clear that A�C	� is a type II superconductor. The magnetic properties of the
C	� superconductors have been reviewed by Buntar and Weber [	�].

The jump in the specific heat at Tc was estimated by Ramirez [��] to be
ΔC = 	
 ± �� mJ/mole-K� for K�C	� and by Burkhart and Meingast [��] to be
	�±�� and ��±�� mJ/mole-K� for K�C	� and Rb�C	�, respectively. The Hebel-
Slichter peak was not seen in early NMR measurements [�
], but has been seen
in �SR [��] and more recent NMR measurements [��].
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Table 1 Typical range of experimental values for superconducting parameters of K�C	�

and Rb�C	�

Property K�C	� Rb�C	�

Tc �� K �� K
�(�) ����–
��� Å ����–
��� Å
�GL �	–�� Å ��–�� Å
ΔC=Tc 	�-	
 mJ/mole-K� �� mJ/mole-K�

�Δ=Tc �.�-�.� �.�-�.�
˛ �.�� �.��-�.��

Table � summarizes the typical range of experimental values for some su-
perconducting parameters (see also Gelfand [��], Hou et al. [��] and Hou et
al. [��]).

3
Models

The description of superconductivity in A�C	� requires simple but reasonably
realistic models. In such a model, we include the threefold degenerate, partly
occupied t�u orbital on each molecule and the hopping between the molecules.
We also include the dominating Coulomb interaction between two electrons on
the same molecule. This leads to the model

Hel =
∑
ij

∑
mm′


tim;jm′ †
im


 
jm′


+ U
∑
i

∑
(m
 )<(m′
 ′ )

nim
 nim′
 ′ ; (�)

where the first term describes the hopping and the second term the Coulomb
interaction.  im;
 annihilates an electron on molecule i with orbital quantum
number m and spin 
 , and nim
 =  †

im
 im
 . Hopping is described in a tight-
binding formalism and the effects of orientational disorder [��] are built into
the hopping integrals tim;jm′ [��, �	]. For the ordered system and U = �, Eq.
(�) accurately reproduces the result of a band structure calculation [��]. The
important electron-phonon interaction involves the eight intramolecular fivefold
degenerate Hg phonons. For simplicity, we introduce one fivefold degenerate Hg

mode per molecule and its interaction with the electrons

Hph = !ph

∑
i�

b†
i� bi� + g

∑
imm′
�

V (� )
mm′ 

†
im
 im′
 (bi� + b†

i� ); (	)

where V �
mm′ describes how an electron is scattered from one t�u orbital m

′
to

another orbital m when a phonon � is created or annihilated. Its precise form
is given elsewhere [�
,��]. The dimensionless electron-phonon coupling is given
by

� =
�
�
g �

!ph
N (�); (�)

where N (�) is the density of states per spin at the Fermi energy.
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4
Retardation Effects

4.1
Coulomb Pseudopotential and Ladder Diagrams

For conventional superconductors, the high-lying electronic states are usually
projected out. In this way one can take into account that the electronic energy
scale normally is much larger than the nuclear energy scale. This is often done
by summing ladder diagrams [��], as is indicated schematically in Fig. �. The
standard procedure is to use the (statically) screened Coulomb repulsion for the
dashed interaction lines [��]. The external lines entering the T -matrix to the left
refer to low-lying electronic states which are treated explicitly. The intermediate
lines on the right refer to the high-lying states, more than a few phonon energies
away from the Fermi energy, which are projected out of the problem. Assuming
that the interaction U is independent of q and ! and that the density of states
N (") ≡ N (�) is constant, the diagrams can easily be summed. Introducing � =
UN (�) and the Coulomb pseudopotential �∗ = T N (�), where T is the T matrix,
one obtains [��]

�∗ =
�

� + �log(B=!ph)
; (
)

where B is a typical maximum electronic energy, e.g., half the band width or
the Fermi energy, and !ph is the lower cut-off, below which the states are not
projected out. If B=!ph is very large, the unity in the denominator of Eq. (
) can
be neglected. Then � drops out, and �∗ ≈ �=log(B=!ph), independently of the
size of U and �. The corresponding �∗ is small, on the order of �∗ = �:�� if we
assume !ph=B = �:���.

For the alkali-doped C	� the crucial question is what the appropriate value
for the electronic energy scale is. There are two natural choices, namely the half-
width W=� ∼ �:� eV of the partly occupied t�u band or the total half-width of
all the subbands, EI=� ∼ ��=� eV if the 	 like bands are considered or EI=� ∼
��=� eV if both the 	 and 
 like bands are included.

It was initially assumed [��, ��] that the relevant energy scale is EI ∼ �� eV,
since it was argued that the small energy gaps between the subbands should not
qualitatively change the physics. The use of Eq. (
) then gives that �∗ ∼ �:� is
only slightly larger than the values believed to be appropriate for conventional
superconductors. The early theoretical calculations of �=N (�), like later calcula-

Fig. 4 Ladder diagrams used to describe the reduction of the Coulomb pseudopotential
due to retardation effects. The dashed lines represent the Coulomb repulsion, and the full
lines the electron Green’s function




� O. Gunnarsson et al.

tions, gave rather small values. N (�) was believed to be large, however. This led
to a fairly large value of �. Together with the rather small value estimated for �∗,
the observed values of Tc seemed to have been explained.

On the other hand, Anderson [
�] asserted that the relevant energy scale is the
width of the t�u subband. Since this energy is comparable to the phonon energies,
the retardation effects are then expected to be small. Anderson therefore argued
that �∗ is large, and that the phonon mechanism and retardation effects alone
cannot be enough for explaining superconductivity.

The retardation effects have been studied within the framework of summing
ladder diagrams in the screened interaction for a model of C	� [
�]. The matrix
elements of the screened Coulomb interaction were calculated in the RPA. A
tight-binding approach was used and a long-range Coulomb interaction included.
Within this formalism, it was found that the higher subbands are important and
that �∗ becomes very small [
�]. Below, however, we argue that this is an artifact
of summing ladder diagrams in the screened interaction, providing three different
types of arguments. We first give some physically intuitive pictures, based on
arguments in real space and in frequency space. Finally, we show that the use of
ladder diagrams can give very wrong results for a model where we can obtain
some exact results.

4.2
Real Space Argument

We first give a real space argument. Figure � suggests that a pair of elec-
trons can take advantage of the phonon induced interaction without suffering
a strong Coulomb repulsion, since the electrons move much faster than the nu-
clei. The subband width W describes the movement of the electrons between the
molecules, while the total width of all the bands, EI , describes the motion inside
a C	� molecule. Due to the large value of EI , one may then expect that retardation
effects play a role for the motion inside a molecule. Such retardation effects are
already included in the effective Coulomb interaction U� between two electrons
on a free C	� molecule. The electrons are, nevertheless, not able to avoid each
other efficiently when they are on the same molecule. This is reflected by the
fairly large U� ∼ � eV.

We would expect that retardation effects can effectively reduce �∗ only if the
electrons can move rapidly between the molecules. This, however, happens on
the energy scale W which is comparable to the phonon energy scale. Therefore
the retardation effects should be rather small.

4.3
Frequency Argument

We next give an argument in frequency space, comparing qualitatively the ladder
diagrams for the cases when hopping between the molecules is suppressed and
allowed, respectively. If retardation effects are crucial for superconductivity, we
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expect that they should enter in quite different ways in these two cases. Figure �
shows the two situations schematically. One difference between the two cases is
that if hopping between the molecules is suppressed, the subband width is zero.
The matrix elements also differ because of the metallic screening in the case of
hopping between the molecules. This difference, however, is not very important
for the interband matrix elements [
�]. Figure � then suggests that the main
differences between the two cases are the different energy denominators. Since,
however, the subband width is typically rather small compared with the energy
difference between the band centers, this difference should not be very important.
One would then expect that the ladder diagrams have a similar effect in the two
cases [
�]. This argument does not say that the ladder diagrams are unimportant,
just that their effects should largely be included in the renormalization of U� of
a free molecule. They should therefore contribute to the reduction of U� from
its unrenormalized value of about � eV to its renormalized value of about � eV.
This reduction, however, is far too small to explain superconductivity. Similar
arguments should also apply to other diagrams.

Fig. 5 Schematic representation of electron excitations for the case when hopping to
neighboring molecules is suppressed (left hand side) and possible (right hand side)

4.4
Beyond Ladder Diagrams

Above, we discussed retardation effects within the traditional framework [��] of
summing ladder diagrams in the screened interaction. This raises the question
about the validity of neglecting other diagrams. For instance, Grabowski and
Sham [
�] studied the lowest order vertex corrections for the electron gas and
found important corrections. It is also possible to construct sets of diagrams,
which to a large extent cancel the ladder diagrams [
�]. This raises important
questions about which diagrams to include.

To address these questions, we have studied a two-band model where some
exact results can be obtained [
�]. For this purpose we use the Hamiltonian
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H =
∑
i

�∑
n=�

∑



"nnin
 + t
∑
<ij>

�∑
n=�

∑



 †
in
 jn
 (�)

+U��

∑
i

∑
(n
 )<(n′
 ′ )

nin
 nin′
 ′ + U��

∑
i

[ †
i�↑ 

†
i�↓ i�↓ i�↑ + h:c:];

where i is a site index, "n the energies of the two levels, t is the hopping integral,
U�� is the direct Coulomb interaction and U�� is the interband scattering. The
particularly strong interband scattering between the t�u and t�g bands in C	� is
of a similar type, namely the excitation of two electrons between two bands.

Consider the limit

Δ" ≡ "� − "� � U��; t (��)
�

�N (�)
∼ U �

��

�Δ"
� U��: (��)

In this limit, the upper subband can be projected out and a new effective Hamil-
tonian can be obtained, which describes low-energy properties correctly. This
process does not generate any new terms for the Hamiltonian at Eq. (�), but it
renormalizes the intraband interaction to

Uef f = U�� − U �
��

�Δ"
: (��)

The renormalization of the intraband interaction is small, since U �
��=(�Δ") � U��

(Eq. ��). The properties of this effective Hamiltonian then differ very little from
the one-band model, where the upper band was completely neglected. Thus the
upper band has little influence on the low energy properties in general and �∗

in particular. For instance, in RPA the screened interaction is �=[�N (�)] in both
the one-band and two-band models, if U��N (�) � �.

A quite different result is obtained by summing the ladder diagrams in the
screened interaction. The screened intraband interaction (Eq. ��) is ≈ �=[�N (�)].
The screening of the interband Coulomb interaction U�� is negligible in this model
and for the limits considered. Summing the ladder diagrams then leads to the
effective intraband interaction

�
�N (�)

− U �
��

�Δ"
; (��)

where the second term is the correction from the ladder diagrams. In the limit of
Eq. (��) this correction is very large and the renormalization of �∗ is important.
This is in disagreement with the exact result obtained above, and it shows that
the ladder diagrams give incorrect results in this case [
�].

The projection method and the summation of ladder diagrams describe sim-
ilar physics, and for the parameters used here the term treated in the projection
approach is also the dominating diagram in the ladder summation. The dif-
ference is that in the rigorous projection method, the high energy degrees of
freedom were eliminated first, while in the ladder diagram approach the low en-
ergy degrees of freedom were treated first, by introducing the metallic screening,
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and the high energy degrees of freedom later, by summing the ladder diagrams.
There is no rigorous justification for the latter approach.

The subtracted quantity is the same in both cases. This correction term is
compared with an intraband Coulomb interaction which is unscreened in one
case and screened in the other. The correction term is small compared with the
the unscreened interaction but comparable to the screened interaction. In one
case the ladder diagrams are therefore unimportant while in the other case they
are important. These results should also be of relevance for the retardation effects
due to the high-lying states for conventional superconductors.

These results suggest that the summation of ladder diagrams in the screened
interaction gives unreliable results for A�C	� and that the renormalization of
�∗ due to the higher subbands may not be large. The real space and frequency
arguments presented above strongly suggest that this is indeed so.

4.5
Screening

One may ask how much screening effects alone can reduce the Coulomb inter-
action. In the RPA, the screened interaction can be written as

W = (� − vP )−�v (��)

where W is a matrix representing the different Coulomb matrix elements, v is
the corresponding unscreened matrix elements and P is the polarizability. For
the intraband matrix elements, the t�u orbitals dominate the screening, and we
can transform to the corresponding basis, neglecting all other orbitals. For small
|q|, the diagonal elements of P are related to the density of states N (�) per spin.
Since both N (�) and the diagonal elements of v are large, we can assume that the
product is much larger than unity. Essentially, the two factors v in Eq. (��) then
drop out, and with appropriate assumptions one can then derive [
�] that the
intraband matrix elements are ≈ �=�N (�). The unrenormalized � is obtained by
multiplying by N (�), giving � ≈ �:�. Averaging over q gives � ≈ �:� [
�]. This
should be compared with the unscreened result, UN (�) ∼ �:� × 	 = �. Within
the RPA, screening is therefore very important.

Following the arguments given above, we may assume that there are no renor-
malization effects due to the higher subbands. If we assume, however, that the
arguments behind Eq. (
) apply within the t�u subband, this reduces � some-
what. The RPA value � = �:� found above is then reduced to �∗ ∼ �:� [
�].
This is then the appropriate value for, e.g., the McMillan formula, while � = �:�
is more appropriate for the Eliashberg equation if the t�u band is explicitly in-
cluded. We emphasize, however, that this is based on RPA screening, and that
RPA is questionable for these strongly correlated system.

In the RPA approximation, screening costs kinetic energy. In the limit where
a typical Coulomb integral U is large compared with the band width W , the
kinetic energy cost of screening is relatively small compared with the potential
energy gain, and screening is very efficient in the RPA. This means that as a test
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Fig. 6 Screening charge Δn on the site of the test charge (q = �:�� e) as a function of
U=W , extrapolated to infinite cluster size. The full curve shows the screening charge in the
RPA, obtained from Hartree calculations for the Hamiltonian (��). The crosses with error
bars give the results of the QMC calculations. The RPA screening remains rather accurate
up to U=W � �, but fails badly for larger values of U=W . The screening is very efficient
for U=W � �:� � �:� (after Koch et al. [
�])

charge q is introduced on a site �, almost the same amount of electronic charge
moves away from this site, leaving it almost neutral. This argument, however,
neglects that when an electron leaves a site, it has to find another site with a
missing electron; otherwise there is a large Coulomb energy penalty. While the
RPA predicts an extremely efficient screening in this limit, in a correct treatment
the screening is very poor. Thus, while the RPA may be rather accurate for small
values of U=W , it is qualitatively wrong for large values. It is not clear what
happens for intermediate values.

To discuss this, we perform a more accurate calculation. We use the model
in Eq. (�) of A�C	�. In addition we include the interaction with an external test
charge q on site �, giving the total Hamiltonian

H = Hel + qU
∑
m


n�m
 : (��)

The test charge is assumed to interact with the electrons on the same site via the
Coulomb integral U . Since we later assume that an electron can be described by
a test charge, the interaction of the test charge with other electrons must be U .

A projection Quantum Monte Carlo (QMC) method [
�] was used to
solve [
�] this Hamiltonian. The charge was obtained from the extrapolated
estimator. The calculations were performed for clusters with ��, �
, 	�, �� and
��
 C	� molecules and the results were extrapolated to infinite cluster size. The
results are shown in Fig. 	. The RPA is rather accurate for small values of U=W
but it fails completely for very large values of U=W , as expected. It remains sur-
prisingly accurate, however, up to rather large values of U=W . Thus the system
is rather close to a metal-insulator transition (U=W ∼ �:�) before RPA starts to
fail badly.
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The results suggest that screening effects should be important in reducing
the Coulomb interaction and �∗. For the relevant values of U=W , however, the
screening is probably not as efficient as predicted by the RPA. Screening alone
may therefore not reduce �∗ to the value �.� (�.�) predicted by the RPA, and
screening alone may not be sufficient to explain superconductivity. In the next
section we show that the so-called local pairing plays an important role in this
context.

An efficient screening of the Coulomb repulsion would in general also imply
an efficient screening of the electron-phonon interaction. The efficient screen-
ing would then probably not help superconductivity very much. The fact that
C	� is a molecular solid, however, means that the different phonons behave in
very different ways, as discussed by Schluter et al. [��]. This can be seen by
comparing the intramolecular Ag and Hg phonons. We first observe that the
efficient metallic screening is due to a charge transfer between the molecules.
When an Ag phonon is excited, all the t�u levels move energetically in the same
direction. The system can screen this very efficiently, transferring charge to the
molecule where the phonon was excited, until the phonon induced shift is es-
sentially compensated [��]. The situation is quite different for the Hg Jahn-Teller
phonons. When a phonon is excited, the t�u levels shift in such a way that the
center of gravity is unchanged. This is illustrated in Fig. �. These shifts cannot
be screened by a transfer of charge to the molecule, since this transfer would
essentially just shift the center of gravity of the t�u levels. The result is a rather
inefficient screening of the Hg phonons [��]. It is therefore possible to have an
efficient screening of the Coulomb interaction without the electron-phonon (Hg )
interaction being strongly screened. This is one important feature of the alkali-
doped C	� compounds being molecular solids with Jahn-Teller intramolecular
phonons.

Q

ε

Q

H Ag g

ε

Fig. 7 Schematic illustration of the shifts of the t�u levels as a function of the phonon
coordinate Q for one of the Hg modes and for an Ag mode. The figure illustrates that the
center of gravity is unchanged for the Hg but not for the Ag mode, and that the Ag , but
not the Hg , mode can be screened by a charge transfer to the molecule
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5
Local Pairing

There are several important deficiencies in Migdal-Eliashberg theory when treat-
ing alkali-doped fullerides. The underlying Migdal’s theorem is questionable [�	],
since !ph ∼ W . Even more important, the theory does not properly incorporate
the Jahn-Teller character of the important intramolecular Hg phonons and it only
includes the Coulomb repulsion as an empirical Coulomb pseudopotential. We
find that exactly the interplay between the Jahn-Teller phonons and the Coulomb
repulsion is crucial for the understanding of superconductivity in the fullerides.
We therefore study the electron-phonon and electron-electron interactions on an
equal footing.

5.1
Model and DMFT Treatment

For this purpose Han et al. [��] studied the model

H = Hel + Hphon (�	)

where Hel (Eq. �) contains a threefold degenerate t�u level on each molecule,
the hopping between the molecules and the Coulomb interaction. The hopping
corresponds to a semi-elliptical density of states. Hphon (Eq. 	) contains a fivefold
degenerate Hg phonon per site and its interaction with the electrons. The model
explicitly includes the Jahn-Teller character of the phonons. Below this model is
referred to as the t×H model. We also consider the simplest Jahn-Teller problem,
e×E, where a twofold degenerate phonon couples to a twofold degenerate level.
As a comparison we consider a non-Jahn-Teller problem, the a×A model, where
a nondegenerate phonon mode couples to a nondegenerate level.

The electron-phonon and electron-electron interactions can be treated on
an equal footing by using the dynamical mean-field theory (DMFT) [
�]. This
approach furthermore avoids the assumptions of Migdal’s theorem. In the DMFT,
the problem is mapped onto an effective impurity problem, where the impurity is
embedded in a host which is determined selfconsistently. The self-energy Σ(q; !)
is q independent.

To solve the resulting impurity problem we use the discrete Hubbard-
Stratonovich decoupling scheme [
	, 
�] for the Coulomb interaction terms by
introducing auxiliary fields. Monte Carlo sampling is then performed, treating
the phonon displacement fields

Qi� ≡ (b†
i� + bi� )=

√
� (��)

and the auxiliary fields on an equal footing [

, ��]. This fully Quantum me-
chanical treatment of phonons does not make any assumptions about Migdal’s
theorem or adiabaticity.
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We apply a weak perturbation which creates an electron pair

Δi =
∑
m

 †
im↑ 

†
im↓: (�
)

We introduce the response function (pairing susceptibility)

�(��; ��; ��; ��) =
�
N

∑
ijmm′

〈T� im↑ (��) im↓ (��) 
†
jm′ ↓(��) 

†
jm′ ↑(��)〉; (��)

where 〈:::〉 denotes a thermal average, T� is a time-ordering operator, � is an
imaginary time, N is the number of sites and  im(�) is an annihilation operator
in the Heisenberg representation. We are interested in the response �(�; �; �

′
; �

′
)

to the perturbation, and a divergence of � below a temperature Tc signals the
onset of superconductivity [
�]. We can Fourier transform � with respect to
�� − �� and �� − �� and write down a Bethe-Salpeter equation

� = (�−�
� − Γ)−� = (� − ��Γ)−���; (��)

where ��(��; ��; ��; ��) =
∑

k

∑
mm′ Gmm′ (k; �� − ��)Gmm′ (−k; �� − ��)=N , which

describes two independently propagating electrons (or holes) at zero net mo-
mentum and Γ is an effective interaction. Gmm′ (k; �) is a fully dressed Green’s
function.

We introduce a local pairing susceptibility

� loc(��; ��; ��; ��) =
∑
mm′

〈T� m↑ (��) m↓ (��) 
†
m′ ↓(��) 

†
m′ ↑(��)〉; (��)

on the impurity site. As in Eq. (��), we construct the Bethe-Salpeter equation for
local quantities

� loc = [(� loc
� )−� − Γ loc]−� (��)

� loc
� (��; ��; ��; ��) =

∑
mm′ G loc

mm′ (�� − ��)G loc
mm′ (�� − ��) with a local electron Green

function G loc
mm′ (�� − ��) =

∑
k Gmm′ (k; �� − ��)=N . Since � loc and � loc

� can be
calculated within DMFT, we can obtain Γ loc. We assume Γ ≈ Γ loc, which should
be a good approximation, since the interaction is dominated by intramolecular
phonons and an intramolecular Coulomb repulsion. Since �� can also be calcu-
lated within DMFT, � follows from Eq. (��).

The superconducting instability occurs when the denominator in Eq. (��)
becomes singular. This is determined by two factors, �� and Γ . If the system
is metallic, �� diverges as ��(i!n) ∼ ZN (�)=(	 |!n |) for Matsubara frequency
!n → �, where Z is the quasi-particle renormalization factor near the chemical
potential. Together with an attractive (positive) Γ this leads to a singularity.

5.2
Sum-Rule

We first derive a sum-rule, which allows us to discuss the properties of � loc and
Γ loc. We study �� = ��, �� = �� and calculate Fourier transform �̃ loc with respect
to �� − �� in the T → � limit. This gives
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Fig. 8 Schematic illustration of the shifts of the e levels as a function of the phonon
coordinate Q for an E phonon. The figure illustrates that the electron-phonon coupling
favors a singlet formation

�̃ loc(i!n) =
�

�	

∫ ∞

−∞
d"� loc(")=(i!n − "); (��)

where

� loc(") = �	
∑
n

|〈n; N − �|
∑
m

 m↑ m↓|�; N 〉|�

×ı(" − E�(N ) + En(N − �)) + ::: (��)

Here |n; N 〉 is the n-th excited state of the system with N electrons and the
energy En(N ). The term shown describes the removal of an electron pair and
“:::” indicates the addition of an electron pair. We have put the chemical potential
� = �.

It is now instructive to derive a sum rule for the spectral function � loc(")
(� loc(") ≤ � for " > � and � loc(") ≥ � for " < �)

�
�	

∫ ∞

−∞
|� loc(")|d" = 〈�; N |Am + Ap |�; N 〉; (��)

where

Am =
∑
mm′

 †
m↓ 

†
m↑ m′ ↑ m′ ↓ (�	)

first annihilates and then recreates an electron pair and Ap does the opposite.
We first study the simplest Jahn-Teller system, namely the e × E model at

half-filling. Figure 
 illustrates that the coupling to a Jahn-Teller phonon tends
to put two electrons in the spin up and spin down orbitals with the same m
quantum numbers. For instance, if the Jahn-Teller effect dominates (but � is not
too large), two electrons in the e-level tend to fluctuate between the states

|�〉 =  †
�↑ 

†
�↓|�〉

|�〉 =  †
�↑ 

†
�↓|�〉; (��)

due to the dynamical Jahn-Teller effect. Hopping, on the other hand, tends to
favor all states equally. Hopping and the Jahn-Teller effect therefore compete. As
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the Coulomb interaction is increased, hopping tends to be suppressed, and the
Jahn-Teller effect wins. For simplicity, we consider the limit where U is very large
and the electron-phonon coupling � is very small, taken in such a way the the
Jahn-Teller effect wins over hopping. For a half-filled band, the local state then
becomes a singlet

|�; �〉 =
�√
�

�∑
m=�

 †
m↑ 

†
m↓|�〉: (�
)

This is due to the dynamical Jahn-Teller effect involving states of the type shown
in Fig. 
. This yields

Am |�; �〉 = Ap |�; �〉 = �|�; �〉; (��)

and the sum rule becomes
�

�	

∫ ∞

−∞
|� loc(")|d" ≡ P = �; (��)

in the limit of a very large U and a finite but a small �. The existence of a local
singlet, Eq. (�
), means that the probability for removing two electrons (holes)
with the same m quantum number is very large, leading to a large spectral
weight � loc("). In contrast, � loc

� describes independently propagating electrons
(holes). As a result, there is a substantial probability that a molecule may not be
simultaneously occupied by two electrons with the same m quantum number,
and the right hand side of the sum-rule is substantially reduced

�
�	

∫ ∞

−∞
|� loc

� (")|d" ≡ P� = �: (��)

The sum-rule in Eq. (��) was derived for the case when � is finite but very
small. For large values of �, we can use a semiclassical approach [��]. The phonon
coordinates are written as

Q� = qcosΘ; Q� = qsinΘ (��)

For these coordinates, the electron part of the Hamiltonian is diagonalized by

 +
 = cos
Θ
�
 �
 + sin

Θ
�
 �
 (��)

 −
 = −sin
Θ
�
 �
 + cos

Θ
�
 �
 :

The ground-state wave function can then be written as

|Ψ 〉 =
∫

dq

∫
dΘf (q;Θ) †

−↑ 
†
−↓|qΘ〉; (��)

where |q;Θ〉 is a phonon state defined by q and Θ and f (q;Θ) is some function.
It then follows that 〈Ψ |Am

p
|Ψ 〉 = � and

�
�	

∫ ∞

−∞
|� loc(")|d" ≡ P = �; (��)
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in the limit of a large U and a large �. For both limits (Eqs. �� and ��), the two
electrons on a molecule are always paired. In the limit at Eq. (��) the two states
in Eq. (�
) contribute coherently to the sum-rule. In the limit at Eq. (��) this is
not the case, since the coherence is destroyed by the phonon state |qΘ〉 in Eq.
(��). The limit at Eq. (��) is more appropriate for the cases studied here.

Since the sum-rule for � loc(") is larger than for � loc
� ("), �̃ loc tends to be

larger than �̃ loc
� (see Eq. ��). It then follows from Eq. (��) that the effective

interaction Γ loc tends to be attractive. To illustrate this, we have performed exact
diagonalization calculations for finite clusters. Figure � compares the Jahn-Teller
e × E problem with the non-Jahn-Teller a × A problem. In the e × E case, an
increase of U reduces hopping which makes the Jahn-Teller effect more important.
As a result, P =P� increases. This tends to increase � loc=� loc

� . At the same time
spectral weight is shifted upwards in energy, which tends to decrease � loc=� loc

�
(see Eq. ��). The net result is that the ratio is only moderately reduced as U
is increased. Counter-intuitively, in molecular solids with Jahn-Teller phonons,
Coulomb interactions can in certain respects actually help the electron-phonon
coupling.

The local pairing and singlet formation can be further illustrated by calculat-
ing 〈S�〉, where S is the spin operator for the impurity orbital. Figure �� shows this
quantity divided by its value 〈S�〉� for a system with U = � and � = �. The figure
shows how 〈S�〉 is reduced for U = � compared with its noninteracting value,
due to the local singlet formation. As U is increased, 〈S�〉 is further reduced,
as the Coulomb interaction reduces hopping and thereby helps the Jahn-Teller
phonons to form a local singlet. For � = �, on the other hand, 〈S�〉 increases
with U , due to a tendency for the system to form a local moment.

0

0.5

1

1.5

2

0 0.2 0.4 0.6 0.8 1 1.2 1.4

U/W

exE

axAP/P0 exE
χ/χ0  exE
P/P0  axA
χ/χ0  axA

Fig. 9 P =P� and � loc=� loc
� as a function of U=W for the e 
 E and a 
 A models. The

figure illustrates that for the a 
 A model, these quantities drop rapidly as U increases.
In contrast, for the e 
 E model, the pairing susceptibility is very resistant to increasing
U . The calculation was performed for an impurity model with five host sites and with
� = �:	 (after Han et al. [��])
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Fig. 10 hS�i=hS�i� as a function of U=W for � = �:	 and � = � in the e 
 E model. Due
to the local singlet formation, hS�i drops quickly for � = �:	, as U is increased, while it
grows for � = �

Capone et al. [��] have reached somewhat similar conclusions, analyzing the
Fermi liquid parameters instead of the sum-rule used here, and studying a system
with doping n = � and close to a metal-insulator transition.

The behavior of the a×A model is quite different. The operators Am (Eq. �	)
and Ap can pick up contributions only from components of the ground-state with
two or zero electrons. These charge fluctuations are favored by � but suppressed
by U . As U is increased, P =P� therefore drops quickly, as does � loc=� loc

� . As a
result, the effective interaction Γ quickly becomes repulsive.

Above we have studied the local pairing of the electrons on one molecule.
Superconductivity, however, requires the formation of a coherent state through-
out the solid. This requires that (� − ��Γ) becomes singular. The behavior of ��

is therefore as important as that of Γ . While U in some respects helps the local
pairing (Γ ), it reduces ��, since spectral weight near the chemical potential is
transfered to incoherent states at higher energies on order of U . In the following
sections we study the combined effects of Γ and ��.

5.3
Absence of Coulomb Interaction

Figure �� shows results for the U = � case. It shows Tc as a function of � according
to DMFT and Eliashberg theories. To include the renormalization of the phonon
frequencies by the electron-phonon interaction, the Eliashberg calculation was
performed with a self-consistent phonon Green’s function, using a lowest order
phonon self-energy. Eliashberg theory is usually expected to overestimate [

]
Tc of doped C	� because of the violation of Migdal’s theorem. Surprisingly, in the
t ×H model for U = �, the Eliashberg Tc remains accurate even up to relatively
large values of �. For a small �, �� goes as �=(� + �), which renormalizes � to
�=(� +�) in the McMillan equation [��]. For a larger �, however, �� drops faster
in DMFT than in Eliashberg theory. The reason is that as � is increased, the sys-
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Fig. 11 Tc as a function of � according to Migdal-Eliashberg (dashed line) and DMFT
theories for the t 
 H (ı) and a 
 A (�) couplings at half-filling. The parameters are
!ph=W = �:�� and U = � (after Han et al. [��])

tem gets close to a metal-insulator transition. A large amount of spectral weight
is then transferred away from the chemical potential. As a result, the formation
of a coherent state is much less efficient. The DMFT calculation therefore shows a
maximum in Tc , which happens at � ∼ �. In the a×A model, the metal-insulator
transition happens for a smaller value of � and therefore Migdal-Eliashberg the-
ory breaks down earlier. It is important to notice that in the cases studied here,
Migdal-Eliashberg theory is rather accurate as long as the system is well away
from a metal-insulator transition, although !ph=W = �:�� is not very small.

5.4
Finite Coulomb Interaction

We next consider a finite U . Figure �� shows Tc as a function of U for the t ×H
and a × A models. For the a × A case, Tc drops quickly when U increases, as
expected. For the non-Jahn-Teller system, the attractive interaction is quickly
canceled by the Coulomb repulsion and for a wide range of U=W the system is a
non-superconducting metal. This is illustrated by the effective electron-electron
interaction

Utot

W
≈ −	

�
� +

U

W
= −�:�� +

U

W
; (�	)

where the first term is the phonon induced attraction, which for � = �:	 is
about −�:��W . We would therefore expect superconductivity to be lost when
U=W ∼ �:��. Figure �� shows that this actually happens even a little bit earlier.

For the t×H case, on the other hand, Tc is much more resistant to an increase
in U . The discretization error in the QMC solution of the impurity problem leads
to an overestimation of Tc for large U , which is about �� % for U=W = � and
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Fig. 12 Tc as a function of U for the t
H and a
A models for half-filling. The parameters
are � = �:	 and !ph=W = �:��. The figure illustrates the important difference between
Hg and Ag phonons (after Han et al. [��])

� = �:	 [��]. The reduction of Tc with U is, nevertheless, remarkably slow. The
effective interaction between the electrons is given by

Utot

W
≈ −�:� +

U

W
: (��)

Due to strong-coupling effects [��], the phonon induced attraction is weaker
than for the a×A case, and from this type of argument one might have expected
superconductivity to have been lost already for U=W ∼ �:�. Jahn-Teller phonons,
however, help form local pairing and Γ stays attractive, although the net force
between the electrons is strongly repulsive. Therefore the superconductivity is
expected to exist in the metal right up to the metal-insulator transition.

The effective interaction vef f (i!n; i!m) is defined for a pair of incom-
ing electrons at frequencies (i!n;−i!n) and outgoing electrons at frequencies
(i!m;−i!m)

vef f (i!n; i!m) ≡ −ˇΓ loc(i!n; i!m) (�
)

The important difference between Jahn-Teller and non-Jahn-Teller phonons is
illustrated in Figs. �� and ��. Figure �� shows vef f (i!n; i!m) for the t×A model
for U=W = �:� and U=W = �:�. From the arguments above, we may expect the
phonon-induced attractive potential to be somewhat stronger than the Coulomb
repulsion for U=W = �:�. The figure shows that vef f (i!n; i!m) is indeed quite
negative (attractive) over a small frequency range !n ≈ !m . For U=W = �:�,
vef f (i!n; i!m) is positive (repulsive) over the whole frequency range. This is not
surprising, since the Coulomb repulsion is now expected to win over the phonon-
induced attraction. Figure ��, on the other hand, shows that for the t×H model,
vef f is strongly attractive over a limited frequency range, even for a large U=W .
Indeed, the potential becomes more attractive over some limited range as U is
increased. This illustrates that even if the Coulomb repulsion overwhelms the
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Fig. 13 vef f (i!n; i!m) = �ˇΓ loc(i!n; i!m) for the t 
A model for U=W = �:� at T =W =
�=
� (top) and U=W = �:� at T =W = �=��� (bottom). The parameters are � = �:	 and
!ph=W = �:��. The figure illustrates how vef f is negative (attractive) for !n � !m and
U=W = �:� but positive (repulsive) for U=W = �:�, where the Coulomb repulsion has
won over the phonon induced attraction

phonon-induced attraction, vef f (i!n; i!m) is still attractive, at least for some
frequency range, as expected from the local pairing arguments.

5.5
Doping Dependence

As discussed above, Tc drops surprisingly quickly in fullerides when the doping
n is changed away from n = � electrons per C	� molecule [��]. Reducing the
doping leads to a reduction of the Fermi energy and an increase in the density
of states at the Fermi energy [��]. One would then actually expect an increase in
� and Tc according to Eliashberg theory. This has been taken as evidence for an
electron-electron mechanism of superconductivity [��]. Fig. �� shows the doping
dependence of Tc in the DMFT. For small U , Tc drops slowly when the doping
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Fig. 14 vef f (i!n; i!m) = �ˇΓ loc(i!n; i!m) for the t 
 H model for U=W = �:� at
T =W = �=	� (top) and U=W = �:� at T =W = ��� (bottom). The parameters are � = �:	
and !ph=W = �:��. The figure illustrates how vef f is strongly negative (attractive) for
!n � !m and U=W = �:� and even more so for U=W = �:�

is reduced until n ∼ � and then starts to drop much faster. Simultaneously, Γ loc

drops rapidly for n < �, probably because the local pairing is inefficient once
n < �. For U=W > �:�, Tc drops very quickly as n = � is approached from above.

As n = � is approached, the system approaches a metal-insulator transi-
tion [��]. Whether or not the system actually becomes an insulator for n = �,
spectral weight is transferred away from the chemical potential. This can be
illustrated by studying

G(� = ˇ=�) =
∫

d!
A(!)exp(−ˇ!=�)

� + exp(−ˇ!)
; (��)

where ˇ = �=T and A(!) is the electron spectral function. The exponential
functions in the integrand make the integral small for large absolute values of
! and G(� = ˇ=�) is therefore a measure of A(!) for ! close to the chemical
potential at ! = �. Figure �	 shows G(� = ˇ=�) for different values of U as
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Fig. 15 Tc as a function of doping n for different values of U for t 
 H coupling. The
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dependence for U=W 	 �:�
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Fig. 16 G(� = ˇ=�) as a function of doping n for U=W = �:� and �.
. The parameters are
� = �:	, !ph=W = �:�� and T =W = �=���

a function of doping. The rapid drop for U=W = �:
 as n = � is approached
illustrates the large transfer of weight away from the chemical potential. This
leads to a reduction of ��, which causes a reduction of Tc . Despite strong local
singlet formation near n = � and �, the weak coherence from the reduced value
of �� lowers Tc . The strong doping dependence can therefore be explained within
an electron-phonon mechanism, and there is no need to assume an electronic
mechanism.

This demonstrates an unexpected failure mode for Eliashberg theory. The
problem is not that !ph ∼ W (cf. Fig. ��), but that the system is close to a
metal-insulator transition. As in Fig. ��, Tc drops as the system approaches a
metal-insulator transition, which is not properly described in Eliashberg theory.
In Fig. ��, this happened as � was increased for a fixed doping. Here it happens
as the doping is changed for a fixed �.
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Capone et al. [��, ��] have calculated Tc as a function of U for n = � using
exact diagonalization for solving the DMFT equations. They considered a smaller
value of � than above, and found superconductivity only in a small range of U
values just before the metal-insulator transition occurs. Their explanation of this
behavior was based on the large enhancement of the quasiparticle density of
states in the DMFT just before the metal-insulator transition takes place.

6
Summary

As discussed in the introduction, the alkali-doped fullerides are very unusual
superconductors in the sense that the electron and phonon energy scales are
comparable. One may therefore expect the retardation effects, believed to play
a crucial role for conventional superconductors, to be rather small for the ful-
lerides. We have given several different types of argument supporting this point
of view. This then raises the issue of why superconductivity is possible for the
fullerides. We showed that a surprisingly efficient screening should contribute
to reducing the Coulomb repulsion and helping superconductivity. In view of
the lack of retardation effects, however, there is little justification for treating the
Coulomb repulsion as a weak, empirical Coulomb pseudopotential, as is normally
done for conventional superconductors. Instead we used the dynamical mean-
field theory. This allowed us to treat the electron-electron and electron-phonon
interactions on an equal footing and without assuming that Migdal’s theorem
is valid. We found that local pairing should be important for superconductiv-
ity. This mechanism uses the Jahn-Teller character of the phonons and the fact
that the dynamical Jahn-Teller effect favors the formation of a low spin state. This
leads to a local pairing of the electrons on a molecule and it is helpful for forming
a coherent superconducting state throughout the solid. The Coulomb repulsion
helps the local pairing, while it hurts the formation of a coherent state, i.e., the
propagation of pairs from one molecule to another. The net results is that super-
conductivity is surprisingly resistant to the Coulomb repulsion, as illustrated in
Fig. ��.

It is interesting to ask if the present theory can explain superconductivity in
the fullerides quantitatively. The electron-phonon coupling � has been estimated
from photoemission for free C−

	� molecules [��] and estimates of the density of
states [�	]. This leads to � ∼ �. However, we also have to take into account
the Hund’s rule coupling, which counteracts the Jahn-Teller effect. Both effects
are measured by the singlet-triplet splitting seen in the insulating compound
A�C	� [��]. This splitting is only about �/� of the splitting expected from � = �,
and it suggests that the Hund’s rule coupling cancels about �/� of the electron-
phonon coupling. We may then implicitly include the Hund’s rule coupling by
using � ∼ �:�. This assumes that the different frequency dependences of the
electron-phonon and Hund’s rule couplings enter in a similar way in supercon-
ductivity and the singlet-triplet splitting. The value U=W has been estimated to
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about �.�-�.� and W is about �.	 eV according to band structure calculations [��].
Using � = �:�, U=W = �:� and W = �:	 eV we obtain Tc ∼ �� − �� K. This is
rather close to the experimental results of Tc = �� K for K�C	� and Tc = �� K for
Rb�C	�. Given that we have used a ratio U=W at the lower end of the estimated
range, our value for Tc is rather small. It is not necessarily unreasonably small,
however, given the uncertainty in the parameters and the simplicity of the model.
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Abstract Through inspecting the limitations of BCS theory we give a brief review on the 
microscopic theories of superconductivity. Three basic pairing models have been extracted
from the reviewed theories. The flat/steep band model developed from a viewpoint of chem-
ical pairwise interactions is described and explained. The conditions for the occurrence of
a flat electronic band within the framework of band theory is discussed together with 
examples. Characteristic peak-like structures of the electron-phonon coupling, as expected
from the model, are shown to occur for conventional superconductors. The functional Psib(Y)
is introduced to relate chemical pairwise interaction with superconductivity. Investigations
on experimental and theoretical low-energy electronic structures of superconductors, from
simple elements to complicated cuprates, support our flat/steep band condition.
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1
Introduction

Since the discovery of the first superconductor Hg [1], scientists have been 
trying to explore the microscopic origin of superconductivity. Inspired by the
classical work of London [2], earlier efforts tried to establish a relation between
superconductivity of the then discovered superconductors and Bose-Einstein
(B-E) condensation. To our knowledge, it was Ogg [3] who first proposed that
paired electrons in superconductors can be viewed as bosons. Based on similar
ideas, Schafroth et al. developed their real space approach to superconductivity
[4]. Though it was demonstrated experimentally [5, 6] and theoretically [7, 8]
that phonons are involved in superconductivity, it remained unclear why re-
pulsively interacting conduction electrons can be paired until Bardeen, Cooper
and Schrieffer developed their milestone BCS theory [9]. The following smooth
experimental and theoretical development was interrupted in 1986 with the
discovery of high Tc cuprates [10]. Since then a large number of models and
scenarios have been proposed, however, up to now with no convergence.

In this review we will first give a brief survey of the most common micro-
scopic theories by summarizing the limitations of BCS theory. In the second
part our focus will lie on aspects beyond the BCS theory and in particular on
new pairing mechanisms for electrons or holes. In the third part we will turn
to a viewpoint of chemistry in order to analyze the origin of pairing. The long
established formalism of drawing a line between atoms to describe the singlet
electron or hole pair state in a covalent bond serves as a starting point, associ-
ating the pairwise attraction between charge carriers of equal sign with a ten-
dency towards their localization. Some superconducting layered rare earth 
carbide halides are model systems to illustrate and test this idea [11]. They are
metallic, however, with slight modifications they become semiconductors. In
terms of the electronic band structure, these materials are characterized by
highly dispersive bands as well as flat bands at the Fermi level. In our qualita-
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tive picture the flat band states are essential in providing electrons (holes) of
vanishing velocity, and the presence of steep bands is essential to keep the
structure undistorted and to avoid localization.We introduce our flat/steep band
model developed by considering the pairwise interaction of electrons (holes) in
terms of chemical bonding. The assumptions and the main approximations for
this model will be explicitly outlined. Then we will list and explain conditions
in the framework of band theory for the occurrence of a flat band. The flat/steep
band condition will be tested with the calculated and experimental low-energy
electronic structures of superconductors from simple to complex.We present a
peak-like structure of the electron-phonon coupling, a result expected from 
our model when applied to the phonon mediated superconductors. Finally we
summarize and discuss our preliminary results to show the relation between
chemical pairwise interaction and electron-phonon coupling.

2
BCS Theory and Beyond

BCS theory is a field theoretical approach to an electron-phonon system in
which an effective attraction mediated by phonons results in a phase coherent
pair condensate [9]. This theory explains many properties of conventional su-
perconductors such as the isotope effect, Meissner effect [12], and the charac-
teristic electronic specific heat, etc. The reduced BCS model Hamiltonian reads

HBCS = ∑ ekc+
ks cks + ∑ Vk, k¢ c+

k≠ c+
–kØ c–k¢Ø ck¢≠  , (1)

k, s k, k¢

where ek is the single electron energy measured relative to the Fermi level and
C+

k, Ck, are the electron creation and annihilation operators, respectively, based
on Bloch states specified by wave vector k and spin s. The non-diagonal matrix
elements Vk,k¢ denote the effective electron-electron attraction, which includes
the screened Coulomb interaction and the phonon mediated electron-electron
interaction; see Fig.1a.A coherent paired state of electrons appears in this model
when the indirect attractive interaction dominates the repulsive Coulomb in-
teraction, i.e., Vk,k¢ is negative, and superconductivity is possible.
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Fig. 1a–c Schematic representations for the pairing mechanisms of electrons: a the effective
electron-electron (k≠,–kØ) interactions mediated by phonons, the shown retarded effect was
not considered in the original BCS theory; b the pairing of electrons mediated by magnon-
like or spin fluctuation exchange; c the decaying and recombination process of a boson and
a pair of electrons

a b c



Within BCS theory superconductivity is described as a simultaneous creation
and condensation of Cooper pairs instead of a B-E condensation of preformed
pairs. The reason is that the size of a Cooper pair given by the coherence length
is too large to define it as a composite boson in real space.Within BCS theory the
electrons pair in momentum space. The prerequisite of electron (hole) pairing
remains necessary [13] even for other so-called exotic [14] superconductors such
as organic [15], heavy-fermion [16] and high Tc superconductors [10], where
BCS theory is generally thought to be inappropriate or at least needs to be mod-
ified. The limitations of BCS theory and its strong coupling extension according
to Eliashberg and Migdal [17, 18] can be roughly divided into the following 
categories.

2.1
Gap Symmetry, Non-Phononic Pairing and Inhomogeneity

1. The superconducting gap or the pair wave function in the BCS model has s-
wave symmetry. However, as pointed out in the original work [9c], the pos-
sibility of non-zero angular momentum (l≠0), in particular, spin triplet l=1
pairing exists, e.g. the symmetry of the pair wave function in helium-3 [19]
is known to be p-like due to spin fluctuation mediated interaction. The gap
symmetry of high Tc cuprates and organic superconductors still remains
controversial.Although there is clear evidence for gap nodes in hole-doped
cuprates and heavy-fermion systems [20] the experimental single particle
gap as determined by ARPES measurements is not necessarily identical to
the superconducting gap. As pointed out by Randeria et al. [21] the super-
conducting gap function is different from the single particle energy gap if
the chemical potential lies below the bottom of the conduction band, which
further complicates the gap problem.

2. In the BCS model, the basis of electron pairing, i.e., the electron-phonon
coupling sets a limit to the energy of the electrons which are involved in su-
perconductivity. The energy difference between the electronic states should
be less than the phonon energy, �wD, where wD is the Debye frequency. This
limitation was challenged soon after the establishment of BCS theory by
considering coupling via quasi-bosons like, e.g., excitons, plasmons etc.
[22–25]. In such models, the transition temperature is set by the electronic
excitations with frequencies we [23e] which are considerably larger than the
Debye frequency wD, thus allowing much higher Tcs than within the
phononic mechanism.

3. In the original BCS model, band effects were neglected. An important band
effect may be the superconducting multi-gap structure as predicted [26, 27]
shortly after the establishment of BCS theory. This prediction, actually a
two-gap situation, was definitely confirmed for the superconductor MgB2
[28–30], as will be discussed later. One further multiband effect is the 
enhancement of Tc even within the BCS framework as first emphasized by
Lee and Ihm [31] in their two-band model for the high Tc superconductor
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La2–x(Ba,Sr)xCuO4. Other multiband effects showing up in gap anisotropy,
ultrasonic attenuation, thermodynamic critical field, isotope effect etc. due
to the inter-band interactions have also been studied, however mainly within
the context of high Tc superconductivity [32]. In fact the band effects can be
viewed as some kind of “inhomogeneity phenomenon” at the unit cell level,
i.e. different types of atoms distribute inhomogeneously within the unit cell
and this results in more complicated band structures than assumed in the
original BCS model. A detailed discussion on this aspect will be given else-
where.

The inhomogeneity of a system can be considered as a symmetry breaking
which is quantitatively described by an order parameter field [33] such as the
magnetization M(r) for a magnet and the energy gap function D(r) for a su-
perconductor. Long before the discovery of high Tc cuprates it has already
been observed that other order parameters may compete or coexist with the
superconducting one. Examples include ErRh4B4 [34] (ferromagnetic order),
ErMo6S8 [34] (antiferromagnetic order), GdxTh1–xRu2 [35] (spin-glass mag-
netic freezing) and BaPb1–xBixO3 [36] (charge density wave; CDW) etc., which
obviously is beyond BCS theory and its strong-coupling extensions. For such
superconductors, there has been no simple formula for calculating Tc as de-
rived, e.g., by McMillan [37]. The discovery of high Tc cuprates added a par-
ticularly interesting case of a competing, coexisting or even supporting order
parameter. The new family of superconductors originates from doping the
antiferromagnetic parent insulators such as La2CuO4 [38]. Here another 
possible consequence of electronic inhomogeneity, phase separation, entered
the focus of interest. As pointed out by Gor’kov et al. [39] in their two com-
ponent model for high Tc cuprates, this can happen either dynamically or sta-
tically.

The stripe phase as first revealed theoretically within the Hartree-Fock ap-
proximation of the Hubbard model [40] and later confirmed by experiments
[41] on high Tc cuprates created enormous interest in the problem of spin 
and charge separation in a superconducting system. Models were proposed to 
explain high Tc superconductivity on the basis of fluctuating stripes [42] or
charge fluctuations [43]. The inhomogeneity observed experimentally at a
nano-scale level for high Tc cuprates is due to electronic phase segregation [38,
41]. However, there are indications for chemical phase separation as well [44].
In this case a percolation approach could be appropriate to describe the rele-
vant phenomena as pointed out by Gor’kov et al. [45] for A1–xBxMnO3 type
manganates. More recently high Tc superconductivity has been studied as a
quantum critical phenomenon, in which the quantum critical point, defined as
a point where various ground states with different symmetries and order 
parameters coincide at T=0, plays an essential role [46].
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2.2
Property of Charge Carriers

A basic limitation of BCS theory is due to its foundation on the Landau Fermi
liquid theory [47]. In the framework of Landau’s theory, the excitation energy
e(k,s) of a quasiparticle is

e(k, s) = e0 (k, s) + ∑ f(ks,k¢s¢)nk¢¢s¢ (2)
k¢¢s¢

where f(ks,k¢s¢) is the interaction between the quasiparticles, and nk¢¢s¢ is the 
occupation number of a quasiparticle state |k¢s¢�. The description within the
quasiparticle picture of interacting Fermions holds only for a well defined
quasiparticle:

1/t � |e(k, s) – m | , (3)

where t is the lifetime of the quasiparticle, e(k,s) is the excitation energy and
m is the chemical potential. The criterion at Eq. (3) was later replaced by a less
stringent condition [48],

1/t � e F  . (4)

The above inequality is satisfied by conventional elemental metals or metallic
compounds where the quasiparticle quasiparticle interaction is relatively weak.
For systems in which the quasiparticles are strongly correlated, or, in case of
novel elementary excitations due to special topology, such as low dimension-
ality, the Fermi liquid description becomes inappropriate. There have been a
number of compounds [13, 49], e.g. TiS2,Hg2.86AsF6, BEDT-TTF, in which the be-
havior of the charge carriers is difficult to explain within the Fermi liquid the-
ory. For high Tc cuprates, the frequency dependent relaxation rate 1/t is an 
important signal for the breakdown of Fermi liquid theory, because it implies a
vanishing quasiparticle amplitude. Other experimental evidences have been 
repeatedly reviewed in the literature [13, 49]. Though there is still controversy
concerning this point [50], it is safe to say that Landau’s Fermi liquid theory in
its unmodified form is not suitable to describe the cuprates. One proposed sub-
stitute of Fermi liquid theory to describe the normal state of cuprates is the Lut-
tinger liquid theory [51] in which the inter-particle interactions are treated on
the same basis as the one-body kinetic energy. In the Luttinger liquid model there
still exists a Fermi surface which encloses a volume equal to that of non-inter-
acting particles. However, this Fermi surface is not related to electron- or hole-
like particles. The internal degrees of freedom (spin, charge) of an electron are
decoupled, and thus the low-energy elementary excitations of such a special sys-
tem have two branches. One belongs to the spinon (s=1/2, e=0), the other to the
holon (s=0, e=1). Because of this charge-spin separation, the low-energy physics
of a Luttinger liquid differs dramatically from that of a Fermi liquid [52].

New theories on high Tc cuprates can be roughly classified into two types 
(A and B) according to their use of Fermi liquid or other theories and their 
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relation to BCS theory. Included in the type A are (among others) Anderson’s
RVB theory [53], Varma et al’s marginal Fermi liquid theory [54], Lee, Wieg-
mann et al’s gauge theories [55], Laughlin et al’s flux and anyon theories [56],
Emery et al’s 1D stripe theory [57], Chakravarty and Laughlin’s d-density wave
theory [58]. Within the type B there are the spin bag theory of Schrieffer et al.
[59], the spin-polaron theory initiated by Kamimura,Wood, Mott, et al. [60], the
antiferromagnetic Fermi liquid theory of Pines et al. [61], the van Hove singu-
larity (vHs) scenario pursued by Friedel, Bok, Newns, Markiewicz et al. [62].
The bipolaron theory of Alexandrov et al. [63] and the two component theory
of Ranninger, Micnas et al. [64] do not rely on the Fermi liquid description as
other conservative theories of type B. However, the bosons in both theories
originate from strong electron-phonon interactions or attractive U. Thus these
theories can be considered to lie between the two categories.

The above classification is not strict and complete, because many theories
in the list are also based on other considerations, namely, the gap symmetry,
pairing mechanism and inhomogeneity. Roughly speaking, the theories in
group A are based on a breakdown of the Fermi liquid theory in describing the
normal state of high Tc cuprates. In particular, some of these theories (RVB,
anyon, etc.) unambiguously advocate that there are no well defined quasipar-
ticles (s=1/2, e=±1) since the relaxation rate 1/t is close to infinity. In other
words, the renormalization constant of the quasiparticles,

∂∑ –1

Z = �1 – 6� , (5)
∂w

is set to Z=0, where ∑ is the self-energy of a quasiparticle. The elementary 
excitation is considered to be of collective character or some kind of soliton.
In [53b] Anderson listed many experimental evidences for Z=0. Hence he treats
the condition as a necessary basis for a correct theory of high Tc cuprates. In
his RVB theory, the pairing of charge carriers is determined by the incoherent
interlayer hoping t^ in two possible processes. One is the so-called superex-
change mechanism of magnetic coupling between the copper oxygen planes,
which can be described by the following effective Hamiltonian:

HSE = ∑k lk
SE c+

k≠ (1)c+
–kØ (2)c–kØ (1)ck≠ (2) , (6)

where 1, 2 indicate neighboring layers, lk
SE is the superexchange parameter 

depending on t^ and the energy En of a virtual high energy intermediate state.
The other process is the Josephson like pair hopping described by

HJ = ∑k lk
J c+

k≠ (1)c+
–kØ (1)c–kØ (2)ck≠ (2) , (7)

where lk
J is the tunneling parameter for pairs also depending on t^ and En. The

first process involves only a spinon, while the second one only involves the 
exchange of a holon. Both processes are very different from those considered
in the BCS framework. The pairing energy in this model originates physically
from the kinetic energy loss due to the confinement of electrons in the Luttinger
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liquid. It is claimed by the authors of this theory [53] that it provides reasonable
explanations for the unusual normal and superconducting state properties.
However, whether there exists really spin-charge separation in the CuO2 plane
has remained very controversial, both theoretically and experimentally [50, 65].
Theoretically the spin-charge separation is not strictly justified in a 2D system
as opposed to a 1D system [51, 52], and there have been many alternative 
explanations for the various anomalous experimental findings. In addition, the
inhomogeneity problem of the cuprates is not fully taken into account in this
theory, and it has not been developed to the level of the BCS theory for 
conventional superconductors with respect to the gap equation etc. [66]. The
marginal Fermi liquid, the anyon, and the gauge theory have been compared to
the RVB theory in detail [53b]. The theory developed by Emery el al. [57] is
based on an array of 1D stripes and spin-charge separation. The newly pro-
posed d-density wave (DDW) theory carries characteristics of staggered flux
state theories [67] and phenomenologically introduces DDW as a local order
parameter which describes the so-called orbital antiferromagnetism [68]. This
theory is interesting, because it naturally includes aspects of inhomogeneity by
considering the competition of different order parameters, and the pseudogap
is explained as a one-particle gap due to the development of DDW. The non-
Fermi liquid property of the normal state of high Tc cuprates is suggested to 
reflect the high temperature behavior of a nearby quantum critical point [46b].
The pairing of charge carriers is caused by the same reason as in many ap-
proaches based on the t-J model, namely a nominal Heisenberg exchange.

The theories in the conservative group maintain at least the quasiparticle
picture for the charge carriers. For example, in the spin bag and spin polaron
theories the concept of quasiparticles in the traditional sense (having charge
±e, spin 1/2) still holds. In the former case, the spin bag is an object centered
by a hole and surrounded by a dressing cloud which suppresses the amplitude
and twists the quantization axis of the local antiferromagnetic order. The pair-
ing of such spin bags is due to reduced exchange energy costs of a two-hole bag
as compared to that as a one-hole bag. Though spin bag and spin polarons are
very similar, the concept of spin polaron has a much longer history as it dates
back to Zener’s early work on the double-exchange mechanism in manganese
oxides [69]. The main difference between spin bag and spin polaron lies in the
fact that the former is based on the one-band Hubbard model [70] while the lat-
ter is based on the multiband t-J model. Correspondingly, the pairing interac-
tion in the former case depends on the self-exchange energy U, while in the lat-
ter case it depends on the effective Heisenberg exchange J involving different
orbitals [13]. The one-band Hubbard model is given by

H = –t ∑�i, j�s (c+
is cjs + H.c.) + U ∑i nis ni – s , (8)

where U is the on-site Coulomb repulsion, nis=c+
is cis is the density operator for

electrons at site i, and the summation is performed with respect to the nearest
neighbor sites on a square lattice. This model is considered to contain the 
essential physics of high Tc cuprates [53]. For U�t, in the strong correlation
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limit, the doubly occupied states can be projected out from the Hilbert space
through the Schrieffer-Wolff [71] canonical transformation on Eq. (9) [72].
Then one obtains the t-J model,

H = –t ∑�i, j�s (Pi
s c+

is cjs Pj
s + H.c.) + J ∑�i, j�(Si · Sj – 1/4ninj) , (9)

where Pi
s =1–ni, –s is the projection operator which excludes double occupancy,

J=4t2/U is the nearest neighbor Heisenberg exchange integral, and Si is the spin
operator. Equations (9) and (10) can easily be extended to include the second
nearest neighbor interactions or multiband effects as in the marginal Fermi 
liquid [54, 73] and other theories [74]. However, as first shown by Zhang and
Rice [75] the higher-energy hybridized orbitals in the multiband models can be
completely down-folded [76] to result in an effective one-band model based on
the Cu-3 dx2 – y2, O-2 ps hybrid. In this sense, the concepts of spin bag and spin
polaron are physically connected. The pairing of the spin polarons can be me-
diated through the exchange interaction as shown in Fig. 1b. In the t-J model,
vertex corrections are suppressed and the exchange interaction is repulsive
when the pair wave function has s-symmetry. It can become attractive with p,d
symmetry. Because of this reason magnetic mechanisms favor d-wave super-
conductivity in high Tc cuprates. The existence of spin bipolarons or bound
states of two holes, or incoherent pairs as discussed in literature is still 
controversial. Recent studies do not seem to support the B-E condensation of
preformed d-wave pairs [77].

Though the spin fluctuation theory as introduced by Pines et al. [61] belongs
to type B, it is not based on simple Fermi liquid theory. In this approach, a new
energy scale is set by wsf , the spin fluctuation energy, which is much smaller
than the Fermi energy, above which quasiparticles should be described within
the nearly antiferromagnetic Fermi liquid theory (NAFL). In particular, this 
upper energy scale for the Fermi liquid behavior shrinks with the system ap-
proaching a quantum-critical point at T=0, where the renormalization factor
Z of a quasiparticles is zero [61d].

In NAFL, the dominant interaction between the quasiparticles is caused by
the emission and absorption of a collective soft spin. Due to this kind of over-
damped spin fluctuation the quasiparticles pair incoherently at the pseudo-gap
and coherently at Tc (see Fig. 1b).When considering the spin-fermion coupling,
this theory uses the Eliashberg-like ansatz. The generic model Hamiltonian of
this theory is also of the one-band Hubbard-type. One of the limitations of this
theory is that it is not applicable to the underdoped cuprates, besides some
other problems [53b, 61d].

In deriving the gap equation, BCS assumed a density of states (DOS) around
the Fermi level that is a slowly varying function of energy. This is not realized
for most real materials, since there are often peaks near the Fermi level. The vHs
scenario [62] emphasizes the role of such peaks in the low-energy physics of a
system. That this scenario belongs to the conventional group is obvious, because
it is still based on the framework of BCS theory. The origin of the pairing of qua-
siparticles is not explicitly specified as phonon mediated, and correlation effects
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are also considered in the renormalization of quasiparticles in the recent de-
velopment of this scenario [62e].

Motivated by the experimental findings for LiTi2O4 and Ti4O7 etc. [78], the
theory of bipolaronic superconductivity was proposed [63a] shortly after 1980
before the discovery of high Tc materials. This theory is based on the concepts
of polarons [79] and bipolaron [78, 80]. Under the condition of D>W, where D
denotes the dissociation energy of a bipolaron and W the polaron band width,
the small bipolaron can be stable. As the small bipolaron is a hard core boson,
the low-energy physics of a bipolaronic system can not be described 
by Fermi liquid theory. The superconductivity of such a system occurs due to 
B-E condensation of bipolarons. In the last few years this theory has been fur-
ther developed; however, whether it can be applied to the high Tc cuprates is still
a controversial matter. The arguments against it from both experimental and
theoretical points of view were listed and discussed by Anderson et al. [53b, 81].
Another objection concentrates on the issue of whether or not the itinerant
small bipolaron is stable against a decay into two small polarons [82]. In spite
of this complication studies on the crossover from BCS to B-E condensation
have repeatedly proven that superconductivity of high Tc cuprates falls into the
intermediate regime instead of the B-E condensation limit [83].

Soon after the advancement of the bipolaronic theory, Ranninger et al. [64a]
considered the possibility of a bipolaron decaying into a pair of electrons and
the reverse. They started from a two-component scenario of itinerant (wide
band) and local pair electronic states and their mutual hybridization. In fact,
such a hybridization had been proposed phenomenologically by Rumer [84]
long before the discovery of high Tc superconductivity. The physics behind 
it even dates back to Anderson’s s-d mixing model [85]. By introducing the 
hybridization term, the final Hamiltonian for this fermion-boson or two-com-
ponent model reads as

H = (zt – m) ∑ c+
is cis – t   ∑ c+

is cjs + (DB – 2m) ∑ bi
+bi (10)

i,s �i π j� ,s i

+ v ∑ [bi
+ciØ ci≠ + ci

+
≠ ci

+
Ø bi],

i

where z is the nearest-neighbor coordination number of an effective lattice site
i, t the bare hopping integral of electrons, µ the chemical potential, c and b the
electron and boson operators, respectively,DB is the energy level of the bipolaron
and v the bipolaron fermion exchange coupling constant. The hybridization
term schematically shown in Fig. 1c facilitates the bipolaron hopping processes
and, in addition, polarizes electrons in the wide band into Cooper pairs,
which thus provides an additional channel for the superconducting ground
state [64]. The model is discussed in detail by A. Bussmann-Holder et al. in this
volume.

Rather similar models have been intensively studied by different groups 
[39, 86, 87]. It is obvious that the low-temperature physics in this model is 
determined by the relative concentrations of the fermions and bosons. A local
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vibrational mode which strongly couples to the electrons is the origin of the
bipolaron formation.

So far we have, by inspecting the gap symmetry, pairing mechanisms, co-
existence of competing orders and the low-energy excitation, made a brief
survey of the current most common microscopic theories of superconduc-
tivity. Among these four aspects the latter two are most fundamental, since
the gap symmetry and the pairing mechanism depend on the characteristics
of the low-energy excitation of a system. The survey describes a “tree-like”
structure for the microscopic theories of superconductivity with pairing of
charge carriers as the main stem. Remarkably the Ginzburg-Landau equation
derived from a purely phenomenological approach implies the result that
paired electrons are the charge carriers of the supercurrent [88a]. It became
obvious only after Gor’kov introduced the microscopic explanations for this
equation [88b, c].

The pairing mechanisms as proposed in these theories can be divided into
three classes, which can be illustrated by the following “reactions”,

a) e + X-on + e Æ B

b) e + Y + e Æ B

c) e + e Æ B

where B in all cases denotes a Cooper pair in the superconducting state, e 
represents a fermion (e=±1, s=1/2), X-on means collective bosonic excitations
such as phonon, magnon, exciton, etc. Obviously, BCS, spin fluctuation, spin-
polaron theories etc. belong to class 1.; Y in class 2. represents an intermedi-
ate quantum state or states by means of which two electrons (holes) pair. The
energy gain in this case is purely a quantum feedback effect associated with the
pairing. The RVB theory and the midinfrared scenario [89] are in this category.
Case 3. represents a total “reaction” of e+e´B¢ [86] and e+e+B¢´2B where B¢
represents a preformed pair (boson) which coexists with fermions e. The bipo-
laron theory, the two component theories etc. belong to this class.

3
Chemical Bonding and Superconductivity

It is evident from the brief review on current microscopic theories of super-
conductivity that the pairing of electrons (holes) is a central issue. However, the 
origins for pairing are quite different among these theories. In many of them 
explanations are sought within physical concepts like the Fermi and Luttinger
liquid concept which do not take into account the specific chemical bonding in
a superconductor, a criticism that was raised against BCS theory by Matthias
[90]. Indeed, the question of what kind of atoms have to be combined in what
kind of structure in order to result in a superconductor is still a matter of
serendipity.
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An intimate connection between chemical bonding and superconductivity
is not too obvious, since the former has an energy scale of nearly two orders
larger than the latter. However, early on Bilz drew attention to what he later
called dynamical covalency [91]. As exemplified for the then discovered high
Tc superconductors of rocksalt- and A15-type the (d+p)p mixing of transition
metal d and non-metal p states at the Fermi level is important. The resonance-
like enhancement of the non-local dielectric response leads to strong electron-
phonon coupling seen as a tendency towards electronic localization by a char-
acteristic lowering of certain phonon frequencies.

Along this line, a model system for superconductivity was found in the 2-D
metallic rare earth carbide halides, RE2C2X2, mentioned in the introduction 
[11, 92].As shown in Fig. 2a quasi molecular C2 units are surrounded by layers
of M atoms followed by layers of X atoms. Such layer packages can be stacked
in different ways.

Independent of the stacking sequence the transition temperature to the 
superconducting state is a smooth function of the size of the metal atom cage
around the C2 unit; see Fig. 2b. Hence, both the origin of the metallic character
of the compounds as well as the origin for the electron pairing has to be sought
in the chemical bonding within one layer. Strictly speaking the phases RE2C2X2
are valence compounds, and they might be expected to be semiconductors.
However, due to an overlap of the occupied C2-p* states with empty metal d
states (backbonding), electronic delocalization arises, similar to the bonding 
in rare earth carbides or even somewhat similar to the bonding situation in 
oxocuprates though with a charge transfer in opposite direction. The origin of
electron pairing is seen as arising from the presence of C2-p* states mixed with
M-d states at the Fermi level.

Evidence for the importance of this condition is presented in Fig. 3 [93]
which shows Tc values for the superconducting rare earth carbides of REC2-
and RE2C3-type, whose electronic balance has been changed by partial metal
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Fig. 2 a Projection of the (3 s) layered structures of RE2C2X2 along the b axis of the mono-
clinic unit cell (outlined). The atoms X, RE, C are drawn with decreasing size. In the 1 s vari-
ant the stacking sequence of the layers is different. b Tc values for mixed crystals Y2C2Br2–xIx

(circles), and Y2C2Cl2–xIx (squares) plotted vs the mean halide radius rx. Open and filled 
symbols represent 1 s and 3 s stacking, respectively

a b
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Fig. 3 Tc values of rare earth carbides REC2, RE2C3 and carbide halides RE2C2X2, the latter
lying within the open bar

atom substitution [94]. In spite of different compositions and structures they
share the common feature of C2 units, and the Tc values are plotted vs the num-
ber of metal valence electrons transferred to the C2 units according to the
Zintl-Klemm concept. The Tc distribution peaks near a value of four electrons
for the C2 unit which in the ionic limit corresponds to a half-filling of the 
antibonding C2-p* states as in the structurally very different RE2C2X2 phases.
In a qualitative view, the metallic character of the valence compounds RE2C2X2
is due to strong mixing of C2-p* and RE-d states, and the pairwise attraction
between conduction electrons was associated with their tendency towards 
localization in the p* states induced by phonon distortions [11].

Band structure calculations support the qualitative description given for the
chemical bonding in RE2C2X2 phases and, in particular, reveal flat band regions
at the Fermi level of mixed C2-p* RE-d character together with highly disper-
sive bands, see Fig. 4. Inspecting a large number of superconductors including
examples such as the A15 phases [95a], one always finds such a characteristic
flat/steep band scenario as an obviously necessary though not sufficient condi-
tion for superconductivity.

A hypothesis was set up that the simultaneous presence of steep and flat
band portions at the Fermi level is a kind of “fingerprint” for a metal to become
a superconductor [11]. Following this hypothesis, a flat/steep band model for
the origin of pairwise coupling of electrons (holes) based on chemical bond-
ing interactions was developed.



3.1
The Flat/Steep Band Scenario

The flat/steep band model refers to the characteristic electronic structure of the
normal state of a superconductor. The flat band [96] is a section of a band which
falls into a narrow energy window centered at EF, where the group velocities of
the electrons (holes) approach zero. The steep band is defined as a section of a
band crossing the Fermi level with high velocity. The group velocity is defined as

1
v(kj) = 3 —k E(kj) , (11)

�

where k is a composite index of quasi-momentum k and spin index s, j is the
band index. E(kj) is the energy of a quasiparticle which is defined as

E(kj) = ek + ∑ (kj, E(kj)) , (12)

where ek is the kinetic energy of a free particle relative to the chemical potential
m. ∑(kj,w) is the electron (hole) self-energy through which a single particle
Green function can be calculated as

G–1(kj, w) = G0
–1 (kj, w) – ∑ (kj, w) , (13)

where G0(kj,w) is the Green function for a non-interacting system,
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Fig. 4 Representation of the dispersion of the bands for Y2Br2C2 in the energy range close
to the Fermi level, calculated using the TB-LMTO-ASA method (EF=0 eV). The prominent
orbital contributions to the band structure are indicated in the form of “fat bands” (from top
to bottom: C2-p*, Y-dxz, Y-dx2–y2) [11b]



1
G0 (kj, w) = 9993 . (14)

w – ek + id sgn(ek) 

Here d is a positive small quantity, sgn(ek) takes the sign of ek. The self-
energy ∑(kj, w) of the single particle can, in principle, be divided into two 
parts,

∑ = ∑1 + ∑2 , (15)

where ∑1 is the self-energy due to the so-called external potential of the rigid
ion-electron interaction in the spirit of a pseudo-potential approach [97]. ∑2 is
the self-energy due to Coulomb interactions and electron-phonon interactions,
which can be divided into three groups according to the number of phonon
lines occurring in each diagram [98]. The diagrams with more than one
phonon line can in most cases be neglected according to the Migdal theorem
[18]. In Eqs. (12)–(15) we have followed the tradition of Scalapino [99] for the
definition of the electronic self-energy, which may differ from those used by
other authors [100], who separate the contributions to the self-energy differ-
ently. In the above discussion we have implicitly assumed a Hamiltonian which
for the flat/steep band model has the following form [101]:

H = He + Hph + He – ph , (16)

He = ∑(ec
k – m)ck

+ ck + ∑(e d
k – m)d+

k dk + ∑Vcd (k)(ck
+ dk + h.c.) , (17)

k k k

Hph = ∑ �wq (n̂q + 1/2) + ∑ �Wq, q¢¢(aq
+a+

q¢¢ + a–q a–q¢¢) + …, (18)
q q, q¢¢

Hep = ∑ (g c
kk, q ck

+ ck – q + g d
k, q d+

k dk – q + g cd
k, q(ck

+ dk – q + d+
k– q ck ))fq + … (19)

k, q

In Eqs. (16)–(19) the electronic band index and the phonon branch index are
omitted for simplicity. The annihilation (creation) operators c(c+) and d(d+) in
Eqs. (17) and (19) refer to the steep and flat band electrons (holes), respectively.
The third term in Eq. (17) indicates possible hybridization between both bands.
Equation (18) is the phonon Hamiltonian with a two-phonon term explicitly 
included, where n̂q is the number operator, a(a+) the annihilation (creation)
operator for phonons, and wq, Wq,q’ the corresponding q dependent one-phonon
and two-phonon energies. The multi-phonon processes in Eq. (18) may become
important for superconductivity in specific cases as already discussed by some
authors [32d, 102]. Equation (19) represents the e-p coupling terms for the steep
band, the flat band and the hybridization term, where the various gs are the 
corresponding e-p coupling coefficients. Equation (17) is the fundamental
equation in our flat/steep band model.

The similarity between an electron pair in a chemical bond and a Cooper
pair can be illustrated by inspecting their wave functions.
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The approximate wave function of the bonded electron pair as shown in
Fig. 5 can be written as

Yi = Yc (20)

where i represents the i-th bond, Y and c are the orbital part and spin part,
respectively, which can be expressed for the bonding state or attractive inter-
action as

1
Y = 7 (Fa(1)Fb(2) + Fa(2)Fb(1)) , (21)

kl2
where |Fa� and |Fb� are two basis functions centered at a and b, respectively.
Due to the fermionic character of electrons the total wave function yi should
be anti-symmetric, which requires c to be in anti-symmetric form,

1
c = 7 (a(1)b(2) – a(2)b(1)) , (22)

kl2
corresponding to a singlet state. For the antibonding state or repulsive inter-
action Y has the anti-symmetric form

1
Y = 7 (Fa(1)Fb(2) – Fa(2)Fb(1)) , (23)

kl2
for which c must be symmetric, which results in a triplet state:

a(1)a(2) ,

1
c = 7 (a(1)b(2) + a(2)b(1)) , (24)

kl2
b(1)b(2) .

It should be mentioned that the trial wave functions in Eqs. (20)–(24) can be
improved by using the linear combinations of other Slater type determinantal
functions (CI) [103].

For a system with such bonds, to a first approximation the wave function can
be written as

y = P(ui|0� + viyi) , (25)
i
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Fig. 5 Paired electrons denoted 1 and 2 in a formal chemical bond between site a and b. The
pair state can be singlet or triplet



where u2
i is the unoccupancy of the i-th-bond pair state yi , n2

i is the occupancy
of this state. The symmetry of y depends on yi and its spatial distribution.With
a second quantization yi can also be written as ci

+
≠ci

+
Ø|0�, where |0� is the 

vacuum of a bond pair state. In addition, by assuming a singlet form, which is
not necessary, Eq. (25) can be expressed as

|y� = P(ui + vi ci
+

≠ ci
+

Ø ) |0� . (26)
i

The comparison with the BCS ground state wave function [9],

|G� = P(uk + vk ck
+

≠ c+
–kØ ) |0� , (27)

k

clearly indicates similarity of |y� and |G�. However, the Cooper pair states 
ck

+
≠ c+

–kØ|0� in Eq. (27) are all equal-momentum (zero) states, which makes |G�
a coherent state. In contrast, ci

+
≠ci

+
Ø|0� describes a formal bond state, and when

the electronic system looses itinerancy, |y� describes approximately the elec-
tronic state in a typical covalent system with pairwise localized electrons. If we
take a covalent solid as one limit and a quasi free electron metal as the other,
it is interesting to explore the evolution from |y� to |G� and its contribution
to |G�. In this sense, we talk about the chemical origin for the pairing of elec-
trons.

For metals whose normal-state electronic structure can be well described by
the Hamiltonian

He = ∑ (e kj – m) c+
kj ckj , (28)

kj

superconductivity cannot occur within the formalism expressed by Eq. (28).
For superconductivity to occur, one has to include the effect of phonons and
consider the e-p coupling as shown in Eqs. (18) and (19), respectively, where the
multi-phonon terms can be omitted in most cases. Since the e-p coupling can
be treated as a dynamic pseudo Jahn-Teller effect [104], the variation of the
chemical bonding [136] must influence the pairwise interaction of the con-
duction electrons. One has to consider many bond configurations to make |y�
a correct description of the conduction electrons, which naturally leads to a 
description of pairing in k space. The net effect is a pairwise constraint acting
on the conduction electrons, which manifests itself at low temperatures, where
the various scattering probabilities decrease and the pairing becomes coherent
as described by |G�. Though the constraint varies from material to material, it
is expected to be much stronger for superconductors than for non-supercon-
ductors. It reduces the kinetic energy of the electrons and leaves its traces on
the normal-state single particle electronic structure as flat band around the
Fermi level (the origin of the second term in Eq. 17 for a phononic supercon-
ductor). It is obvious that different bonding configurations can superimpose
with each other when they match in symmetry and energy. This is the physical
reason why we have included the third term in Eqs. (17) and (19), respectively,
where the third term in Eq. (19) is a phonon assisted hybridization.As the bond
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pair wave yi in Eq.(25) and the He in Eq. (17) contain the orbital part and spin
part, our approach does not exclude a magnetic mechanism, in contrast to other
two-component models [64]. In the magnetic case Eqs. (18) and (19) can be 
neglected. The flat and steep band regions as defined in our model [96] can 
occur in different bands or one and the same band. Other differences have 
already been discussed in our earlier work [101]. In principle one or several
tightly bonding configurations can dominate in Eq. (25), which will naturally
lead to bipolarons in analogy to the model given in [63]. However, this requires
very strict conditions such as strong e-p coupling to specific local phonon
modes [64].A too strong pairwise constraint will result in the localization of the
involved conduction electrons and induce a structural instability. The occur-
rence of the steep band and the hybridization term in Eq. (17) counteract this
tendency and mobilize the flat band electrons.

Finally, we discuss the main assumptions and approximations employed in
the flat/steep band model.

AS1 – there exists a Fermi surface in the system, so our model does not ad-
dress situations where only collective elementary excitations are possible [53b],
or the situation of Higgs-like condensation [58]. As our model describes the
evolution from |y� to |G�, the properties of the quasiparticles vary drastically.
Even the extreme case can be addressed, where the Fermi surface is very small,
and the quasiparticle may not be well defined.

AS2 – the coexistence of flat and steep bands implies the existence of elec-
tronic inhomogeneities in one system. Depending on the relative concentration
of charge carriers different orders can arise. In particular, a crystal structure as
a basic order is uniquely described by |y�.

AS3 – the single particle approximation (the second term in Eq. 17) to the
state described by |y� is used, which might not be a good approximation in the
case of a short effective “bond length”.

AS4 – as an approach to solve the flat/steep band model, the quasiparticle
energy as used in Eq. (11) is replaced by that obtained from the Kohn-Sham
equation instead of the single particle Green function, Eq. (13). The Kohn-Sham
equation [105] in atomic units reads

n(r¢)dr¢�–—2 + ∑Vn (r – Rn) + ∫ 95 + Vxc (r)� Ykj = ekjYkj , (29)
n |r – r¢| 

where Vxc (r) is the exchange-correlation potential which can only be calculated
within the local density approximation (LDA) or its various extensions [100b,
103, 106]. ekj as obtained from Eq. (29) is obviously different from E(kj,w) in
Eq. (12). The w dependence of the quasiparticle energy E(kj,w) describes the
dynamics of the quasiparticles and leads to an additional mass normalization
and finite life time. Such a replacement has no theoretical justification at all;
rather it is justified by the quite good consistence with experimental results
[107]. The real band structure of a crystal should be calculated from the 
Luttinger equation [108]:

120 S. Deng et al.



n(r¢)dr¢�–—2 + ∑Vn (r – Rn) + ∫ 95� Ykj + ∫ dr¢ ∑xc (r, r¢, 0) Ykj (r¢) = ekjYkj ,
n |r – r¢| 

(30)

where ∑xc(r,r¢, w) is the exchange-correlation self-energy of the Green func-
tion. However, the calculation of ∑xc(r,r¢, 0) is extremely difficult, which limits
its practical application.

3.2
The Origin of a Flat Band

As can be seen from Eqs. (11)–(15), except at the Brillouin zone (BZ) center, the
flattening of a band originates completely from the self-energy part ∑(kj,w),
which stems from the static periodic potential, the e-p and the Coulomb in-
teractions. These interactions tend to localize the conduction electrons. In the
following discussion we concentrate on the situations as described in AS4. In
addition, we think that with newly developed approaches such as LDA+U
[100b] and LDA+DMFT [106b–c], single particle band theory can grasp the
essence of the low-energy electronic structure even in strongly correlated 
systems. Within such a framework, we studied the origin of a flat band [109] 
regardless of its position relative to the Fermi level.

By using the Wannier representation [110] of an eigenvector, the eigenvalue
of the Hamiltonian  Ĥ can be expressed as

E(kj) = 1/N ∑ eikl Hj (l) , (31)
l

where Hj(l)=�l1 j|Ĥ|l2 j� with l=l1–l2 is the hopping integral between lattice site
l1 and l2, which generally refers to the inter-cell interactions if l1≠l2 or to the on-
site interactions (l1=l2). Using Eq. (31) the group velocity can be expressed as

1
v(kj) = 51 ∑ ileikl Hj (l) , (32)

N�  l

which depends on two factors. One, ileikl, is k dependent, the other Hj(l) is k
independent. The analysis of the k dependence of E(kj) results in a necessary
and sufficient condition for a flat band to occur in the BZ, namely a local 
inversion center for E(kj) at k with respect to the k’s neighborhood. Based on this
general result, a more manageable sufficient condition is derived, namely if
there exists an n-th order “pseudo inversion”center at a k point, then a flat band
occurs. Here n-th order pseudo inversion center means that the inversion 
symmetry holds only for the directions specified by n linearly independent 
vectors. This condition includes all of the “zero slope” conditions of third order
listed by Cracknell [111] as special cases and is more succinct and general. The
lower order pseudo inversion center implies that a band is flat only along some
special directions.
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The k independent part Hj(l), which depends on the individual atoms and
their chemical bonding, is even more important in determining the physical
and chemical properties of a material than the k dependent part. The role of
Hj(l) in producing a flat band can be demonstrated [109] through finding the
relation between E(kj) and a chemical bonding indicator as follows:

E(kj) =  ∑ HtL, t¢ + TL¢ AtL
kj* Akj

t¢ + TL¢ , (33)
tL, t¢ + TL¢

where HtL,t¢+TL¢ is a Hamiltonian matrix element between the orbital L of atom
t and L’ of atom t¢+T with T being the lattice vector. AtL

kj is the eigenvector. The
summation term in Eq. (33) can be used as a k,j-dependent chemical bonding
indicator [112] similar to the real space COHP matrix elements [113]. From
Eq. (33) the group velocity is calculated as

1
v(kj) = 3 ∑ HtL, t¢ + TL¢—k(AtL

kj* Akj
t¢ + TL¢) , (34)

� tL, t¢ + TL¢

which indicates that weak covalent bonding (small HtL,t¢+TL¢) between the atoms
in different unit cells will lead to small v and thus produce a flat band. Such a
correlation was also mentioned by Hoffmann based on the orbital overlap 
argument [114]. Molecular or ionic crystals with nearly no covalency between
the molecules or ions are typical examples. The bands are indeed rather flat. In
the following we give some examples to explain these principles.

3.3
Some Illustration with Actual Superconductors

We chose mercury as the first known superconductor. The metal Hg crystallizes
with space group R3–m, and its Patterson group is also R3–m. Figure 6 shows its
electronic band structure.

From the listed Wyckoff positions we know that inversion centers exist at a
(G), b (Z), d (L), e (F), respectively. These inversion centers naturally satisfy the
third order pseudo inversion center condition. Correspondingly, flat bands
should exist at these k points, which is consistent with our numerical calcula-
tions [96]. It should be pointed out that only flat bands at Z and F points are 
relevant to superconductivity, because they are close to the Fermi level. The 
occurrence of a steep band is obvious from Fig. 6. This actually dominates the
system. The Fermi surface shown in Fig. 7 indicates the small extension of the
flat bands which manifests itself also in the DOS curve (Fig. 6), where no peak
occurs near the Fermi level.

This is one of the essential differences between the flat/steep band model
and the well-known vHs scenario [62], which is thought to be not applicable in
this case. In the flat/steep band model the occurrence of flat bands around the
Fermi level, in spite of their tiny extension is a signature of strong chemical
pairwise constraint on conduction electrons in contrast to, e.g., alkali metals at
ambient conditions which lack this feature. The difference of the orbital com-

122 S. Deng et al.



Pairing Mechanisms Viewed from Physics and Chemistry 123

Fig. 6 Band structure calculated for special symmetry directions and the total DOS of Hg.
The fatness of the bands illustrates the contribution of the pz orbital

Fig. 7a, b Fermi surface of Hg for: a band 6; b band 7 (Brillouin zone outlined). The increas-
ing velocity of the electrons is represented by the change from blue to red. The isovelocity 
surface for band 6 around the F and Z points at a value of 0.03 (atomic units) is additionally
shown in b. The two features are magnified by a factor of 100; they lie within the range of
EF±0.28 eV

a b

positions of the flat and steep bands can easily be shown with the “fat” band
representation as developed in the LMTO method [115].

Out of an overwhelming number of compound superconductors we chose
MgB2 [28–30] to illustrate further the flat/steep band scenario. In Fig. 8a the
band structure of MgB2 calculated with the TB-LMTO method [116] is shown.
The fatness of the band indicates the orbital character of some band states.
As the Patterson symmetry of MgB2 is P6/mmm, the condition of a third or-
der pseudo-inversion center is automatically satisfied at G, A and M points,
respectively. As shown in Fig. 8 the flat band from G to A is mainly of s type,
that at M is mainly of p type. As the G-A line has C6v symmetry, only a second
order pseudo-inversion center exists along this line. The k points on this line
are all extremal points with respect to directions in the (001) plane, while 

∂E
for the kz direction there is no pseudo-inversion center, so 7 ≠ 0. However,

∂kz
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Fig. 8 a Band structure of MgB2 calculated with the TB-LMTO method. Fatness indicates the
B-px,y contribution. Bands are numbered in order of energy. b Special points near the Fermi
level are denoted as G3, M4, A3, points at the Fermi level are numbered 1 to 12. c Orbital
topologies are shown for selected points with different shading for positive and negative
lobes at iso-value surfaces drawn at 0.035 (G3), 0.04 (M4), 0.04 (A3), 0.04 (7, bottom), 0.014 
(7, top), 0.02 (9, bottom), 0.02 (9, top). The orbitals for non-special points 7 (blue) and 9 (red)
are represented by their real (bottom) and imaginary (top) part. Note that only the surfaces
shown in c have been calculated by approximating the LMTOs with Slater-like tight-bind-
ing bases. d The COHP kj

R, R¢ values for the band states G3, M4, A3, 7 and 9, representing the
bonding (–) and antibonding (+) interactions between nearest neighbor B atoms as well as
Mg and B atoms in MgB2

a

b

c

d



since the B...B interlayer covalent bonding is rather weak, the z-component of
∂E

the group velocity,7 , is small. Therefore, it is the symmetry and the 2D 
∂kz

character of the structure that produce the flat band from G to A. The chemical
origin of the Fermi states has been studied in detail in our earlier work [112].
The orbital compositions of all the investigated states are given in Table 1. The
selected Fermi states numbered in Fig. 8b can be grouped according to their 
locations. States (1, 6, 7, 12) are on the 2D-1 sheet, while (2, 5, 8, 11) are on the
2D-2 sheet.

As expected and shown in Table 1, the contributions of Mg to these states are
nearly negligible and vanish completely at the A point where the two degener-
ate states are pure B-2px,y hybrids. The only contribution of Mg to the cylin-
drical surfaces, see Fig. 9, is – surprisingly – d-like and has the important effect
to provide, though little, dispersion to bands along G–A.

Neglecting the d-like state the section areas of 2D-1 (Fig. 9) become 1165.5
and 2041.9 Tesla for the de Haas-van Alphen frequencies F1

0, F2
0, respectively, to

be contrasted to the experimental values of 540 and 1530 Tesla [117]. Inclusion
of these states improves the former results to 747 and 1510 Tesla in agreement
with earlier results [118], but with the distinction that here a clear assignment
of the origin of the improvement can be made. States 3, 4 and M4 (slightly above
EF) represent states on the 3D-1 sheet, while states 9, 10 are located on the large
3D-2 surface. From Table 1 it is obvious that in both cases a significant contri-
bution to the two surfaces comes from Mg electronic states where a dominating

Pairing Mechanisms Viewed from Physics and Chemistry 125

a

b

c

Fig. 9a–c Electronic velocity distribution on the Fermi surface of MgB2 for: a band 3 (2D-1);
b band 4 (2D-2 (cylinder) and 3D-1); c band 5 (3D-2). The BZ together with specific sym-
metry points are indicated. Color bar holds for a–c. According to dHvA measurement the
Fermi velocities for the flat bands should be significantly smaller than shown
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Table 1 Orbital compositions for band states of MgB2 denoted in Fig. 9 obtained from 
TB-LMTO calculations. The values (Mg/B) are given in % for s-, p-, d-like states of Mg and
s, p states of B. The “–” sign means 0 or negligible contribution

States s px + py pz dx2–y2 + dxy d3z2–1 dxz + dyz

G3 –/– –/89.61 –/– 10.39 – –
1 –/4.17 1.74/83.28 –/– 10.80 – –
2 –/0.03 4.17/86.23 –/– 9.06 0.50 –
3 –/– –/– 12.58/62.00 – – 25.41
M4 –/– –/– –/64.42 – – 35.57
4 –/– –/– 7.05/61.82 – – 31.13
5 –/– 3.63/87.22 –/– 9.16 – –
6 –/– 1.57/87.65 –/– 10.68 0.09 –
A3 –/– –/100.00 –/– – – –
7 –/7.03 –/89.73 0.20/ – – 3.04
8 –/– –/93.90 –/– – – 6.11
9 25.95/– 17.83/– –/30.4 25.83 – –
10 –/– 39.44/– –/34.33 26.23 – –
11 –/0.43 –/93.30 0.74/– – – 5.53
12 –/7.70 –/89.08 –/– – – 3.22

component is again d-like on the hole type 3D-1 sheet, while s-, p- and d-like
states contribute to the electron type 3D-2 surface. These results clearly show
that Mg is not fully ionized but carries an important covalent character that even
dominates the bonding properties between the boron layers and has important
impact on the small p gap. To conclude, a flat band in MgB2 originates from
both symmetry and weak covalent bonding and lies close to the Fermi level.
The coexistence of flat/steep bands becomes even more clear from the Fermi
surface with the scalar velocity field mapped onto it (Fig. 9). MgB2 is a model
compound of the flat/steep band scenario for superconductivity.

On the way from simple to complex the alkali metal fullerides, A3C60 [119],
should be mentioned. A chapter in this book by Gunnarsson is dedicated to
their detailed discussion. Though seemingly simple salts they face us with quite
complex problems starting from the crystal structure with respect to the ori-
entational disorder of the C60 fulleride anions [120a].As a further complication
the Coulomb interaction between the conduction electrons is of the order of
1 eV [121b], while the phonon energy can reach the order of ~0.2 eV [121a],
and both lie on the energy scale of the conduction band width (~0.5 eV) [121c]
indicating a situation close to the Mott-Hubbard transition [121d]. Due to the
weak covalent interaction between the anions one expects a global flatness of
the conduction band. The recent determination [122] of the band structure 
of K-doped C60 crystalline monolayers with ARPES gives an unambiguous 
evidence for the flat/steep band condition, as shown in Fig. 10.

Last but not least, the oxocuprate superconductors themselves provide 
obvious examples for the flat/steep band scenario. Indeed a multiple pattern of



extended flat band regions at the Fermi level together with several highly dis-
persive bands was observed in p-type cuprates such as Bi2(Sr0.97Pr0.03)2CuO6+d
(Bi2201) [123a] and YBa2Cu3Ox (YBCO) [123b,c] in agreement with results 
obtained from LDA calculations [124]. Similar features have also been observed
in the n-type superconductor Nd2–xCexCuO4 (NCCO) [125], though the flat
band part lies 300 meV below EF. In the case of the Bi-based cuprates the com-
plicated modulated structures prevent unambiguous results from band structure
calculations. However, the ARPES measurement on Bi2Sr2CaCu2O8+d (Bi2212)
gives clear evidence for an extended flat band at M and a steep band along the
G-X line [126], as shown in Fig. 11.

The flat/steep band character of the high Tc cuprates appears to be a uni-
versal property according to the recent summary of ARPES experiments [127],
as, e.g., shown in Fig. 12 for (La2–xSrx)CuO4.

It should be mentioned that the existence of a flat band in high Tc cuprates
has been considered as an indication for the importance of vHs. However, as we
have pointed out the vHs scenario does not include the role of steep band elec-
trons, which are important to ensure structural stability, and also neglects the
possible interaction between the two type of electrons which can enhance
Tc [31, 64].
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Fig. 10 a Band dispersion (dotted line) measured on a crystalline K3C60 monolayer. The 
experimental dash-dotted line is preliminarily attributed to a phonon shake-up structure.
The two solid lines are obtained from pseudo-potential LDA calculations on a model 
configuration of the K3C60 monolayer. b The first Brillouin-Zone of the K3C60 monolayer and
the measuring direction for k (adapted from [122])

a

b
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Fig. 11 Experimental dispersion relation (dots) of E with k near EF, which indicates a typi-
cal flat/steep band character. The solid lines illustrate a simple scenario compatible with the
experimental data (adapted from [126])

Fig. 12 The experimental dispersion relation of electronic energy E vs wave vector k of
(La2–xSrx)CuO4. The determination with the ARPES technique is performed along the (0,0)–
(p,p) nodal direction. The flat band character in the low-energy range is a universal behavior
in different families of cuprates. For clarity only part of the original results in [127] are
shown here

4
Peak-Like Structure of the e-p Coupling

In the following we focus on situations where the chemical pairwise constraint
mainly originates from e-p coupling. In such cases, this constraint can be
viewed as a residue of covalent interactions. With an appropriate weak con-
straint the “formal bond” length for the paired state |yi� in Eq. (20) is rather
large whereby the different states |yi� overlap with each other. It has been
shown by Scalapino [99] that the dressed electron-ion potential determines not
only the band structure but also the e-p coupling constant. Therefore, flat band
regions of the bare band structure, as calculated e.g. from LDA, might be in-
dicative for strong e-p coupling.Accordingly, we have the following relation for
the parameters in Eq. (19), gd�gc,gcd and ec, ed�Vcd. The last inequality is re-
quired, because in the case of too strong hybridization between flat and steep



band, they are not well defined individually. The inequality gd�gc,gcd implies
that there is a peak-like structure for the e-p coupling constant in k space.
Accordingly, if we consider the bond configuration for a specific |kj� state,
one could expect a similar peak-like structure in q space of the phonons,
because only a compatible phonon can most effectively change a specific elec-
tronic state. This is similar to the Jahn-Teller effect which is always associated
with specific distortion modes. Our earlier work [104] based on the extended 
degenerate perturbation theory has revealed the connection between these two
phenomena. The above argument has been corroborated numerically by calcu-
lations of the e-p coupling constant.

Our strategy to do such calculations is not directly using the Hamiltonian of
Eq. (17); instead we use Eq. (29) to calculate the band structures. Equation (17)
is only used to analyze the result. Equations (18) and (19) are incorporated into
Eq. (16) by following the approach of Migdal [18], namely by calculating the
electronic self-energy as follows:

dw¢
∑(k, w) = i ∑ ∫ 7 |g q,v

k, k – q|2 D(q, v, w – w¢) G(k – q, w¢) , (35)
q, v 2p

where gq,v
k,k–q is the e-p matrix element, G(k–q,w¢) is the electronic Green func-

tion as in Eq. (13), D(q, n, w–w¢) is the phononic Green function which can be
expressed in terms of the phonon self-energy:

D–1(q, n, w) = D0
–1(q, n, w) – P(q, n, w)  (36)

The non-interacting phonon Green function D0(q, n, w) can easily be calculated
with the Hamiltonian in Eq. (18) by removing the multi-phonon terms and has
the following form:

2wqnD0 (q, n, w) = 995 (37)
w2 – w2

qn + id

By introducing the e-p spectral function ak
2(W)F(W) [128], which is defined 

as

ak
2 (W)F(W) = ∑ |gq,v

k, k – q|2 d(ek – q – eF)ImD(q, n, W) , (38)
q, v

one can write Eq. (35) in the simpler form,

1
∑ (k, w) = 3 ∫ dWak

2 (W)F(W)L(w, W) (39)
p

where L(w, W) is a function derived by the replacement of G(k–q,w¢) in Eq. (35)
by G0(k–q,w¢), following Migdal, and it has the following form:

1 1
L(w, W) = ∫ dw¢�999 – 999� . (40)

w – w¢ + W – id w – w¢ – W + id
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In deriving Eqs. (39) and (40), it is also assumed that the phonons are not
renormalized, namely ImD(q, n, W)=pd(wqn – W). As shown by Allen [128],
Eq.(39) can be used for finite temperature if L(w, W) is modified accordingly.
The self-energy in Eq. (39) is explicitly k dependent, which naturally gives an
indicator, lkj, to determine the difference among various electronic states in the
e-p coupling process. For a common e-p process at low temperature the real
part of ∑(k,w) is rather small, while –∂∑r(k,w)/∂w|w=0 is relatively large, and
the latter is therefore a good parameter to measure the mass renormalization
of an electron,

dW
lk = –∂∑r (k, w)/∂w |w = 0 = 2 ∫ 6 ak

2 F(W) . (41)
W

The average of lk on the Fermi surface is the dimensionless e-p coupling con-
stant l, which can be expressed in terms of the e-p spectral function,

dW
l = 2 ∫ 6 a2 F(W) . (42)

W

In Eq. (42) l is identical to the one used in the BCS equation for Tc as well as
in the McMillan equation, when expressed as

l = N(0)V , (43)

where N(0) is the electronic density of states per spin at the Fermi level,V is the
effective attractive potential mediated by phonons. From Eqs. (38) and (39), one
can also decompose l with respect to the phonon |qv� by integrating out the k
dependence. The final form of such a decomposition can be simply expressed
[128] as

1       Gqvl(q,v) = 917, (44)
pN(0) w2

qv

where Gqv is the phonon line width which can be calculated from

Gqv = 2pwqv ∑ |gq,v
k, k – q|2 d(ek – q – eF)d(ek – eF) . (45)

k

The e-p matrix elements |gq,v
k, k – q| in the above equations can be calculated with

the linear-response approach [129] or the finite difference method [130]. l can
also be decomposed according to different bands for which the band indices
have been omitted in the above equations for brevity. On the basis of l(q,v), we
defined a DOS-like quantity DOS(l) through which one can analyze the dis-
tribution of phonon states with respect to the e-p coupling constant l instead
of energy E [104]. DOS(l) is defined as follows:

NDOS(l) = V/(2p)3 ∑ ∫BZ (l – l(q,v))d3q, (46)
v
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The main approximation used in deriving the above equations is that the adia-
batic parameter wD/eF is small. By means of lk in Eq. (41) and l(q,v) in Eq.
(44), one can quantitatively analyze the difference between the flat band elec-
trons and steep band electrons in the e-p coupling interactions.

In Fig. 13a,b, we show the l(q) distribution of Hg and MgB2, respectively. It
is obvious that in both cases the e-p coupling constant l(q) has peak-like struc-
tures in the corresponding phonon BZs. For Hg, the largest l(q) (~12.4) [104] 

2p
occurs at q=(0.1662,0,0.0749) 5 (a result based on a 6¥6¥6 q-mesh) which is 

a
on the G–L line. Our earlier calculations showed that the lowest acoustic phonon
branch along the G–L line is most important for the e-p coupling interactions.
It has already been noted [131] that such low-energy phonons are responsible
for the low-temperature structural instability of Hg. Again we see an evidence
for the importance of chemical pairwise interaction and its relevance to super-
conductivity. The peak-like structure for MgB2 [116] is even more pronounced
than that for Hg. The largest l(q) calculated on the basis of a 12¥12¥12 q-mesh 

2p
is 25.2 which occurs at q=(0.0962,0,0) 5 close to the G point but on the G-M

a
line instead of the G–A line. Along the G-M line the degenerate E2g mode in G
decomposes into A1+B1 modes, while along the G–A line the E2g mode changes
its character to a E2 mode and remains degenerate. Our calculations indicate
that the A1 mode contributes most significantly (21.8) to the peak value at this
q point. The eigenvector for this A1 mode is very similar to that of the E2g mode,
because q is rather close to the G point; however, their symmetries are very 

2p
different. The largest l(q) value on the G–A line is 9.8 at q=(0,0,0.4167) 5 in  

a
accordance with earlier results [132].A similar situation has also been predicted
for a hypothetical superconductor Li1–xBC [133]. The same characteristic struc-
ture of the phonon line width Gq v as calculated from Eq. (45) for Nb has also
been found in a much earlier work [134]. This finding suggests a possible
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Fig. 13 q dependence of the electron phonon coupling in a a Hg and b MgB2, respectively,
together with the corresponding Brillouin zone. The largest spheres in a correspond to a l(q)
value of 12.3. and in b to a l(q) value of 25.2.

a b



peak-like structure for l(q) unless N(0) and w2
qv in Eq. (44) counteract it. It is

remarkable that the peak-like structure for Ca [104], which is non-supercon-
ducting, is much less pronounced. The detailed origin for it can be analyzed
mathematically from Eq. (44) by inspecting the phonon softening which enters
through wq v and Gq v and Fermi surface nesting through N(0), factors which are
themselves correlated with each other.As described above, a pronounced peak-
like structure of e-p coupling is expected from our flat/steep band model for 
superconductors, which reflects the coexistence of rather different electronic
bands around the Fermi level. A general discussion of the peak-like structure
in terms of lk will be left to our future work.

5
Chemical Bonding Variations Caused by e-p Coupling

We introduced a chemical representation y in Eq. (25) for the pairwise interac-
tion of conduction electrons. For conventional superconductors, where phonons
are the origin of the pairwise constraint, |y� for the ground state differs from |G�
in Eq. (27) at most by a phase factor eiq.As this constraint due to phonons is too
weak for the normal state in the case of simple superconductors, the |y� de-
scription for conduction electrons is not efficient enough, so we still use the
single particle description |kj�. The pairwise interaction in such simple cases
is studied on the basis of bonding indicators commonly used by chemists, with
extensions to momentum space and specific electronic states.

A quantity Psib(Ykj) is introduced to define a bonding property for a single
particle state Ykj which can be expanded in terms of a suitable basis set as follows:

|kj� = ∑ Akj
RL|jkj

RL� , (47)
RL

where |jkj
RL� is a basis centered at R, L is a combined index of l and m, and Akj

RL is
the expansion coefficient. Based on Eq. (47), one can define a bonding indicator
as Mulliken did for molecules [135], which partitions the electron distribution
within a bond. By extending this approach to solids, we obtain a bonding indi-
cator [136]

Bkj (R, R¢) = ∑ Akj*
RL jkj

R¢L¢ Sk
R, R¢ (L, L¢) , (48)

where Sk
R,R¢ (L, L¢) is a k-dependent overlap matrix element. An alternative 

approach to define a bonding indicator is to partition the total energy into pair-
wise contributions as done by Sutton et al. [137] in the TB bond model. This 
approach was later implemented into the TB-LMTO package [113] and named
COHP (crystal orbital Hamiltonian population).Applying the same approach to
a specific state, we get another bonding indicator [112],

Bkj (R, R¢) = Çkj
R, R¢ �jk

R |H| jk
R¢� , (49)
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where Çkj
R,R¢ is the density matrix element for state |kj�. Bkj(R,R¢) in Eq. (49) is 

a weighted effective hopping integral (COHPkj
R, R¢) between site R and R¢ with 

respect to state |kj�. When considering the occupation factor for state |kj�, the
covalent contribution from the selected pairs to the cohesive energy of a solid
is obtained. The bonding indicator as defined in Eq. (49) has a conceptual 
advantage over that in Eq. (48), because it is less basis set dependent. With
Bkj(R,R¢) we can define Psib(Ykj) [136]:

Psib(Ykj) = ∑ Bkj (R, R¢)/N , (50)
R<R¢

where the summation is done over all pairs involved in a state Ykj. The condition
R<R’ guarantees that every pair is counted only once. N is the total number of
such pairs, which averages the algebraic sum of the bonding indicators in the 
numerator of Eq. (50). Because of the symmetry of a solid and the limited range
of bond-like interactions as described by Bkj(R,R¢), the calculation of Psib(Ykj)
poses no problem. Psib(Ykj) can also be applied to the molecular case by simply
removing k in Eq. (50). It should be mentioned that the pairwise interaction de-
termined by Psib(Ykj) is different from that derived from the wave function in
Eq. (25), because Ykj in Eq. (50) is a solution of Eq. (29), which is a single parti-
cle Hamiltonian. However, a quantitative relation has not yet been worked out.
Particularly Psib(Ykj) can be used to demonstrate the difference between flat
band electrons and steep band electrons in the e-p coupling processes and thus
provides an explanation for the peak-like structure on chemical reasons.

The actual example MgB2 may illustrate the approach; see Fig. 8 and Table 1.
By means of Eq. (47), the orbital compositions of the Fermi states are quantita-
tively calculated. Our calculations [112] based on the TB/FP-LMTO method have
clearly indicated that Mg has a significant contribution to the steep band (p)
states of MgB2. The covalent interaction between Mg and B along the direction
perpendicular to the B2–

6/3 plane is revealed by using the bonding indicator as in
Eq. (49). The substantial covalent bonding contribution of Mg around the
Fermi level gives a satisfactory explanation for the rather difficult substitutional
chemistry [138] which could not be understood on the basis of earlier work [139]
assuming a purely ionic bonding between Mg and B. The e-p coupling between
the Mg admixed B-p states and in- as well as out-of-plane phonons is shown to

Pairing Mechanisms Viewed from Physics and Chemistry 133

Fig. 14a–c Projection of the orbitals of the: a |Z6�; b |D6�; c |F6� states of Hg together with
the doubled unit cell and the L1 (a and b) and L3 (c) phonon patterns represented by arrows

a b c



be the origin of the small gap, while that between the s states of mainly B char-
acter and the in-plane E2g-like phonons is the origin of the large gap. As can be
seen from our results in Fig.8c, the interesting inter-band hybridization (the third
term in Eq. 17) can be mediated through Mg states with d-symmetry, which can
enhance Tc in a typical two-band model [31, 32, 140]. As shown in Fig. 8d, the 
e-p coupling between the E2g-like phonons and the s states is the strongest
among all others and the reason for the very pronounced peak-like structure.

As a second example we have chosen Hg metal. In Fig. 14, the flat band Fermi
states |Z6�, |F6�, |D6� are shown which are coupled to the L1 and L3 phonons,
respectively, where |F6�, |D6� are equivalent states.

Our frozen phonon calculations [136] based on Eqs. (48) and (50) have
shown that the variations of Psib(|Z6�), Psib(|F6�), Psib(|D6�) caused by the L1
phonon (approximately –0.27) are nearly twice as large as those (~–0.14) caused
by the L3 phonon. This result is consistent with that shown in Fig. 14, where the
L1 phonon is close to the peak position, while the L3 phonon produces a rather
small l(q) value. This fact indicates that the variation of chemical pairwise 
interaction as measured by DPsib(Ykj) is tightly connected to the e-p coupling
in conventional superconductors. Further knowledge of this relation will help us
to understand the superconducting transition close to a structural transition.

6
Summary

In this review a survey on current theories of superconductivity is given. Of
course, this survey has to be incomplete but even the discussed theories already
reveal the controversial views on the origin of superconductivity. Nevertheless,
the pairing of charge carriers has been seen as a trunk of an evolution tree with
BCS theory at its bottom. By inspecting the limitations of the BCS theory we
have focused on four aspects, namely gap symmetry, pairing mechanisms for
electrons/holes, inhomogeneity and properties of the charge carriers. Three 
basic pairing modes are extracted from the reviewed theories.

In our view, the pairing of electrons/holes is intimately related with chemi-
cal bonding. The relation between bond-like interactions in real space and a
Cooper pair state is discussed. A signal of relatively strong interactions is the 
occurrence of flat bands near the Fermi level in the band structure of the normal
state. Flat bands besides steep bands at the Fermi level are considered to be a
necessary though not sufficient condition for superconductivity to occur.

The conditions for the occurrence of flat bands are discussed, which are
based on symmetry reasons, namely local inversion centers for Ekj, as well as
weak covalent bonding. A peak-like structure of the e-p coupling is expected
from our flat/steep band model and has been found in our and others’ numer-
ical calculations. We have introduced the functional Psib(Ykj) in order to 
describe quantitatively the bonding property of specific electronic states and
as an attempt to analyze the chemical pairwise interactions. The variation of
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Psib(Ykj) provides an explanation for peak-like structures. The flat/steep band
model has been illustrated by inspecting the normal state electronic properties
of superconductors from elements to complex compound systems with detailed
discussions of Hg and MgB2. One finds the flat/steep band scenario also in high
Tc cuprates.As can be seen from the surveyed theories and a recent experiment
[141], it remains unclear whether the oxocuprates have to be understood within
an unconventional pairing mechanism or simply as arising from a complex 
interplay of different mechanisms. Therefore, we focused our discussion on
phonon-mediated superconductors.
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SOIE Site-selective oxygen-isotope effect
ARPES Angle resolved photoemission electron spectroscopy
EXAFS Extended X-ray absorption fine structure spectroscopy
EPR Electron paramagnetic resonance
BCS Bardeen-Cooper-Schrieffer theory of superconductivity
�SR Muon-spin rotation
LE�SR Low-energy muon-spin rotation
SQUID Superconducting quantum interference device
FC Field cooled
NQR Nuclear quadrupole resonance

1
Introduction

Although the discovery of the cuprate high-temperature superconductors (HTS)
[�] in �	�� triggered world-wide an enormous effort to understand these novel
materials, there is at present still no convincing microscopic theory describing
the mechanism of superconductivity. Due to the high values of the superconduct-
ing transition temperature Tc and the early observation of a tiny oxygen-isotope
effect (OIE) in optimally doped YBa�Cu�O
−ı [�–�], many theoreticians came
to the conclusion that the electron-phonon interaction cannot be responsible for
high-temperature superconductivity. As a result, alternative pairing mechanisms
of purely electronic origin were proposed. However, the assumption that Tc can-
not be higher than �� K within a phonon-mediated pairing mechanism is not
justified [�]. A prominent example is the recent discovery of superconductivity
in MgB� [�] with a Tc ≈ �	 K which is accepted to be a purely phonon-mediated
superconductor. There is increasing experimental evidence from recent work,
such as inelastic neutron scattering (see, e.g., [
, �]), angle resolved photoemis-
sion electron spectroscopy (ARPES) [	], extended X-ray absorption fine structure
(EXAFS) studies [��], electron paramagnetic resonance (EPR) [��], isotope effect
studies (this work and references therein), and a number of other experiments,
that lattice effects play an essential role in the basic physics of HTS and have to
be included in reliable theoretical models (see, e.g., [��–��]).

It is well known that the observation of an isotope effect on Tc in conventional
superconductors was crucial in the development of the microscopic BCS theory.
The isotope shift may be quantified in terms of the relation

Tc ∝ M−˛; ˛ = −d ln Tc=d ln M ; (�)

where M is the isotope mass, and ˛ is the isotope-effect exponent. In the simplest
case of weak-coupling BCS theory Tc ∝ M−�=� and ˛BCS � �:�, in agreement with
a number of experiments on conventional metal superconductors. However, there
are exceptions of his rule such as Zr and Ru for which ˛ � �.

The conventional phonon-mediated theory is based on the Migdal adiabatic
approximation in which the density of states at the Fermi level N (�), the electron-
phonon coupling constant �ep , and the effective supercarrier mass m∗ are all
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independent of the mass M of the lattice atoms. However, if the interaction be-
tween the carriers and the lattice ions is strong enough, the Migdal approximation
is no more valid [��]. Therefore, in contrast to ordinary metals, unconventional
isotope effects on various quantities, such as the superconducting transition tem-
perature and the magnetic penetration depth are expected for a non-adiabatic
superconductor [�	, ��, ��].

In �		� the University of Zurich group started a project on isotope effects
in cuprate HTS which was initiated by K. Alex Müller. Here we review some of
our results. They include unconventional isotope effects in HTS on the transi-
tion temperature and the in-plane magnetic penetration depth. For a detailed
description of our work we refer to Refs. [��–�	].

The paper is organized as follows. In the next section the sample preparation
and oxygen-isotope exchange procedure used for the isotope-effect studies pre-
sented here are described. Some results of the OIE on the transition temperature
Tc obtained for different cuprate families and results of the site-selective OIE on
Tc in optimally doped YBa�Cu�O
−ı and underdoped Y�−xPrxBa�Cu�O
−ı are
then presented. Magnetization, magnetic torque, and muon-spin rotation (�SR)
studies of the OIE on the in-plane penetration depth �ab(�) in La�−xSrxCuO�,
optimally doped YBa�Cu�O
−ı , and Y�−xPrxBa�Cu�O
−ı are then reviewed. Fur-
thermore, results of the site-selective OIE on �ab in Y�:�Pr�:�Ba�Cu�O
−ı obtained
by bulk �SR are reported. We discuss implications of the OIE on �ab and the
empirical relation between the isotope effect on Tc and �ab observed for different
HTS families. The conclusions are in the final section.

2
Sample Preparation and Oxygen-Isotope Exchange

The ideal isotope effect experiment requires a set of samples, which are identical
in any respect except to the isotope mass. The difference of any measured physical
quantity (not only Tc) can then be attributed to the different mass of a particular
element at specific lattice sites in the crystal structure. Since most of the results
presented in this review concern oxygen-isotope (��O/��O) effect (OIE) studies in
cuprate HTS, we only describe here the preparation of oxygen-isotope exchanged
samples. For a reliable OIE study the isotope substituted samples to be compared
should be of identical quality. This means that both samples should fulfill the
following conditions: (i) the samples should be prepared from the same starting
material, (ii) the samples should be subject to the same thermal treatment, (iii)
the oxygen content of both samples should be exactly identical, (iv) the oxygen
distribution within the samples should be the same, (v) in the case of powder
samples the grain size distribution should be the same, and (vi) for single-crystal
samples the experiments should be performed on the same crystal substituted
with ��O and ��O, respectively. Here we shortly describe the procedure to pre-
pare oxygen-substituted YBa�Cu�O
−ı samples using solid reactions (see [��]
for details). The experimental setup used for the oxygen-isotope exchange in
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YBa�Cu�O
−ı samples is shown schematically in Fig. �. In order to ensure that
the ��O and ��O substituted samples are the subject of the same thermal history,
the annealing of the two samples is performed simultaneously in ��O� and ��O�

(	�% enriched) gas, respectively. In chamber A the isotope exchange (��O) and in
chamber B an identical process in normal oxygen (��O) takes place. A liquid nitro-
gen trap is used to condense (and recycle) the expensive ��O� after the exchange
process is finished. The exchange apparatus is equipped with a mass spectrometer
(not shown), which allows to view the progress of the isotope exchange.

In order to prepare Y�−xPrxBa�Cu�O
−ı samples for the site-selective OIE
studies a two-step exchange process is applied [��, ��, ��], which enables simul-
taneous preparation of three samples: two fully exchanged samples ��Opac and
��Opac and a site-selective substituted sample ��O��

p Oac (or ��O��
p Oac). Here p, a,

and c denote the different oxygen sites in YBa�Cu�O
−ı (p: planar oxygen sites,
a: apical oxygen sites, c: chain oxygen sites) as illustrated in Fig. �. The oxygen
substitution procedure is shown schematically in Fig. �. The exchange process
is performed in two steps during one heating run. The three starting samples
are all fully exchanged with ��O (��Opac). In the first step (���oC, �� h) ��O is
completely substituted by ��O in two of the three samples, while the other sample
is tempered under identical conditions in ��O�. In the second step (���oC, ��� h)
a site-selective oxygen exchange (��O��

p Oac) is performed in one of the ��O sam-
ples. The other two samples (��O and ��O) are simultaneously tempered in ��O�

and ��O� atmosphere, respectively. In order to prepare site-selective substituted
��O��

p Oac samples a similar procedure is used [��, ��, ��].
In general, the samples are characterized by X-ray diffraction and SQUID

magnetization measurements. The oxygen content of the samples is determined
very accurately using a precise volumetric analysis [��, ��]. An example of such
an analysis for oxygen-substituted La�−xSrxCuOy samples is shown in Fig. �. The
degree of oxygen exchange and the site-selectivity of the samples can be checked
by Raman spectroscopy [��, ��, ��, ��] (see the following section).

vacuum
pump

18O2
16O2

pressure
gauge

furnace

samples

18O2

A B

LN2

Fig. 1 Experimental setup for the preparation of ��O/��O substituted YBa�Cu�O
�ı samples.
After [��]
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Fig. 2 Crystal structure of YBa�Cu�O
�ı showing the different oxygen sites (p: planar
oxygen sites, a: apical oxygen sites, c: chain oxygen sites)

3
Isotope Effect on the Transition Temperature

Since �	�
 a number of isotope effect investigations on Tc were performed in
most families of cuprate HTS. A comprehensive review of the early work till �		�
is given by Franck [��]. In particular, the oxygen-isotope effect (OIE) on Tc by re-
placing ��O by ��O was investigated in great detail (see, e.g., [��]). The first OIE ex-
periments were done on optimally doped samples, showing no significant isotope
shift [�–�]. However, later experiments revealed a small but finite dependence
of Tc on the oxygen-isotope mass MO [��, ��, ��–�
]. It is now well established
that the OIE exponent ˛O = −d ln Tc=dMO as a function of doping shows a trend
which appears to be generic for all families of cuprate HTS [��,��,�
,��,��,��]: in
the underdoped region ˛O is large (˛O ≥ ˛BCS = �:�) and becomes small in the
optimally doped and overdoped regime. This generic trend is illustrated in Fig. �
where ˛O is plotted vs Tc=T m

c for various cuprate HTS families (T m
c is the max-

imum Tc for a particular family). An interesting case is the single-layer system
La�−xSrxCuO�. In Fig. �a the doping dependence of Tc for ��O and ��O samples
of La�−xSrxCuO� is shown. It is evident that the Tcs of the ��O samples are lower
than those for the ��O samples at all doping levels. The doping dependence of the
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Fig. 3 Schematic diagram of the procedure used for the preparation of fully and site-
selective substituted ��O/��O Y��xPrxBa�Cu�O
�ı samples. In the first step completely
oxygen substituted samples are prepared. The second step is used to prepare the site-
selective samples from the completely substituted ones. After [��, ��]
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oxygen-isotope exponent ˛O is displayed in Fig. �b. The exponent ˛O increases
with decreasing x and becomes very large in the deeply underdoped regime. The
large value of ˛O at x ≈ �:��� may be attributed to a structural instability [��].

It is interesting to note that the copper-isotope (��Cu vs ��Cu) effect exponent
˛Cu shows a similar trend as ˛O [��–��]: both exponents increase monotoni-
cally with decreasing doping level x (or Tc). This is illustrated in Fig. 
 where
the oxygen and copper isotope effect exponents for Y�−xPrxBa�Cu�O
−ı and
Y�−xPrxBa�Cu�O� are plotted as a function of Tc . Close to optimal doping ˛Cu ≈
˛O, whereas in the deeply underdoped regime ˛Cu � �:
˛O [��–��]. The substan-
tial oxygen- and copper-isotope effects on Tc in the underdoped regime indicate
that lattice vibrations in the CuO� planes play a relevant role in cuprate HTS. From
this point of view, one would expect that the planar oxygen modes give rise to a
larger OIE on Tc than the apical and/or chain oxygen modes. This can be explored
by a site-selective oxygen-isotope exchange experiment. Several attempts were
made to achieve this goal (see, e.g., [��]). Cardona et al. [�
] performed Raman
and infrared studies on partially oxygen substituted samples of YBa�Cu��

� O��
ˇ O
−ˇ

and TmBa�Cu��
� O��

ˇ O
−ˇ with � ≤ ˇ ≤ �:�. No isotope effect on Tc was detected
by resistivity measurements if only one out of seven ��O was replaced by ��O. For
��% substitution an isotope shift of ΔTc = �:�(�) K was found in agreement with
previous results [��]. These results suggest that the planar oxygen atoms mainly
determine the isotope shift of Tc . Nickel et al. [��] reported a negative OIE as-
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sociated with oxygen atoms in the CuO� planes for highly doped YBa�Cu�O
−ı ,
implying that the apical/chain oxygens make a substantial contribution to the to-
tal OIE on Tc . A careful site-selective oxygen-isotope effect (SOIE) experiment was
later carried out in optimally doped YBa�Cu�O
−ı by Zech et al. [��]. In contrast
to the previous work of Nickel et al. [��], they found that more than ��% of the to-
tal (positive) OIE on Tc arises from the oxygen atoms in the CuO� planes. Here we
briefly describe this experiment. In a fully exchanged ��O sample of YBa�Cu�O
−ı

the ��O at the apical (a) and chain (c) sites were replaced by ��O, leaving the ��O in
the planes (p) intact, and vice versa. The site-selectivity of the samples was con-
firmed by Raman spectroscopy as shown in Fig. �. In Fig. 	 the normalized mag-
netization curves for all samples investigated are shown in the vicinity of Tc . The
fully exchanged samples 〈��O〉A;B and 〈��O〉A;B of either batch A or B show a total
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oxygen-isotope shift of ΔTc = −�:��(�) K [˛O = �:���(�)], in agreement with
previous reports (see, e.g., [��]). Relative to the ��O oxygenated reference samples,
the site-selective samples 〈��O��

p Oac〉 and 〈��O��
p Oac〉 show partial isotope shifts of

ΔTc = −�:��(�) K and ΔTc = −�:��(�) K, arising from the apical/chain (ac) and
the planar (p) oxygen sites, respectively. Both site-selective shifts add up to a total
shift of ΔTc = −�:��(�) K, in agreement with the total ΔTc for the fully exchanged
samples. Note that the two independent experiments A and B yield consistent
and complementary results, providing evidence that the planar oxygen atoms
mainly (≥ ��%) contribute to the total OIE on Tc . These results were confirmed
independently by Zhao et al. [��], who performed SOIE experiments in optimally
doped and underdoped samples of Y�−xPrxBa�Cu�O
−ı . They found that in un-
derdoped Y�:
Pr�:�Ba�Cu�O�:	
 the predominant contribution to the total OIE on
Tc also arises mainly from the planar oxygen. Recently, Khasanov et al. [��] stud-
ied the SOIE on Tc in underdoped Y�:�Pr�:�Ba�Cu�O
−ı . It is evident from Fig. ��
that the OIE on Tc is determined by the planar oxygen atoms (���% within er-
ror bar). Figure �� shows the total and the partial (planar oxygen, apex/chain
oxygen) isotope exponent ˛O as a function of Tc for Y�−xPrxBa�Cu�O
−ı .

The isotope shift on Tc was also investigated in the novel superconductor MgB�

with Tc ≈ �	 K [�	–��]. Whereas the boron-isotope (��B=��B) exponent was found
to be ˛B � �:��(�) [�	–��], only a small magnesium-isotope (��Mg=��Mg) effect
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Fig. 8 Room-temperature Raman spectra of the oxygen site-selective substituted
YBa�Cu�O
�ı samples: triplet A (left), triplet B (right). For the (xx) polarization the line
corresponds to the out-of phase motion of the planar O(�,�) oxygen (��O: ��
 cm��, ��O:
��� cm��) and for the (zz) polarization the two lines correspond to the in-phase motion
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� cm��). See also Fig. �. After [��]
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(�) (triplet A) and x = �.	��(�) (triplet B). It is evident that the planar oxygen
mainly contribute to the total OIE on Tc . After [��]

Fig. 10 Section near Tc of the normalized magnetization curves M(T )=M(T = �K) (� mT,
FC) of the site-selective oxygen substituted Y�:�Pr�:�Ba�Cu�O
�ı samples. After [��]
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Fig. 11 Total (t) and partial (p, ac) oxygen-isotope exponent ˛O as a function of Tc for
Y��xPrxBa�Cu�O
�ı (t: all oxygen sites, p: planar oxygen sites, ac: apex and chain oxygen
sites). Solid and dashed lines are guides to the eye. Data are taken from [��, ��, ��, ��]

with ˛Mg � �:��(�) [��] was detected. It is interesting to note that in this layered
phonon-mediated superconductor the predominant contribution to the total iso-
tope shift on Tc arises from the B atoms in the planes where superconductivity
takes place, similar to the layered cuprate HTS.

4
Oxygen-Isotope Effect on the Magnetic Penetration Depth

The conventional phonon-mediated theory of superconductivity (standard BCS
theory) is based on the Migdal adiabatic approximation in which the effective
supercarrier mass m∗ is independent of the mass M of the lattice atoms. However,
if the interaction between the carriers and the lattice is strong enough, the Migdal
adiabatic approximation breaks down and m∗ depends on M (see, e.g., [��]). A
significant experiment to explore a possible coupling of the supercarriers to the
lattice is an isotope effect study of the magnetic field penetration depth �.

For a general Fermi surface the zero-temperature magnetic penetration depth
�ii(�) may be written as an integral over the Fermi surface [��]:

�
�ii(�)�

=
��

�� �h

∮
dSF

vFi vFi

|vF | ; (�)

where i denotes the crystallographic axes (a; b; c), and vFi is the Fermi velocity.
For the special cases of spherical or ellipsoidal Fermi surfaces, Eq. (�) leads to
the London expression

�
�ii(�)�

= ��e
� ns

m∗
ii

; (�)
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where ns is the superconducting carrier density, and m∗
ii is the effective mass of

the carriers. For a general Fermi surface, it is convenient to parametrize exper-
imental data by means of Eq. (�). It should be noted, however, that in this case
m∗

ii has nothing to do with the band mass, except for spherical or ellipsoidal
Fermi surfaces [��]. For HTS, which are superconductors in the clean limit, we
may parametrize the in-plane penetration depth �ab in terms of the relation

�=��
ab(�) ∝ ns=m∗

ab ; (�)

where m∗
ab is the in-plane effective mass (not band mass) of the charge carriers.

According to Eq. (�), this implies that an OIE on �ab has to be due to a shift in
ns and/or m∗

ab :

Δ�−�
ab (�)=�−�

ab (�) = Δns=ns − Δm∗
ab=m∗

ab : (�)

Therefore a possible mass dependence of m∗
ab can be tested by investigating the

isotope effect on �ab , provided that the contribution of ns to the total isotope
shift is known.

The first observation of a possible OIE on the magnetic penetration depth
�(�) in polycrystalline YBa�Cu�O�:	� by means of magnetization measurements
was reported by Zhao and Morris [�
]. In a further study Zhao et al. [��,��] ex-
tracted the isotope dependence on �(�) in fine-grained samples of La�−xSrxCuO�

(�:�� ≤ x ≤ �:��) from the Meissner fraction f (�). For decoupled grains of av-
erage radius R ≤ �, the isotope dependence of � can be determined from that
of the Meissner fraction f which is given by the Shoenberg formula [��]:

f (T ) =
�
�

[
� − �

(
�(T )

R

)
coth

(
R

�(T )

)
+ �

(
�(T )

R

)�
]

: (�)

It is evident from Eq. (�) that a change in �(�) due to isotope exchange will lead
to a corresponding change in f (�). An example of such a Meissner fraction mea-
surement on fine-grained samples (R ≈ � − � �m) of La�−xSrxCuO� is depicted
in Fig. ��. From the measured value Δf (�)=f (�) = −�(�)% for x = �:��� the
relative OIE on �−�

ab (�) was determined to be Δ�−�
ab (�)=�−�

ab (�) = −	(�)% [��]. It
is interesting to note that the OIE on �ab(�) increases substantially, going from
optimal doping (x = �:��) to the heavily underdoped (x = �:��) regime [��,��].

In order to obtain more reliable results on the OIE on �ab(�) in layered
cuprate HTS the experiments should be performed on high-quality single crys-
tals. However, it is not possible to obtain a complete oxygen-isotope exchange by
gas diffusion in single crystals of a large volume (V ≈ �×�×�:� mm�) [��]. Hofer
et al. [��] investigated the OIE on Tc and �ab(�) in microcrystals of underdoped
La�−xSrxCuO� with a volume of only V ≈ ��� × ��� × �� �m� (mass ≈ �� �g).
In order to measure the magnetization of these microcrystals a highly sensitive
magnetic torque sensor with a resolution of Δ� � ��−�� Nm was used [��], since
commercial SQUID magnetometers do not have the required sensitivity. The su-
perconducting transition of these microcrystals was investigated by cooling the
samples in an external magnetic field of �.� T at an angle of ��o with respect
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Fig. 12 Temperature dependence of the Meissner effect for oxygen substituted samples of
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to the c-axis. The magnetic torque � vs temperature obtained for the ��O and
��O microcrystals of La�−xSrxCuO� with x = �:��� and x = �:��� is shown in
Fig. ��. It is obvious that Tc is lower for the ��O exchanged microcrystals, and
the corresponding isotope shifts of Tc are consistent with previous results ob-
tained for powder samples with similar doping levels [��, ��]. Figure �� shows
�−�

ab (T ) extracted from the magnetic torque data for the isotope exchanged mi-
crocrystals with x = �.��� and �.���. �−�

ab (�) was determined by extrapolating
the data to T = � K using the power law �−�

ab (T )=�−�
ab (�) = � − (T =Tc)n with

n ≈ � (solid lines in Fig. ��). It is evident that both Tc and �−�
ab (�) exhibit

a substantial OIE. In particular, the relative isotope shift of �−�
ab (�) was found

to be Δ�−�
ab (�)=�−�

ab (�) = −��(�)% for x = �:��� and -�(�)% for x = �:���,
respectively, in agreement with our previous results obtained for fine-grained
samples [��, ��].

The muon-spin rotation (�SR) technique is a powerful method to deter-
mine the penetration depth in the mixed state of type II superconductors [�
].
Khasanov et al. [��] performed a �SR OIE study of �ab in fine-grained sam-
ples of underdoped Y�−xPrxBa�Cu�O
−ı (x = �:� and �.�). In a powder sample
of a layered superconductor �ab can be extracted from the depolarization rate
� (T ) ∝ �=��

ab(T ) measured in the mixed state [�
]. A sharp increase of � (T )
below �� K was observed which is due to antiferromagnetic ordering of the Cu(�)
moments [��]. However, zero-field �SR experiments indicate for both concentra-
tions x no presence of magnetism above �� K. Therefore, data points below �� K
were excluded in the analysis. The superconducting contribution �sc was then
determined by subtracting the small background contribution measured above
Tc . In Fig. �� the temperature dependence of �sc for the Y�−xPrxBa�Cu�O
−ı

samples (x = �:�; �:�) is depicted. It is evident that for both concentrations x a
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Fig. 13 Magnetic torque � as a function of temperature for the ��O and ��O microcrystals of
La��xSrxCuO� with: a x = �:���; b x = �:���. The reproducibility of the oxygen exchange
procedure was checked by the backexchange (crosses). After [��]

remarkable oxygen isotope shift on Tc as well as on �sc is observed. The data in
Fig. �� were fitted to the power law �sc(T )=�sc(�) = �−(T =Tc)n [�
]. The values of
�sc(�) obtained from the fits are in agreement with previous results [��]. The ex-
ponent n was found to be n = �:�(�) for x = �:� and n = �:�(�) for x = �:�, and
within error the same for ��O and ��O. In order to prove that the observed OIE
on �ab(�) is intrinsic, the ��O sample with x = �:� was back exchanged (��O →
��O). As shown in Fig. �� the data points of this sample (cross symbols) coincide
with those of the ��O sample. From the measured values of �sc(�) the relative iso-
tope shift of �−�

ab (�) was found to be Δ�−�
ab (�)=�−�

ab (�) = −�(�)% and -	(�)% for
x = �:� and �.�, respectively. For the OIE exponent ˇO = −d ln �−�

ab (�)=d ln MO,
one readily obtains ˇO = �.��(��) for x = �:� and ˇO = �.
�(��) for x = �:�. This
means that in underdoped Y�−xPrxBa�Cu�O
−ı the OIE on �−�

ab (�) as well as on
Tc increases with increasing Pr doping x (decreasing Tc), in excellent agreement
with the magnetic torque results on underdoped La�−xSrxCuO� [��].

The most direct way to determine the magnetic field penetration depth � of
a type I or type II superconductor is achieved by a measurement of the magnetic
field profile B(z) in the Meissner state inside a superconducting film [�	, ��]



Unconventional Isotope Effects in Cuprate Superconductors ��


10 12 14 16 18 20 22
0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

λ a
b-2

(T
) 

/ λ
ab

-2
(0

) 
(1

8 O
)

a)

λ a
b-2

(T
) 

/ λ
ab

-2
(0

) 
(1

8 O
)

b)

Δλab-2 / λab-2 = -9(3)%

Δλab-2 / λab-2 = -7(1)%

T (K)

16O
16O 18O
18O 16O

16O
16O 18O
18O 16O

sample Ia
x = 0.080
La2-xSrxCuO4

sample IIa
x = 0.086
La2-xSrxCuO4

Fig. 14 Normalized in-plane penetration depth ���
ab (T )=���

ab (�)(��O) for the ��O and ��O
microcrystals of La��xSrxCuO�: a x = �.���; b x = �.���. The reproducibility of the oxygen
exchange procedure was checked by the backexchange (crosses). After [��]

Fig. 15 Temperature dependence of the depolarization rate �sc in Y��xPrxBa�Cu�O
�ı

(x = �:� and x = �:�), measured in an external magnetic filed of ��� mT (field cooled).
The reproducibility of the oxygen exchange procedure was checked by the backexchange
(crosses). After [��]
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using the novel low-energy �SR (LE�SR) technique [��]. In such an experiment
spin-polarized low-energy muons are implanted in the film at a known depth
z beneath the surface and precess in the local magnetic field B(z) which can
be monitored by the muon-spin precession frequency, as in standard �SR. The
implantation depth z is controlled by the variation of the energy of the incoming
muons. From the measured field profile B(z) the magnetic penetration depth
� can then be extracted in a straightforward way. Recently, Khasanov et al. [��]
reported the first direct observation of the OIE on the in-plane penetration depth
�ab in a nearly optimally doped YBa�Cu�O
−ı thin film using LE�SR. The high-
quality c-axis oriented YBa�Cu�O
−ı films were grown in one batch with an area
of �×� cm� and a thickness of ��� nm. A weak external magnetic field of 	:� mT
was applied parallel to the sample surface after the sample was cooled in zero
magnetic field from a temperature above Tc to � K. In this geometry (the thickness
of the sample is negligible in comparison with the width), currents flowing in
the ab-planes determine the magnetic field profile along the crystal c-axis inside
the film. Spin-polarized muons were implanted at a depth ranging from �� to
��� nm beneath the surface of the film by varying the energy of the incident
muons from � to �� keV. For each implantation energy the average value of the
magnetic field B̄ and the corresponding average value of the stopping distance
z̄ were extracted. The value of B̄ was determined from the measured �SR time
spectrum using a Gaussian relaxation function, and the value of z̄ was taken as
the first moment of the emulated muon implantation depth profile. Results of
this analysis for the ��O and ��O substituted YBa�Cu�O
−ı films are shown in
Fig. ��. It is evident that the data points for the ��O film are systematically higher
than those for the ��O film, showing that ���ab < ���ab . The solid lines represent
a fit to the B̄ data by the function

B(z) = B(�)
cosh[(t − z)=�ab ]

cosh(t=�ab)
: (
)

This is the form of the field profile B(z) in a superconducting slab of thickness
�t in the Meissner state, where B(�) is the field at the surface of the supercon-
ductor. The value of z was corrected in order to take into account the surface
roughness of the films [�	], which was taken as the same (�:�(�) nm) for both
samples originating from the same batch. Fits with Eq. (
) to the extracted ��B̄(z̄)
and ��B̄(z̄) yield ���ab(�K) = ���:�(�:�) nm and ���ab(�K) = ���:�(�:�) nm.
Taking into account a ��O content of 	�%, the relative shift was found to be
Δ�ab=�ab = (���ab −�� �ab)=���ab = �:�(�:�)% at � K. This value is consistent
with earlier estimates of the OIE on � for optimally doped YBa�Cu�O
−ı [��,�
],
La�:��Sr�:��CuO� [��] and Bi�:�Pb�:�Sr�Ca�Cu�O��+ı [��] obtained indirectly from
magnetization measurements.

In order to substantiate further the OIE LE�SR results, additional OIE ex-
periments on �ab based on measurements of the Meissner fraction f in fine
YBa�Cu�O
−ı powder were performed [��]. The powder samples were ground
and then passed through a ��-�m sieve. The oxygen exchange was analogous
to the one used for the thin film samples [��]. The ��O content in the powder
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Fig. 16 Magnetic field penetration profiles B(z) on a logarithmic scale for a ��O substituted
(closed symbols) and a ��O substituted (open symbols) YBa�Cu�O
�ı film measured in the
Meissner state at � K and an external field of 	.� mT, applied parallel to the surface of the
film. The data are shown for implantation energies �, �, ��, ��, ��, and �	 keV starting
from the surface of the sample. Solid curves are best fits by Eq. (
). Error bars are smaller
than the size of symbols. After [��]

samples was determined to be �	(�)%. The value of the Meissner fraction f was
extracted from � mT FC SQUID magnetization measurements. Figure �
 shows
the temperature dependence of �−�

ab for the ��O/��O substituted YBa�Cu�O
−ı fine
powder samples, determined from f using the Shoenberg formula (Eq. �) [��].
Taking into account a ��O content of �	%, the relative oxygen-isotope shift at � K
was estimated to be Δ�ab=�ab = �:�(�:�)%. This value is in a good agreement
with the LE�SR data (see Fig. �� and Table �). In order to demonstrate the intrin-
sic character of the isotope effect, a back exchange experiment was performed.
For this purpose the ��O sample was annealed in ��O� gas (��O→��O) and the
��O sample in ��O� gas (��O→��O). The results of the back exchange experiments
are shown in Fig. �
 (cross symbols).

In order to explore which phonon modes are relevant for the OIE on �ab ,
Khasanov et al. [��] performed a detailed study of the site-selective OIE (SOIE)
in underdoped Y�:�Pr�:�Ba�Cu�O
−ı powder samples by means of bulk �SR. The
site selectively substituted ��O (��O) samples were prepared, following the pro-
cedure as described above. Again the site-selectivity of the oxygen exchange was
checked by Raman spectroscopy (Raman spectra for YBa�Cu�O
−ı are displayed
in Fig. �). The magnetization curves of the site-selective substituted ��O (��O)
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Fig. 17 Temperature dependence of ���
ab normalized by �����

ab (�) for ��O and ��O substi-
tuted YBa�Cu�O
�ı fine powder samples as obtained from low-field SQUID magnetiza-
tion measurements. The inset shows the low-temperature region between �� K and �� K.
The reproducibility of the oxygen exchange procedure was checked by the backexchange
(crosses). After [��]

samples of Y�:�Pr�:�Ba�Cu�O
−ı are shown in Fig. ��. Figure �� shows the tem-
perature dependence of the superconducting part of the �SR depolarization rate
�sc (�sc ∝ �−�

ab ) for the Y�:�Pr�:�Ba�Cu�O
−ı site-selective samples. A substantial
oxygen isotope shift of Tc as well as of �sc is present. More importantly, the data

Table 1 Summary of the main OIE results for La��xSrxCuO� and Y��xPrxBa�Cu�O
�ı

obtained using various experimental techniques and types of samples (FP: fine powder, P:
powder, SC: single crystal, TF: thin film). A complete list of OIE results for La��xSrxCuO�

obtained from magnetization data is given in [��]
Sample Method Tc (��O) ΔTc=Tc Δ�ab=�ab Δm�

ab=m�
ab Ref.

(sample type) (K) (%) (%) (%)

La�:��Sr�:��CuO� SQUID (FP) �
.�(�) -�.�(�) �.�(�) �.�(�) [��]
La�:�	�Sr�:���CuO� �
.�(�) -�.�(�) �.�(�) 	(�)

La�:	��Sr�:���CuO� Torque (SC) ��.��(�) -�.�(�) �.�(�) �(�) [��]
La�:	��Sr�:���CuO� �	.��(�) -�.
(�) �(�) ��(�)

La�:��Sr�:��CuO� �SR (P) �
.��(�) -�.�(�) �.�(�) �.�(�.�) [�	]

YBa�Cu�O
�ı LE�SR (TF) �	.�(�) -�.��(��) �.�(�.�) �.�(�.�) [��]

YBa�Cu�O
�ı SQUID (FP) 	�.��(�) -�.��(�) �.�(�.�) �.�(�.�) [��]
YBa�Cu�O
�ı 	�.
�(�) -�.��(�) �.�(�.�) �.�(�.�)

YBa�Cu�O
�ı �SR (P) 	�.��(�) -�.�(�) �.�(�) �(�) [�	]
Y�:�Pr�:�Ba�Cu�O
�ı 
�.�(�) -�.�(�) �.�(
) �.�(�.
) [�	]
Y�:
Pr�:�Ba�Cu�O
�ı ��.�(�) -�.�(�) �.�(�.�) �(�) [��]
Y�:�Pr�:�Ba�Cu�O
�ı ��.�(�) -�.�(�) �.�(�.�) 	(�) [��]
Y�:�Pr�:�Ba�Cu�O
�ı ��.�(�) -�.
(�) �.�(�) �(�) [��]
Y�:�Pr�:�Ba�Cu�O
�ı ��.�(�) -�.�(�) �.�(�) �.�(	) [��]
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Fig. 18 Temperature dependence of the depolarization rate �sc in site-selective
Y�:�Pr�:�Ba�Cu�O
�ı samples (��� mT, FC). Data points below �� K are not shown (see
text and [��] for an explanation). The solid lines correspond to fits to the power law
�sc(T )=�sc(�) = � � (T =Tc)n for the ��Opac and ��Opac samples. The inset shows the data
after subtracting the fitted curve for the ��Opac sample. After [��]

points of the site-selective ��Op
��Oac(��Op

��Oac) samples coincide with those of
the ��Opac(��Opac) samples. In order to present these results in a clearer way, the
power law curve �sc(T )=�sc(�) = �−(T =Tc)n , fitting the temperature dependence
of �sc for the ��Opac sample, was subtracted from the experimental data (see in-
set in Fig. ��). It is evident that the experimental points for the two pairs of
samples mentioned above coincide within error bars, indicating that the planar
oxygen sites (CuO� planes) mainly contribute (���% within error bar) to the total
OIE on Tc and �ab . The corresponding oxygen-isotope shifts were found to be
ΔTc=Tc = −�:
(�)% and Δ�−�

ab (�)=�−�
ab (�) = −�:�(�:�)%.

Recently, the boron-isotope (��B=��B) effect on the magnetic penetration
depth � was also investigated in the novel phonon-mediated superconductor
MgB� by means of bulk �SR [��]. No boron isotope effect on �(�) was found
within experimental error [��], Δ�(�)=�(�) = �:�(�)%, in contrast to the sub-
stantial OIE on �ab(�) observed in cuprate HTS at all doping levels.

5
Discussion of the Results

The main OIE results for Tc and �ab presented in this review are summarized
in Table �. The corresponding results for the site-selective OIE obtained for
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Y�−xPrxBa�Cu�O
−ı are listed in Table �. The present findings unambiguously
show that there is an OIE on Tc and �ab(�) at all doping levels which appears
to be generic for cuprate HTS. Furthermore, the results obtained for the site-
selective substituted Y�:�Pr�:�Ba�Cu�O
−ı (see Table �) clearly indicate that the
oxygen site within the CuO� planes mainly contributes to the total OIE on Tc

and �ab(�). Since for fixed Pr concentration the lattice parameters remain essen-
tially unaffected by the isotope substitution [��,��], these results unambiguously
demonstrate the existence of a coupling of the charge carriers to phonon modes
involving movements of the oxygen atoms in the CuO� plane. Bussmann-Holder
et al. [��, ��] considerd a two-band model which includes in addition to in-
plane Cu dx�−y � and O px;y bands also out-of-plane orbitals (e.g. Cu d�z�−r � and
O pz states). With doping strain-induced plane buckling/octahedra tilting oc-
curs which dynamically produces hybridization between e.g. dx�−y � and pz and
d�z�−r � and px;y electronic states. The doping-induced buckling/tilting gives rise
to strong electron-phonon processes. In this model all oxygen sites (plane, apex,
and chain) in the crystal structure of Y�−xPrxBa�Cu�O
−ı (see Fig. �) should in
principle contribute to the total OIE on Tc and �ab(�), but the dominant con-
tribution arises from the planar oxygen atoms as shown by the experiments.
Here the fundamental questions arise. Is the observation of an OIE on the zero-
temperature penetration depth (superfluid density) a direct signature of strong
lattice effects? And what is the relevance of this finding for the pairing mecha-
nism? In order to answer adequately these questions, more experimental – and
in particular more theoretical – work is needed. In the following we only discuss
a few points related to these questions.

Under the assumption that we can parametrize experimental data of �ab(�)
in terms of Eq. (�), it follows from Eq. (�) that the isotope shift of �ab is due to
an isotope shift of ns and/or m∗

ab . It was demonstrated by a number of indepen-
dent experiments that for La�−xSrxCuO� [��,�
,��,��] and Y�−xPrxBa�Cu�O
−ı

[��, ��, ��] the change of ns during the oxygen exchange procedure is negligibly
small. For instance, the results for La�−xSrxCuO� shown in Fig. � clearly show

Table 2 Summary of SOIE results for Y��xPrxBa�Cu�O
�ı obtained by using various ex-
perimental techniques and types of samples (FP: fine powder, P: powder)

Sample Sample type Method Tc (��O) ΔTc=Tc Δ�ab=�ab Ref.
(K) (%) (%)

YBa�Cu�O
�ı
��O��

p Oac SQUID (FP) 	�.� (�) -�.��(�) - [��]
��O��

p Oac -�.��(�) -
��Opac -�.�
(�) -

YBa�Cu�O
�ı
��O��

p Oac SQUID (FP) 	�.	(�) -�.�
(�) �.� [��]
��Opac -�.��(�) �.�

Y�:
Pr�:�Ba�Cu�O
�ı
��O��

p Oac SQUID (FP) ��.�(�) -�.��(	) �.� [��]
��Opac -�.��(	) �.�

Y�:�Pr�:�Ba�Cu�O
�ı
��O��

p Oac �SR (P) ��.�(�) �.�	(��) �.	(�) [��]
��O��

p Oac -�.�(�) �.�(�)
��Opac -�.
(�) �.�(�)
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that the difference in hole densities of the ��O and ��O samples is negligible,
so that the observed large isotope effects are intrinsic. Moreover, recent nuclear
quadrupole resonance (NQR) studies of ��O and ��O substituted optimally doped
YBa�Cu�O
−ı powder samples revealed that the relative change of the hole den-
sity Δn=n caused by the oxygen exchange must be less than ��−� [��]. The
absence of an observable OIE on ns implies that the change of �ab(�) is mainly
due to a change on m∗

ab . From Eqs. (�) and (�) it follows that

Δm∗
ab=m∗

ab � −Δ�−�
ab (�)=�−�

ab (�) = �Δ�ab(�)=�ab(�): (�)

This implies that in HTS m∗
ab depends on the oxygen mass MO with Δm∗

ab=m∗
ab �

� − ��%, depending on doping level (see Table �). Note that such an isotope
effect on m∗

ab is not expected for a conventional weak-coupling phonon-mediated
BCS superconductor. In fact in HTS the charge carriers are very likely coupled
to optical phonons, as revealed for instance by inelastic neutron scattering [
,�],
ARPES [	, ��], EXAFS [��], and EPR [��] studies. Strong interaction between
the charge carriers and the lattice ions leads to a break down of the adiabatic
Migdal approximation [��], and consequently the effective supercarrier mass m∗

depends on the mass of the lattice atoms. To our knowledge there are just a few
theoretical models [�	,��,��,��,�
] which predict an OIE on the magnetic pen-
etration depth � (or effective carrier mass m∗). Recently, Bussmann-Holder et
al. [�	] have shown that the OIE on �ab(�) can be understood in terms of pola-
ronic effects on the single-particle energies within the framework of a two-band
model of superconductivity. The predicted oxygen-isotope shifts Δ�ab(�)=�ab(�)
are in good agreement with the experimental results. Lanzara et al. [	] used
ARPES to probe the electron dynamics (velocity and scattering rate) in different
families of cuprate HTS. They observed in all families an abrupt characteristic
change of the electron velocity at �� - �� meV, commonly referred to as kink
(change of the slope of the dispersion E(k)), which they ascribe to coupling of
the electrons to phonons associated with the movement of the oxygen atoms. Re-
cently, the OIE on the electron dispersion anomaly (kink) was also investigated
in Bi�Sr�CaCu�O�+ı by ARPES [��]. As a result, the ��O and ��O dispersions E(k)
show that the kink separates the low-energy regime, where the spectra show
negligible OIE, from the high-energy regime, where the spectra exhibit an ap-
preciable OIE. This suggests that phonons contribute significantly to the electron
self energy. According to Eq. (�), the in-plane penetration depth �ab(�) is related
to the Fermi velocity vF . Therefore, it is very likely that the unconventional OIE
on �ab(�) and the anomalous OIE on the electron dynamics (kink structure)
are interconnected and have the same physical origin. Simply speaking, in both
experiments the effective carrier mass m∗ is modified upon oxygen isotope sub-
stitution (��O → ��O) which causes a change in the magnetic penetration depth
�(�) and in the electron velocity v = @E=@k, respectively. However, a thorough
theoretical interpretation of these OIE results is still missing.

Khasanov et al. [��] reported an empirical linear relation between the OIE ex-
ponents ˛O = −d ln Tc=d ln MO and ˇO = −d ln �−�

ab (�)=d ln MO for underdoped
La�−xSrxCuO� and Y�−xPrxBa�Cu�O
−ı . In Fig. �	 we plot Δ�ab(�)=�ab(�) ∝ ˇO
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Fig. 19 Plot of the OIE shift Δ�ab (�)=�ab (�) vs the OIE shift �ΔTc=Tc for La��xSrxCuO� and
Y��xPrxBa�Cu�O
�ı using different experimental techniques and types of samples. The
data are taken from Table �. The dashed line corresponds to Δ�ab (�)=�ab (�) = jΔTc=Tcj.
The solid line indicates the flow to �D-OSI criticality and provides with Eq. (	) an estimate
for the oxygen isotope effect on ds , namely Δds=ds = �:�(�)%

vs −ΔTc=Tc ∝ ˛O for Y�−xPrxBa�Cu�O
−ı and La�−xSrxCuO� for the data listed in
Table �. It is obvious from Fig. �	 that there is a correlation between the OIE on Tc

and �ab(�) which appears to be universal for cuprate HTS. Different experimen-
tal techniques (SQUID magnetization, magnetic torque, bulk �SR, LE�SR) and
different types of samples (single crystals, powders, thin films) yield within error
bars consistent results, indicating that the observed isotope effects are intrinsic
and not a measurement artifact of the particular experimental method or sam-
ple used. As indicated by the dashed line, at low doping level Δ�ab(�)=�ab(�) ≈
|ΔTc=Tc|, whereas close to optimal doping Δ�ab(�)=�ab(�) is almost constant and
considerably larger than |ΔTc=Tc| (Δ�ab(�)=�ab(�) ≈ ��|ΔTc=Tc|). This generic
behavior is qualitatively consistent with the empirical Uemura relation Tc vs
� (�) ∝ �−�

ab (�) [�	, 
�] and with the “parabolic ansatz” proposed in [��] in a
differential way. According to the Uemura relation [�	, 
�], in the underdoped
regime the simple relation Tc � C=��

ab(�) holds, where C is a “universal” con-
stant for all cuprate families. From this relation one readily obtains the relation
Δ�ab(�)=�ab(�) = �=�|ΔTc=Tc|, which differs by a factor of � from the experimen-
tal OIE results (dashed line in Fig. �	). However, the physical meaning of this
factor � is still unclear.
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In a different approach it was shown [
�–
�] that the empirical relation be-
tween the oxygen-isotope shift of �ab(�) and Tc naturally follows from the doping
driven �D-�D crossover and the �D quantum superconductor to insulator (�D-
QSI) transition in the highly underdoped limit. Close to the �D-QSI transition
the following relation holds [
�, 
�]:

Δ�ab(�)=�ab(�) = (Δds=ds − ΔTc=Tc)=� ; (	)

where Δds=ds is the oxygen-isotope shift of the thickness of the superconducting
sheets ds of the sample. The solid line in Fig. �	 represents a best fit of Eq. (	) to
the data with Δds=ds = �:�(�)%. Since the lattice parameters are not modified by
oxygen substitution [��,��], the observation of an isotope shift of ds implies local
lattice distortions involving oxygen which are coupled to the superfluid [
�, 
�].
It was shown [
�] that in anisotropic superconductors, falling into the �D-XY
universality class at finite temperature and into the �D-XY-QSI universality class
at zero temperature, the isotope effects on transition temperature, specific heat,
and magnetic penetration depth are related by universal relations. They imply a
dominant role of fluctuations so that pair formation and pair condensation do
not occur simultaneously. Therefore, the isotope effects do not provide direct in-
formation on the underlying pairing mechanism and must be attributed to a shift
of the phase diagram upon isotope substitution caused by the electron-phonon
interaction [
�]. Until now it was assumed that the �D-QSI transition at low
doping (xc ≈ �:��) is a pure transition from an insulating to a superconducting
phase. However, very recently Shengelaya et al. [
�] observed hole-rich metallic
domains in lightly doped La�−xSrxCuO� (�:�� ≤ x ≤ �:��) well below the criti-
cal doping xc by means of electron paramagnetic resonance (EPR). This implies
that the phase below xc is a complex phase, and not simply an insulating phase.
Furthermore, a finite size scaling analysis of the in-plane penetration depth data
of Y�−xPrxBa�Cu�O
−ı provides clear evidence for a finite size effect on �ab , re-
vealing the existence of superconducting domains with spatial nanoscale extent
and its significant change upon oxygen-isotope exchange [
�, 
�]. The OIE on
the length Lc of the superconducting domains along the c-axis was found to be
ΔLc=Lc ≈ ��% for x = �, �.�, and �.� [
�,
�]. This again uncovers the existence
and relevance of the coupling between the superfluid, lattice distortions, and
anharmonic phonons which involve the oxygen lattice degrees of freedom.

6
Conclusions

In conclusion the unconventional isotope effects presented here clearly demon-
strate that lattice effects play an important role in the physics of cuprates. The
fact that a substantial OIE on �ab is observed, even in optimally doped cuprates,
strongly suggests that cuprate HTS are non-adiabatic superconductors. This is in
contrast to the novel high-temperature superconductor MgB� for which within
experimental error no boron (��B/��B) isotope effect on the magnetic penetration
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depth was detected [��]. The site-selective OIE studies of Tc and �ab indicate
that the phonon modes involving the movements of oxygen within the super-
conducting CuO� planes are essential for the occurrence of superconductivity
in cuprate HTS. This is in agreement with inelastic neutron scattering [
, �],
ARPES [	,��], EXAFS [��], and EPR [��] results, indicating a strong interaction
between charge carriers and Cu-O bond-stretching-type of phonons. In partic-
ular, EPR investigations [��] revealed that the local Q�=Q� tilting modes of the
CuO� octahedra are coupled to the Q� Jahn-Teller modes considered to be rel-
evant for the (bi)polaron formation and the occurrence of superconductivity in
cuprate HTS [

]. The generic relation between the OIE on Tc and �ab shows
that, in contrast to conventional phonon-mediated superconductors, �ab (super-
fluid density) is a crucial parameter for understanding the role of phonons in
cuprates. Since fluctuations play a dominant role in underdoped HTS close to the
�D QSI transition, the pair formation very likely occurs at a higher temperature
Tp than pair condensation which takes place at Tc [
�]. In this case the observed
isotope effects do not give information on the microscopic pairing mechanism,
but are associated with a shift of the phase diagram upon isotope substitution
induced by the electron-phonon interaction [
�]. However, it still remains an
open question whether phonons are directly or indirectly involved in the pairing.
It is interesting to note that in colossal magnetoresistance (CMR) manganites
similar peculiar OIE on various quantities (e.g., ferromagnetic transition tem-
perature, charge-ordering temperature) were observed [
�]. This suggests that
in both classes of perovskites, HTS and CMR manganites, lattice vibrations are
essential. The present results raise serious doubts that models, neglecting lattice
degrees of freedom, as proposed for instance in [
	], are potential candidates to
explain superconductivity in cuprate HTS.
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Abstract Neutron spectroscopy applied to the study of rare-earth based high-temperature
superconducting materials provides detailed information on the local charge distribution
in the copper-oxide planes. It is found that the observed crystal-field spectra separate into
different local components whose spectral weights distinctly depend on the doping level, i.e.,
there is clear evidence for cluster formation; thus the onset of superconductivity has to re-
sult from percolation. Furthermore, the linewidths of crystal-field transitions provide direct
information concerning the temperature at which an energy gap opens due to the pairing
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of the charge carriers. Over a wide doping range, from the underdoped to the overdoped 
region, the opening of the gap is observed at a characteristic temperature T* above the 
superconducting transition temperature Tc. The pseudogap temperature T* exhibits large
shifts upon pressure application and oxygen (and partially copper) isotope substitution,
which suggests that phonons or lattice fluctuations involving the oxygen (and partially 
copper) ions are important for the pairing mechanism. The temperature dependence of the
relaxation data is consistent with a gap function of predominantly d-wave symmetry; more-
over, it supports the unusual behaviour of the gap function in the pseudogap region, i.e.,
a breakup of the Fermi surface into disconnected arcs in the temperature range Tc<T<T*.

Keywords High-temperature superconductors · Charge inhomogeneity · Pseudogap ·
Crystal-field interaction · Inelastic neutron scattering

List of Abbreviations and Symbols
AF Antiferromagnet, antiferromagnetic
ARPES Angle-Resolved Photo-Emission Spectroscopy
CF Crystal Field
INS Inelastic Neutron Scattering
NMR Nuclear Magnetic Resonance
NQR Nuclear Quadrupole Resonance
R Rare Earth
SC Superconductivity, superconductor
SG Spin Glass
Tc Superconducting transition temperature
TN Néel temperature
T* Pseudogap temperature
XANES X-ray Absorption Near-Edge Spectroscopy

1
Introduction

The discovery of high-temperature superconductivity in the perovskites
La2CuO4 [1] and YBa2Cu3O7 [2] has given rise to a huge amount of materials 
research. In particular, there has been a myriad of publications reporting on 
the change of the superconducting properties upon both ion substitution at
various sites in these compounds and application of external fields. The latter
include magnetic fields, pressure and irradiation (e.g., by light ions and by fast
neutrons, resulting in structural disorder). The most important substitutions
include changes of the oxygen stoichiometry (e.g., by oxygen reduction), oxygen
and copper isotope substitution, partial exchange of Y3+ by Ca2+ and La3+ by
Sr2+ (or Ba2+) in YBa2Cu3Ox and La2CuO4, respectively, and partial exchange of
copper ions by other transition metal ions. Surprisingly, it has been realized
that the superconducting transition temperature Tc is essentially unchanged
upon replacing the Y3+ and La3+ ions by paramagnetic rare-earth (R3+) ions.
This surprising observation is in contrast to conventional superconductors, for
which paramagnetic ions usually have a large detrimental effect on supercon-
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ductivity. It is therefore important to achieve a detailed understanding of the
low-energy electronic properties which define the magnetic ground state of the
R ions. In particular, information on the crystal-field (CF) interaction at the R
site is highly desirable, for the following reasons:

1. For many high-Tc compounds superconductivity and long-range three-di-
mensional magnetic ordering of the R ion sublattice coexist at low temper-
atures (with the exception of R=Ce and R=Pr which have a drastic detri-
mental effect on superconductivity). An understanding of both the nature 
of the magnetic ordering and its apparent lack of influence on Tc requires a
detailed knowledge of the CF states of the R ions.

2. In most high-Tc compounds the R ions are situated close to the super-
conducting copper-oxide planes where the superconducting carriers are 
located, thus the CF interaction at the R sites constitutes an ideal probe of
the local symmetry as well as the local charge distribution of the supercon-
ducting CuO2 planes and thereby monitors directly changes of the carrier
concentration induced by ion substitutions and external fields. This property
results from the short-range nature of the leading terms in the CF potential.

3. The intrinsic linewidths of CF transitions are found to vary with temperature
which is essentially a reflection of the density-of-states associated with the
charge carriers at the Fermi energy. Linewidth studies can therefore reveal 
information about the opening as well as the symmetry of the energy gap.

The methods of choice for studying the CF interaction are spectroscopic tech-
niques which provide direct information on the CF energy levels. For the high-
Tc compounds most results have been obtained by inelastic neutron scattering
and to a lesser extent by Raman scattering. Both techniques have their merits
and should be considered as complementary methods. Raman scattering, on
the one hand, can be applied to very small samples of the order of 10 mm3; it
provides highly resolved spectra so that small line shifts and splittings can be
detected [3], and it covers a large energy range so that intermultiplet transitions
can easily be observed [4]. Neutron scattering, on the other hand, is not re-
stricted to particular points in reciprocal space, i.e., interactions between the
R ions can be observed through the wavevector dependence [5], the intensities
of CF transitions can easily be interpreted on the basis of the wavefunctions of
the CF states, and data can be taken over a wide temperature range which is of
importance when studying linewidths of CF transitions.

In the present work we summarize the basic principles and provide repre-
sentative examples of CF excitations observed by neutron spectroscopy in high-
Tc superconducting materials. The next section introduces the Hamiltonian 
of the CF interaction as well as the corresponding neutron cross-section and
describes the linewidths of the CF transitions both in the normal and in the 
superconducting state. In some examples we shortly demonstrate how to arrive
at a unique set of CF parameters and thereby to a detailed understanding of
the electronic ground state of the R ions. The following two sections deal with
aspects 1 and 2 mentioned above, respectively, and we believe that they are
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Fig. 1 Generic phase diagram of high-Tc superconductors vs doping

most crucial for our current understanding of the phenomenon of high-Tc

superconductivity. High-temperature superconductors are basically different
from classical superconducting compounds in the sense that superconductivity
is usually realized through doping. The undoped system is antiferromagnetic
(AF) and insulating (Fig. 1).At small doping, the Néel temperature TN decreases
rapidly and vanishes. The system enters then a spin-glass (SG) phase. Upon 
further doping superconductivity (SC) appears below a critical temperature Tc,
with (Tc)max at a doping level of approximately 0.2 holes/CuO2, but the system
behaves like a strange metal. The homogeneous parent compound is struc-
turally distorted by the doping elements, thus the question arises whether the
doping process results in an extended electronic structure or whether the in-
jected charge carriers are locally trapped. In the latter case the system becomes
electronically inhomogeneous, and the superconducting state is reached by a
percolation process [6]. Such inhomogeneities have actually been observed by
a variety of local techniques [7] and most prominently by neutron CF spec-
troscopy. Of similar importance is the relaxation behaviour of CF excitations.
The lifetime of CF states is finite because of the interaction with the charge car-
riers, thus the temperature dependence of the intrinsic linewidth of CF excita-
tions reflects the density-of-states at the Fermi energy similar to nuclear mag-
netic resonance (NMR) and nuclear quadrupole resonance (NQR) experiments
and thereby reveals information on the opening of the energy gap. There is am-
ple evidence that the energy gap opens at T*>Tc in a large doping range [8–10].
CF spectroscopy has the advantage to probe the static susceptibility in zero mag-
netic field (NMR needs a static external field) as well as at THz frequencies
(NMR and NQR work at MHz frequencies). The latter point is crucial for the un-
derstanding of the data, since it yields new information not available by NMR
or NQR. The analysis of the relaxation data provides information on the nature
of the gap function as discussed later. Some final conclusions and an outlook are
summarized in the final section.



2
The Crystal-Field Interaction

2.1
The Crystal-Field Hamiltonian

The electrostatic and spin-orbit interactions lift the degeneracy of the unfilled
4fn configuration of the R ions and give rise to the J-multiplets (Fig. 2). The 
degeneracy of the J-multiplets of magnetic ions embedded in a crystal lattice
is partly removed by the crystal-field potential VCF which, in a simple point-
charge picture, arises from the electric charges Zi|e| of the surrounding ions 
located at the positions Ri:

Zie2

VCF (r) = ∑ 92 . (1)
i |r – Ri|

VCF has to remain invariant under the operations of the point group which
characterizes the symmetry at the R site, and can be expressed by spherical 
harmonics, which are the basis vectors of the representations of the related 
rotation group. Using the tensor operator method and due to the fact that for
4f-shells terms up to 6th order are relevant, the related Hamiltonian can be con-
structed in a very simple way:

6         n

HCF = ∑ ∑ Am
n (Ym

n + Y–m
n ) . (2)

n =1  m = 0

Yn
m are tensor operators of rank n and An

m are complex CF parameters. The
number of non-zero CF parameters depends on the point symmetry at the 
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Fig. 2 Energy-level scheme of Sm3+ ions in SmBa2Cu3O7 for the lowest two J-multiplets as
derived from neutron spectroscopy [18]. The arrows denote the observed CF transitions. The
figure is taken from [9]



R site. For instance, for tetragonal and orthorhombic symmetry there are five
and nine independent CF parameters, respectively. The wave functions Gi and
energy levels Ei are obtained by diagonalization of the CF Hamiltonian (Eq. 2).
As explicit CF calculations are not needed in the present context, we refer to
some recent review articles addressing the CF interaction in high-Tc super-
conductors for further details [8–10].

In principle, VCF defined by Eq. (1) is a long-range potential, however, in
high-Tc compounds VCF is dominated by the higher-order CF parameters (n≥4)
in Eq. (2) which have a short-range nature; thus VCF essentially reflects the 
local symmetry and charge distribution in the CuO2 planes as stated in 2 in the
previous section.

2.2
Neutron Cross-Section

The CF interaction (Eq. 2) gives rise to discrete energy levels Ei which can be
spectroscopically determined by the inelastic neutron scattering (INS) tech-
nique. In the experiment the sample is irradiated by a monochromatic neutron
beam, and the scattered neutrons are analysed according to the energy transfer

�2

±�w = 61 (k0
2 – k1

2) , (3)
2 m

where m denotes the neutron mass, and ko and k1 are the wave numbers of the
incoming and scattered neutrons, respectively. The corresponding momentum
transfer is given by

�Q = �(k0 – k1) , (4)

where Q is the scattering vector. In these experiments both energy gain and 
energy loss processes can be measured, i.e., the R3+ ion is either de-excited from
a higher to a lower state, and the neutron gains the corresponding energy, or
vice versa. Therefore one expects the measured energy spectrum to exhibit 
resonance peaks which can be attributed to transitions between different 
CF levels. In the analysis of these peaks a unique identification of the observed
transitions is only possible by considering the relative intensities of the various
transitions. For a system of N noninteracting ions the thermal neutron cross-
section for the CF transition |Gi�Æ|Gj� is given in the dipole approximation 
by [11]

d2s N     ge2 2 k1
92 = 3 �9� 4 exp{–2W}F2 (Q) 
dWdw    Z    mec2   k0

(5)
Ei· exp �– 7� M2

ij · d{Ei – Ej ± �w} ,
kBT
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where exp{–2W} is the Debye-Waller factor, F(Q) the magnetic form factor, and

Mij = �Gi | J^ |Gj � (6)

is the transition matrix element with J^ being the component of the total 
angular momentum operator perpendicular to the scattering vector Q. The 
remaining symbols in Eq. (5) have their usual meaning. The matrix elements
Mij (Eq. 6) are most crucial for a proper identification of the observed CF tran-
sitions.

2.3
Linewidth of Crystal-Field Excitations

The d-function in the neutron cross-section for CF transitions (Eq. 5) only 
applies for non-interacting rare-earth ions. However, the CF states are subject
to interactions with phonons, spin fluctuations, and charge carriers, which limit
the lifetime of the excitation; thus the observed CF transitions exhibit line
broadening. The d-function in Eq. (5) has therefore to be replaced by a Lorentz-
ian. The interaction with the charge carriers is by far the dominating relaxation
mechanism in metallic rare-earth compounds. The corresponding linewidth
Gn(T) increases almost linearly with temperature according to the well-known
Korringa law [12]

Gn (T) = 4p(g – 1)2 J(J + 1) [N(EF) · jex]2 · T , (7)

where g denotes the Landé factor, N(EF) the density-of-states of the charge car-
riers at the Fermi energy EF, and jex the exchange integral between the charge
carriers and the 4f electrons of the rare-earth ions. The inclusion of CF effects
slightly modifies the low-temperature limit of Eq. (7) according to the theory
of Becker, Fulde and Keller [13]:

�wij c≤(�wik)
Gn

ij (T) = 2j2
ex �M2

ij coth �9�c≤(�wij) + ∑ M2
ik 9762kBT                     i ≠ k �exp ��wik� –1�9kBT

(8)
c≤(�wkj)+ ∑ M2

kj 976� ,
�exp ��wkj� –1�9kBT

where �wij=Ei–Ej, and c≤(�w) is the imaginary part of the susceptibility
summed over the Brillouin zone. In the normal state and for a non-interacting
Fermi liquid we have [8]

c≤(�wij) = pN2 (EF)�wij . (9)

In superconducting compounds, however, the pairing of the charge carriers
creates an energy gap D below the superconducting transition temperature Tc
(or a pseudogap below a characteristic temperature T*); thus CF excitations
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with energy �w<2D do not have enough energy to span the gap, and conse-
quently there is no interaction with the charge carriers. For an isotropic gap,
the intrinsic linewidth in the superconducting state is then given by

D
Gs(T) = Gn(T) · exp �– 6� . (10)

kBT

This means that Gs(T�Tc<T*)≈0, and line broadening sets in just below Tc
(or T*) where the superconducting gap (or the pseudogap) opens. The expo-
nential temperature dependence of Gs(T) was nicely demonstrated in the 
first neutron spectroscopic study on the classical superconductor La1–xTbxAl2
[14].

Recently, Lovesey and Staub [15] put forward the idea that the relaxation rate
of CF transitions in high-Tc compounds is dominated by phonon interactions.
In their model calculations for Ho0.1Y0.9Ba2Cu3O7 they use a truncated CF level
scheme, i.e., they neglect all but three out of the seventeen CF states which leads
to an unreasonably good agreement with the experimental data. However,
as demonstrated by Boothroyd [16], the inclusion of the complete set of CF 
levels produces a drastically different temperature dependence of the linewidth.
Moreover, phonon relaxation exhibits a continuous temperature behaviour of
the linewidth and cannot reproduce the step-like features observed in several
high-Tc copper-oxide compounds. In conclusion, although phonon damping is
present, it is certainly not the dominating relaxation mechanism of CF transi-
tions in high-Tc cuprates.

2.4
Examples

2.4.1
Crystal-Field Transitions Within the Ground-State J-Multiplet

A considerable effort has been involved to study the CF interaction in the
RBa2Cu3Ox systems for which the symmetry at the R site is orthorhombic for
x>6.4 and tetragonal for x≤6.4. As an example we present the results of a CF
study performed for ErBa2Cu3O7. The CF interaction splits the 16-fold degen-
erate ground-state J-multiplet 4I15/2 of the Er3+ ions into eight Kramers dou-
blets. All seven transitions out of the CF ground-state |0> and in addition
some excited-state CF transitions were measured by neutron spectroscopy
[17]. Figure 3 shows the energy spectra observed at low temperature (T=10 K)
which exhibit three inelastic lines A, B, C in a low-energy window (DE<11 meV)
and four inelastic lines D, E, F, G in a high-energy window (65<DE<85 meV).
This spectral information (i.e., seven energies and seven intensities) was suf-
ficient to arrive at an unambiguous description of the CF interaction in terms
of nine independent CF parameters [17] as illustrated by the very good agree-
ment between the observed and calculated energy spectrum displayed in Fig. 3.
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2.4.2
Intermultiplet Crystal-Field Transitions

Often the CF splittings observed in the ground-state J-multiplet are not suffi-
cient to determine unambiguously the CF parameters. This is the case, e.g., for
SmBa2Cu3O7, since there are only three doublets within the ground-state J-mul-
tiplet 6H5/2 associated with Sm3+, which does not allow to determine the nine
non-vanishing CF parameters. In principle, the number of observables can be
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Fig. 3 Energy spectra of neutrons scattered from ErBa2Cu3O6.98 at T=10 K [17]. The lines rep-
resent the calculated spectra. The arrows on top of the figure denote the observed ground-
state CF transitions. The figure is taken from [9]

Fig. 4 Energy spectrum of neutrons scattered from SmBa2Cu3O7 at T=10 K [18]. The figure
is taken from [9]



increased by measurements of intermultiplet transitions (Fig. 2). Such experi-
ments have become possible due to the copious flux of epithermal neutrons
produced at spallation neutron sources.

The energy spectrum displayed in Fig. 4 shows CF ground-state transitions
to the four doublet states within the first-excited J-multiplet 6H7/2 of the Sm3+

ions in SmBa2Cu3O7. The corresponding energy level scheme is shown in Fig. 2.
This information, together with the observed CF transitions within the ground
state has allowed a precise determination of the CF parameters [18].

3
Doping Effects and Charge Inhomogeneities

3.1
Hole-Doped (p-Type) Superconductors

3.1.1
Oxygen Reduction in ErBa2Cu3Ox (6<x<7)

One of the most interesting aspects of the superconductivity in the RBa2Cu3Ox
compounds is the relation between Tc and the oxygen stoichiometry (see Fig. 1).
Annealed systems show the well-known two-plateau structure of Tc (Fig. 5a).
Charge transfer from the CuO chains to the CuO2 planes certainly plays a 
crucial role in the oxygen-vacancy induced suppression of superconductivity
in YBa2Cu3Ox, and this should manifest itself in the oxygen stoichiometry de-
pendence of the observed CF energy spectra in ErBa2Cu3Ox (Fig. 6) [17].When
going from x=6 to x=7, the transitions B, D, E shift slightly to lower energies and
the transitions A,F,G move up to higher energies, whereas the energy of the
transition C remains unchanged. It could be shown that the observed shifts 
of the CF transitions are due to both structural changes and charge transfer 
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Fig. 5 a Superconducting transition temperature Tc vs oxygen content x for ErBa2Cu3O7 [17].
b Superconducting volume fraction (Meissner fraction) vs Tc determined for ErBa2Cu3Ox.
The full and open triangles refer to SQUID magnetometry results [21] and to the analysis of
the CF spectra [17], respectively. The figure is taken from [9]
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Fig. 6 Energy spectra of neutrons scattered from ErBa2Cu3O7 at T=10 K [17]. The lines
indicate the x-dependence of the observed CF transitions. The figure is taken from [9]

Fig. 7 Charge transfer vs oxygen content x derived from CF spectroscopic experiments on
ErBa2Cu3Ox [17] (circles), in comparison with the results obtained for YBa2Cu3Ox from bond
valence sum considerations [22] (triangles). The line is a guide to the eye



effects [17, 19]. In particular, it was found that a charge of 0.07 |e|/O is trans-
ferred into the planes when going from x=6 to x=7, which means that about
28% of the created holes go into the planes (see Fig. 7). Similar conclusions 
have been obtained for the related compound HoBa2Cu3Ox [20]. These results
show an almost linear dependence of the charge transferred as a function of x.
This is in agreement with the results of neutron diffraction experiments on
ErBa2Cu3Ox which give evidence for a linear decrease of the c axis upon hole
doping [21], but in contrast to the conclusions of bond valence sum arguments
derived in similar experiments on YBa2Cu3Ox where the two-plateau structure
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Fig. 8 Energy spectra of neutrons scattered from ErBa2Cu3Ox at T=10 K [19]. The full lines
are the result of a least-squares fitting procedure. The broken lines indicate the subdivision
into individual CF transitions



of Tc has been suggested to be due to the non-linearity of the hole transfer into
the planes [22].

Upon increased resolution conditions (Fig. 8) we observe that the lowest CF
transition A in ErBa2Cu3Ox is actually built up of three different components
A1, A2, and A3, whose main characteristics can be summarised as follows:

1. Intensities: the individual components Ai have maximum weight close to
x=7.0, x=6.5, and x=6.0, respectively (Fig. 9a–c).With the CF interaction be-
ing a local probe, there is no doubt that these substructures originate from
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Fig. 9 a–c Proportions of the lowest-lying CF transitions Ai of ErBa2Cu3Ox as a function 
of the oxygen content x [19]. The full, dashed and broken lines refer to the geometrical prob-
ability functions Pk defined by Eq. (11). The dotted lines mark the critical concentration for
bond percolation. d Intrinsic linewidths of the CF transitions Ai at T=10 K [32]. e Mean 
cluster length vs oxygen content x determined by a Monte-Carlo simulation [32]. f Super-
conducting transition temperature Tc vs oxygen content x for ErBa2Cu3Ox [17]



different local environments of the Er3+ ions which obviously coexist in the
compound ErBa2Cu3Ox.

2. Energies: whereas all the CF transitions are independent of energy for 
oxygen content x≥6.5 within experimental error, they shift slightly when 
going from x≈6.5 to x≈6.0 (see Fig. 8). This may be due to the structural 
discontinuities at the orthorhombic to tetragonal phase transition at x≈6.4.

3. Linewidth: as visualized in Fig. 9d, the intrinsic linewidths of the transitions
Ai are much smaller for oxygen contents where these transitions individu-
ally reach their maximum weight, namely for x≈6.0, 6.5, and 7.0.

All these facts and their interpretation provide clear experimental evidence for
cluster formation. It is tempting to identify the three clusters associated with
the transitions A1,A2, and A3 by two local regions of metallic (Tc≈90 K, Tc≈60 K)
and a local region of semiconducting character, respectively [19]. Figure 9a–c
shows the fractional proportions of the three cluster types which exhibit a 
continuous behaviour vs the oxygen content x, consistent with the earlier con-
clusion that the transfer of holes into the CuO2 planes is linearly related to the
oxygenation process [17]. Furthermore, the continuous increase of the metal-
lic states A1 and A2 can explain the increase of the superconducting volume
fraction as observed by magnetic susceptibility measurements [21] when the
oxygen content is raised from x=6 to x=7 (Fig. 5b). It should be mentioned that
these results have been nicely confirmed by mSR [23] and inelastic neutron scat-
tering [24] experiments showing the coexistence of superconductivity and an-
tiferromagnetism at low doping.Also photoemission experiments [25] indicate
the existence of a strong electronic inhomogeneity in the underdoped regime
of Bi2Sr2CaCu2O8.

Our current understanding of the superconducting properties of ErBa2Cu3Ox
(and more generally all the RBa2Cu3Ox compounds) involves a percolation
mechanism of electric conductivity as discussed in both theoretical [6] and 
experimental [26] work. For x=6 the system is a perfect semiconductor. When
adding oxygen ions into the chains, holes are continuously transferred into the
CuO2 planes. By this mechanism the number of local regions with metallic char-
acter (associated with the CF transition A2) rises, which can partially combine
to form larger regions. For some critical concentration a percolative network is
built up, and the system undergoes a transition from the semiconducting to the
conducting state (with Tc≈60 K). Upon further increasing the hole concentration
a second (different) type of metallic clusters (associated with the CF transition
A1) is formed which start to attach to each other and induce a transition into
another conducting state (with Tc≈90 K) at the percolation limit.

For a two-dimensional square structure the critical concentration for bond
percolation is pc=50% [27]. From the fractional proportions of A2 and A1 dis-
played in Fig. 9a–c we can then immediately determine the critical oxygen
concentrations for the transitions from the semiconducting to the Tc≈60 K-su-
perconducting state and to the Tc≈90 K-superconducting state to be x2=6.40
and x1=6.84, respectively, which is in excellent agreement with the observed
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two-plateau structure of Tc (see Fig. 9a,b,f). For three-dimensional structures,
on the other hand, the critical concentration for bond percolation is 20%(face-
centred cubic)<pC<30%(simple cubic) [27], resulting in 6.21<x2<6.31 and 6.64
<x1<6.73, which is inconsistent with the observed two-plateau structure of Tc.
This reinforces the well known fact that the superconductivity in the per-
ovskite-type compounds has indeed a two-dimensional character. A similar 
percolation model based on oxygen ordering effects in the CuO chains and the
presence of oxygen-poor regions acting as superconducting grain boundaries
gives a critical value x1=6.74 [28, 29].

Combined statistical and geometrical considerations may be useful to un-
derstand the x-dependent profiles of the fractional proportions of the three
cluster types visualized in Fig. 9a–c.A local symmetry model [30] was developed
which defines specific probabilities Pk(y) to have, for a given oxygen content
x=6+y, k of the four oxygen chain sites (0,1/2,0), (1,1/2,0), (0,1/2,1) and (1,1/2,1)
nearest to the R3+ ion occupied (see Fig. 10):

4
Pk (y) = � �yk (1 – y)4 – k , (0 ≤ k ≤ 4) . (11)

k

The fractional proportion of the cluster type A1 exhibits the behaviour pre-
dicted by the probability function P4(y) (i.e., all the oxygen chain sites being 
occupied). Similarly, the fractional proportions of the cluster types A2 and A3
follow the sum of the probability functions P3(y)+P2(y) (i.e., one or two empty
oxygen chain sites) and P1(y)+P0(y) (i.e., one or none oxygen chain site being
occupied), respectively. The above probability functions are shown in Fig. 9a–c
by lines which excellently reproduce the experimental data.

The x-dependent linewidth of the CF transitions allows one to estimate the
size of the clusters, since a line broadening is due to structural inhomogeneities
and gradients in the charge distribution which occur predominantly at the 
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Fig. 10 Schematic visualisation of the different chain-oxygen configurations in RBa2Cu3Ox



border lines between different cluster types. For a cluster of mean length L (in
units of the lattice parameter a) in the (a,b)-plane the fraction of unit cells at
the border of the cluster and inside the cluster is 4(L–1)/L2 and {(L–2)/L}2,
respectively. In a first approximation the total linewidth is then given by [31]

199999911 DE  2

G = 3	(L – 2)2 G 0
2 + 4(L – 1)��6� + G 0

2� , (12)
L 2

where G0 is the intrinsic linewidth for infinite cluster size (i.e., for x=6 and x=7
exactly realized), and DE corresponds to the energetic separation of the CF
transitions Ai for two coexisting cluster types. More specifically, from Fig. 8 we
derive DE=E(A1)-E(A2)≈1.0 meV and DE=E(A2)-E(A3)≈1.5 meV at high and
low oxygen concentrations x, respectively, and 0.3≤G0≤0.4 meV.

The lines of Fig. 9d are the results of Monte-Carlo simulations of the doping
mechanism [32]. These simulations start from the ortho-II structure at x=6.5
with some degree of disorder and show that the sizes of the clusters at percola-
tion (Fig. 9e) are of the order of L=2–3 (7–10 Å), which is of the order of the 
superconducting coherence length in these materials. These numbers compare
favourably with theoretical estimates by Hizhnyakov and Sigmund [6].

Evidence for the strongly inhomogeneous distribution of holes in the CuO2
planes also results from other techniques such as magnetic susceptibility [26],
NMR [33], electron paramagnetic resonance [34], Mössbauer [35], Raman [36],
or even neutron diffraction [21] experiments.Various theoretical models have
also predicted that under doping these systems become highly unstable and
tend to phase separate into hole-rich and hole-poor regions [6, 37, 38].

3.1.2
External Pressure

Another important property of the RBa2Cu3Ox compounds is the strong de-
pendence of the critical temperature upon external pressure. As shown in
Fig. 11a ∂Tc(x)/∂p increases by an order of magnitude around x=6.7 [39]. Is this
anomaly due to an enhanced charge transfer into the planes upon pressure
∂n(x)/∂p around x=6.7? In order to answer this question both neutron diffrac-
tion and CF experiments were performed for ErBa2Cu3Ox under hydrostatic
pressure for several oxygen contents as visualized for x=6.54 in Fig. 11b. From
the derived CF parameters it was found that the charge transfer into the planes
under pressure, ∂n(x)/∂p, is independent of the oxygen content x and equals
0.12 |e|/O/10 kbar [40]. This result indicates that the large value of ∂Tc(x)/∂p
measured for x≈6.7 is not due to an anomalously high charge transfer process.
Let us rewrite

∂Tc ∂Tc ∂n           ∂Tc ∂x ∂n
6 (x) = 6 5 (x) = 6 5 5 (x) . (13)
∂p             ∂n ∂p    ∂x   ∂n ∂p
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From the above-mentioned result, ∂n(x)/∂p=constant, as well as from the linear
charge-transfer process upon oxygen doping derived above,∂n/∂x=constant, we
obtain

∂Tc                  ∂Tc (14)
6 (x) µ 6 (x) .
∂p             ∂x

In other words, Eq. (14) clearly tells us that the same mechanism is responsible
for the large enhancement of both ∂Tc/∂x and ∂Tc/∂p in the vicinity of x≈6.7,
i.e., the proximity of the percolation limit plays an important role and has to be
considered.

3.2
Electron-Doped (n-Type) Superconductors

The R2CuO4 (R=La, Pr, Nd) family is extremely interesting, since these com-
pounds can either become p- or n-type conductors upon doping. Doping
La2CuO4 with divalent ions such as Ba2+ or Sr2+ oxidizes the CuO2 planes leav-
ing holes as carriers. In contrast, doping Nd2CuO4 and Pr2CuO4 with tetravalent
ions such as Ce4+ or Th4+ reduces the CuO2 planes, giving rise to electrons as
carriers. It should be noticed that both p- and n-type compounds are found to
crystallize in a tetragonal structure.

In order to detect the effect of doping into the CuO2 planes in n-type super-
conductors, INS experiments were carried out to study of the lowest ground-
state singlet-doublet CF excitation |G4�Æ|G5� of Pr3+in Pr2–xCexCuO4 [41]. This
compound is superconducting in a narrow doping range (0.11<x<0.18) with
maximum Tc=25 K.As for the RBa2Cu3Ox compounds (see above), the observed
energy spectra are found to separate into different stable states whose spectral
weights distinctly depend on the doping level (see Fig. 12). For the undoped
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Fig. 11 a Pressure dependence of Tc vs oxygen content x observed for YBa2Cu3Ox [39].
b Pressure dependence of the CF spectra of ErBa2Cu3O6.54 at T=10 K [40]

a b



compound an intense CF transition is observed at 18 meV (A) with some 
minor shoulders on both the low- and high-energy side (B1 and B2, respec-
tively).With increasing doping, the transition A loses intensity, whereas the B1
and B2 transitions gain intensity.At higher doping, there is a fourth line emerg-
ing, marked with C.

One explanation for these observations could be a line broadening due to an-
tiferromagnetic correlations between the Pr3+ ions. However, this effect should
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Fig. 12 Energy spectra of neutrons scattered from Pr2–xCexCuO4 at T=10 K [41]. The lines
are as in Fig. 8. The figure is taken from [9]



be most pronounced in the low-doping regime, in contrast to the observations.
Moreover, these correlations have been shown to result in a dispersion of the CF
transitions in a range between 18.2 meV and 19.2 meV [42, 43]. This cannot 
influence the observed spectra, because the bandwidth of the dispersion
(≈1 meV) corresponds to the instrumental resolution. Hence, even for x=0, the
lines B1 and B2 cannot be explained by such an effect. Therefore, with the CF 
interaction being a local probe, there is no doubt that these lines originate from
different local environments of the Pr3+ ion. Furthermore, because the inten-
sity ratios of the B1 and B2 transitions are constant for all Ce contents, one has
to assume that these transitions are caused by the same local environment and
therefore represent a splitting of the G5 doublet into two singlet states.Although
diffraction techniques confirmed the tetragonal symmetry in the entire dop-
ing range, the splitting of the G5 doublet clearly shows that the local structure
has a lower symmetry.

The CF spectra of Fig. 12 provide clear experimental evidence for cluster 
formation. The clusters associated with the transitions A, B(=B1+B2), and C can
be identified by local regions of undoped, intermediately doped and highly
doped character, respectively. Upon doping with Ce4+ ions and reducing oxy-
gen, electrons are continuously transferred into the CuO2 planes. By this mech-
anism the number of local electron-rich regions (associated with the transi-
tions B and C) rises, which can partially combine to form larger regions. Finally,
it could be shown [41] that for a critical volume fraction of 50% a two-dimen-
sional percolative network is built up [27], and the system undergoes a transi-
tion from the insulating to the metallic state. The change of the relative inten-
sities of the transitions A, B and C could be well reproduced [41] by assuming
a similar statistical model as the one presented above for ErBa2Cu3Ox (see
Eq. 11). Different local environments of the R ions in these systems have also
been inferred from Raman scattering [3, 44].

4
Relaxation Effects and the Pseudogap

4.1
General Remarks

Superconductivity is the result of two distinct quantum phenomena, pairing 
of the charge carriers at a characteristic temperature T* and long-range phase
coherence at the superconducting transition temperature Tc. In conventional
superconductors these two phenomena occur simultaneously, i.e., T*=Tc. In
contrast, for high-temperature superconductors we have T*>Tc over a large
doping range, thus the so-called pseudogap region (Tc<T<T*) is clearly the
most challenging part of the phase diagram (see Fig. 1). The experimental dis-
covery of the pseudogap region gave rise to an impressive number of models 
for the mechanism of high-temperature superconductivity [45]. Consequently,
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experiments which produce changes of the pseudogap temperature T* are of
crucial importance to discriminate between the different pairing scenarios 
developed for the cuprate superconductors. In the past, measurements of the
isotope effect were essential to establish the BCS model of classical supercon-
ductors. Likewise, experiments searching for isotope effects on the pseudogap
temperature T* may be of crucial importance to discriminate between the 
different pairing scenarios developed for the cuprate superconductors. X-ray
absorption near-edge spectroscopy (XANES) experiments [46] revealed a huge
oxygen isotope effect associated with the onset of local lattice fluctuations in
underdoped La1.94Sr0.06CuO4, whose characteristic temperature T* increases
from 110 to 170 K upon replacing 16O by 18O. A large oxygen isotope effect as
well as a large copper isotope effect on the pseudogap was also observed by
neutron crystal-field spectroscopy for slightly underdoped HoBa2Cu4O8 with
DT*≈50 K [47] and DT*≈25 K [48], respectively. The same technique applied to
underdoped, optimally doped and overdoped La1.96–xSrxHo0.04CuO4 (Ho@LSCO)
with x=0.10, 0.15 and 0.20 yielded oxygen isotope shifts of DT*≈20, 10 and 5 K,
respectively [49, 50]. Surprisingly, NMR and NQR experiments resulted in an
absence or a very small oxygen isotope shift DT* in YBa2Cu4O8 [51, 52] which
was attributed to the slow time scale of the order of t≈10–8 s [46, 47, 53]. The
large oxygen (and copper) isotope shifts DT* observed by XANES and neutron
spectroscopy experiments (which are fast techniques with a time scale of
t≤10–13 s) were quantitatively accounted for by models based on dynamical
charge ordering [53], phonon-induced stripe formation [54], and bipolaron 
formation associated with Jahn-Teller-like oxygen vibrations [55].

Similarly to isotope substitution, the application of pressure affects the lat-
tice degrees of freedom, thus it could be used as an independent tool to confirm
the experimental and theoretical findings described above. Unfortunately, there
are only few pressure-dependent experiments on the pseudogap temperature
T* in the literature, and the results are contradicting. NQR experiments for
YBa2Cu4O8 [56] as well as resistivity measurements for quenched and Ca-doped
YBa2Cu3O7 compounds [57] show a (continuous) decrease of T* with increas-
ing pressure, whereas from the analysis of resistivity measurements for opti-
mally doped Hg0.82Re0.12Ba2Ca2Cu3O8+d a linear increase of T* with pressure is
reported [58]. Recently, neutron spectroscopy experiments under hydrostatic
pressure were performed for the optimally doped compound Ho@La2–xSrxCuO4
[50]. It was found that the pseudogap temperature decreases from T*≈60 K at
ambient pressure to T*≈55 K for p=0.8 GPa, i.e., DT*≈–5 K. This is in qualita-
tive agreement with the previously observed oxygen isotope shift DT*≈+10 K
[49, 50], thereby supporting the pairing scenarios which are based upon elec-
tron-phonon induced effects [53–55].

In the following sections we summarize the results of neutron spectroscopic
investigations of the oxygen and copper isotope effect on the relaxation rate of
CF excitations in both HoBa2Cu4O8 and Ho@La2–xSrxCuO4 (i.e., exchange of
both 16O vs 18O and 63Cu vs 65Cu, respectively) as well as the effect of hydrosta-
tic pressure for the latter compound.
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4.2
Oxygen Isotope Effect in HoBa2Cu4O8

The HoBa2Cu4O8 compound is excellently suited for studying oxygen isotope
effects, because it is highly stoichiometric and the stoichiometry does not
change upon both 16OÆ18O and 18OÆ16O substitution. The critical tempera-
tures Tc of the 16O and 18O compounds were determined by magnetometry to
be (79.0±0.1) K and (78.5±0.1) K, respectively. The observed oxygen isotope
shift DTc≈(–0.5±0.2) K can be described by the isotope coefficient a defined by
the relation TcµM–a, where M is the mass of the oxygen ion. For HoBa2Cu4O8
we deduce a=0.05±0.02, in agreement with literature data on the isostructural
compound YBa2Cu4O8 [51, 52].

Figure 13 shows energy spectra for HoBa2Cu4
18O8. There are two strong

ground-state CF transitions at �w1=0.6 meV and �w2=1.3 meV, i.e., �wi�2Dmax
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Fig. 13 Energy spectra of neutrons scattered from HoBa2Cu4
18O8 [47]. The solid lines are fits

to the data. The solid and dashed vertical bars indicate the energy and intensity of the
ground-state and excited-state CF transitions, respectively. The figure is taken from [47]



(≈66 meV [59]). With increasing temperature the CF transitions exhibit line
broadening. In addition, excited CF states become increasingly populated 
giving rise to excited CF transitions. The energy spectra were fitted according
to the neutron cross-section for CF transitions as defined by Eq. (5). The final
spectra were obtained by convoluting the instrumental resolution function
with the CF intrinsic Lorentzian function, whose linewidth is given in the 
normal state by the Korringa law (Eqs. 8 and 9). The only free parameters in the
fitting procedure were an overall scale factor for the intensities and a tempera-
ture-dependent linewidth G(T)µ[N(EF)jex]2. The results of the fitting procedure
are shown by solid lines in Fig. 13.
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Fig. 14 Temperature dependence of the intrinsic linewidth G (HWHM) corresponding 
to the G3ÆG4 ground-state CF transition in HoBa2Cu4

16O8 and HoBa2Cu4
18O8 [47]. The lines

denote the linewidth in the normal state calculated from the Korringa law



Figure 14 (upper panel) shows the temperature dependence of the intrinsic
linewidth G (HWHM) corresponding to the CF transition from the ground 
state to the first excited state at �w1=0.6 meV for the 18O compound. The
linewidth is zero below 60 K, then it increases almost linearly up to 210 K. The
linewidth is step-like enhanced between 210 and 220 K.Above 220 K it increases
again linearly as expected for the normal state. We therefore identify the tem-
perature where the step-like enhancement occurs with the temperature where
the pseudogap opens, i.e., we set T*≈220 K. The lower panel of Fig. 14 shows the
temperature dependence of the intrinsic linewidth derived for the same CF tran-
sition in the 16O compound. We recognise that the relaxation behaviour of the
16O sample has a similar shape as for the isotope substituted 18O compound, but
the step-like enhancement of the linewidth occurs at much lower temperatures
between 160 and 170 K, i.e., T*≈170 K. These relaxation data give therefore ev-
idence for a large isotope shift DT*≈50 K which, in analogy to the isotope effect
on Tc, gives rise to a huge isotope coefficient a*(O)≈-2.2±0.6 [47].

4.3
Copper Isotope Effect in HoBa2Cu4O8

Investigations of a copper isotope effect on the pseudogap temperature T* are
likewise of great interest. The critical temperatures of the 63Cu and 65Cu com-
pounds were measured by magnetometry to be (79.0±0.1) K and (78.6±0.1) K,
respectively, giving a copper isotope shift DTc=(–0.4±0.2) K which is in agree-
ment with literature data on the isostructural compound YBa2Cu4O8 [60]. Fig-
ure 15 displays the temperature dependence of the intrinsic linewidth (HWHM)
corresponding to the lowest CF ground-state transition at �w1=0.6 meV. For the
63Cu compound (left panel) the linewidth is zero at the lowest temperatures, then
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Fig. 15 Temperature dependence of the intrinsic linewidth W (HWHM) corresponding 
to the G3ÆG4 ground-state CF transition in HoBa2

63Cu4O8 and HoBa2
65Cu4O8 [48]. The lines

denote the linewidth in the normal state calculated from the Korringa law



it increases monotonically up to 150 K.A notable enhancement occurs between
150 and 160 K. Above 160 K the linewidth increases almost linearly with tem-
perature as predicted by the Korringa law.We therefore identify the temperature
where the enhancement occurs with the temperature where the pseudogap
opens, i.e., we set T*≈160 K. The linewidth observed for the 65Cu compound
(right panel) exhibits a similar relaxation behaviour, but the enhancement 
occurs at higher temperatures between 180 and 185 K, i.e., we set T*≈185 K.
These experiments give evidence therefore for a large copper isotope effect
DT*≈25 K, with a corresponding isotope coefficient a*(Cu)≈–4.9±3.2 [48]. This
is roughly twice as large as the corresponding oxygen isotope coefficient. The
relevant mechanism giving rise to a copper isotope effect on T* has to be 
associated with a local copper phonon mode which could be either a copper-
oxygen bond stretching mode or an umbrella-type motion [61] involving in-
plane or out-of-plane displacements of the copper ions, respectively. The latter
mode is absent in the single-layer high-Tc compound La2–xSrxCuO4 because of
the inversion symmetry at the Cu site, thus a study of the copper isotope effect
in this compound could definitely discriminate between the possible copper
modes as shown in the following sections.

4.4
Oxygen and Copper Isotope Effects in Ho@La2–xSrxCuO4

The effect of oxygen and copper isotope substitution was investigated for opti-
mally doped La1.81Sr0.15Ho0.04CuO4 (Tc≈32 K) [49],which exhibits a strong ground-
state CF transition at �w=0.185 meV, i.e., �w�2Dmax (≈16 meV [62]). Further CF
transitions are expected to appear above 10 meV and to be at least an order of
magnitude less intense, which means that the observed low-energy CF spectrum
will not be contaminated by excited-state transitions for temperatures up to 100 K.
Figure 16 shows the temperature dependence of the intrinsic linewidth W
(FWHM) for the four isotope substituted samples. For the 16O compound (panel
a) the linewidth is rather small below 30 K, then it increases monotonically up to
60 K.Above 60 K the linewidth increases linearly as expected for the normal state,
i.e.,we set T*(16O)≈60 K.The temperature evolution of the intrinsic linewidth de-
termined for the 18O compound (panel b) has a similar shape as for the 16O com-
pound; however, the crossover into the normal state occurs at a higher tempera-
ture, i.e., we set T*(18O)≈70 K. Our data therefore give evidence for a large oxygen
isotope shift of the pseudogap temperature T* at optimum doping, namely
DT*(O)≈10 K, which is equivalent to an oxygen isotope coefficient a*(O)≈–1.3.

For the 63Cu compound (panel c) as well as for the 65Cu compound (panel d)
the relaxation behaviour is similar to the 16O compound, and there is practically
no difference between the 63Cu and 65Cu data, i.e., we have T*(63Cu)≈T*(65Cu)
≈60 K. This means that there is no copper isotope effect on T*, i.e., DT*(Cu)≈0.
This is in contrast to the case of HoBa2Cu4O8 for which a large value of
DT*(Cu)≈25 K was reported [48]. This large copper isotope shift was associated
with a local copper mode, although the experiment did not provide direct 
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information about the specific type of lattice mode involved. By comparing
DT*(Cu) for both HoBa2Cu4O8 and La1.81Sr0.15Ho0.04CuO4, it is now possible to
assign the copper mode to the umbrella-type mode [61], which is present in the
former but not in the latter.

4.5
Pressure Effect in Ho@La2–xSrxCuO4

The polycrystalline La1.81Sr0.15Ho0.04Cu16O4 sample investigated under hydrostatic
pressure was the same as that used for the experiments at ambient pressure, see
previous section.The superconducting transition temperature was determined by
a.c. magnetic susceptibility measurements to be Tc=32.5±0.3 K at ambient pres-
sure and Tc=35.2±0.3 K at p=1.0 GPa, i.e., the pressure-induced enhancement of
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Fig. 16a–d Temperature and isotope dependence of the intrinsic linewidth W (FWHM) cor-
responding to the lowest ground-state CF transition in La1.81Sr0.15Ho0.04CuO4 [49]. The lines
denote the linewidth in the normal state calculated from the Korringa law. The figure is taken
from [68]



Tc is in good agreement with literature data [63, 64]. In order to apply hydrosta-
tic pressure in the INS experiments, the sample was enclosed in an axially sym-
metric pressure cell made of hardened aluminium [65]. The total accessible sam-
ple volume in the pressure cell amounted to about 1.6 cm3. At low temperatures
(T<20 K) the strong ground-state crystal-field transition occurs at an energy
transfer �w=0.191±0.003 meV [50] which is slightly higher than the energy trans-
fer �w=0.185±0.002 meV determined at ambient pressure (see previous section).

Figure 17 shows the temperature dependence of the intrinsic linewidth W
(FWHM) measured at p=0.8 GPa. The derived linewidth is rather small below
30 K, then it increases monotonically up to 55 K. Above 55 K the linewidth 
increases linearly as expected from the Korringa law for the normal state which
is indicated as a full line taken from the data at ambient pressure (see Fig. 16).
We therefore set T*(p=0.8 GPa)≈55 K. The temperature evolution of the line-
width at ambient pressure (see Fig. 16a) has a similar shape, however, the
crossover into the normal-state behaviour occurs at T*(p=0)≈60 K. The pres-
sure-induced shift is therefore DT*≈–5 K, i.e., we have dT*/dp≈–6 K/GPa, in 
reasonable agreement with dT*/dp≈–10 K/GPa determined for slightly under-
doped YBa2Cu4O8 [56].

Because of intensity problems (intensity loss due to the pressure cell) it was
not possible to perform an unambiguous analysis of the energy spectra taken
at T≥70 K, thus the Korringa line could not be determined from the data taken
at p=0.8 GPa over a sufficiently wide temperature range. Instead, it was assumed
that the slope of the Korringa line which according to Eqs. (7) to (9) is essentially
proportional to the square of the density-of-states at the Fermi level, [N(EF)]2,
remains unaltered upon hydrostatic pressure application. Of course, this as-
sumption has to be supported by strong (experimental) arguments. First, the
Hall coefficient (which is a measure of the charge density) of La2–xSrxCuO4
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Fig. 17 Temperature dependence of the intrinsic linewidth W (FWHM) corresponding to
the lowest ground-state CF transition in La1.81Sr0.15Ho0.04Cu16O4 for p=0.8 GPa [50]. The line
denotes the linewidth in the normal state calculated from the Korringa law



(0.08≤x≤0.24) does not change with pressure up to p=1.5 GPa [63]. Second, use
can be made of the fact that the crystal-field potential is an ideal probe of the
local structure and charge distribution in the CuO2 planes and thereby moni-
tors directly the corresponding changes induced by doping and pressure. We
find that the observed pressure-induced shift of the crystal-field transition
from �w=0.185 meV (p=0) to �w=0.191 meV (p=0.8 GPa) can be explained by
structural effects alone. More specifically, extrapolating the crystal-field para-
meters of Ho3+ in La2–xSrxCuO4 from p=0 to p=0.8 GPa on the basis of the pres-
sure-induced structural changes determined by neutron diffraction [66] yields
a pressure-induced upward shift of the crystal-field transition by 0.006 meV, in
excellent agreement with the observations.

The opposite effects of isotope substitution and pressure on the pseudogap
temperature T* in optimally doped La1.81Sr0.15Ho0.04Cu16O4, namely DT*(16OÆ
18O)≈+10 K [49] and DT*(0Æ0.8 GPa)≈–5 K [50], respectively, can be explained
qualitatively by using a simple model based on the concept of bipolaron for-
mation by the Jahn-Teller effect. As a matter of fact, Jahn-Teller polarons were
the theoretical basis for the discovery of high-temperature superconductivity by
Bednorz and Müller [1]. In this model the polaronic bandwidth W is expressed
in terms of an exponential renormalization factor [55]:

EJTW = Wb exp �– 6� , (15)
�w

where Wb is the bare bandwidth, EJT the Jahn-Teller energy, and �w the energy
of the active Jahn-Teller mode(s). Obviously the bandwidth W can be modified
by isotope substitution and pressure which both affect �w in a specific man-
ner. Since �w is inversely proportional to the square root of the oxygen mass,
the substitution of 16O by 18O reduces �w by typically 5% which according to
Eq. (15) results in a band narrowing; thus T* is expected to increase as exper-
imentally observed [49]. On the other hand, the application of hydrostatic pres-
sure results in an enhancement of �w by ∂(�w)/�w=gDV/V, where g≈2 is the
Grüneisen parameter and DV/V the pressure-induced volume change. For
p=0.8 GPa we estimate a 1–2% increase of �w, which according to Eq. (15)
widens the polaronic band and therefore lowers the pseudogap temperature T*
as experimentally observed [50]. The above considerations also explain the 
experimental fact that |DT*| is smaller for the case of pressure application
(p=0.8 GPa) than for the case of oxygen isotope substitution.

5
Nature of the Gap Function

Ever since the discovery of high-Tc superconductivity there has been a debate
concerning the symmetry of the gap function. Partially conflicting results were
reported from techniques probing either the surface or the bulk [67]. Neutron
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crystal-field spectroscopy experiments are inherently bulk-sensitive, thus an
analysis of the relaxation data available for optimally doped La1.81Sr0.15Ho0.04CuO4
[49] and slightly underdoped HoBa2Cu4O8 [47] was performed in terms of
different gap functions [68]. Since the characteristic temperatures Tc and T* are
very different for these compounds, it is convenient to express the relaxation
data in reduced units, i.e., the temperature T in units of T* and the linewidth
W(T) in units of W(T*) as visualised in Fig. 18.
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Fig. 18a–c Temperature dependence of the linewidth of low-energy crystal-field transitions
in high-temperature superconductors in reduced units: a model calculations for different types
of gap functions (see text); b relaxation data derived for La1.81Sr0.15Ho0.04Cu18O4 [49]; c relax-
ation data derived for HoBa2Cu4

18O8 [47]. The lines in b and c denote least-squares fits on the
basis of a d-wave gap function including the occurrence of gapless arcs of the Fermi surface
in the pseudogap region (Tc�T*) as described in the text. The figure is taken from [68]



The model calculations were based on the procedure described by Mesot 
et al. [59]. The temperature dependence of the gap amplitude was described by
the expression D(T)=D(0)·[1–(T/T*)4] [69], and the maximum gap amplitude
was set to Dmax/kB=2T* which is a realistic value for the compounds under con-
sideration. Figure 18a shows calculations for an s-wave and a d-wave (x2–y2) gap
function. It can readily be seen that none of these models is able to explain the
observed linewidth behaviour displayed in Fig. 18b,c. In particular, the anom-
alous behaviour around Tc cannot be reproduced. This is due to the neglect of
the temperature dependence of the gap function in the pseudogap region as 
predicted theoretically [70, 71] and observed by angle-resolved photoemission
spectroscopy (ARPES) measurements in underdoped Bi2Sr2CaCu2O8+x [72].
More specifically, the gradual development of gapless arcs of the Fermi surface
between Tc and T* opens additional relaxation channels in crystal-field line-
width studies in the pseudogap region. Indeed, the model calculations includ-
ing the presence of gapless arcs produce relevant modifications of the linewidth
above Tc as visualised in Fig. 18a.

A least-squares fitting procedure to the relaxation data displayed in Fig. 18b,c
was performed on the basis of a d-wave gap function including the gapless 
arc features of the Fermi surface at Tc<T<T*. Since the latter effect was only ob-
served at a few selected temperatures [72], a linear evolution of the gapless arcs
with temperature was assumed. The only fitting parameter was the amplitude
Dmax of the d-wave gap function. The temperature evolution of the linewidths
resulting from the least-squares fitting procedure is in reasonable agreement
with the experimental data as shown in Fig. 18b,c, corresponding to gap 
amplitudes Dmax=(1.5±0.3)·T* and Dmax=(1.7±0.2)·T*, respectively. It should be
noticed that a similarly good agreement can be obtained by using a mixed
(s+d)-wave gap function, with s- and d-wave components of the order of 25%
and 75%, respectively. Nevertheless, the gap function has undoubtedly pre-
dominant d-wave character.

6
Conclusions and Outlook

We have shown that neutron spectroscopy is a powerful tool to determine 
unambiguously the CF potential in rare-earth based high-Tc superconducting
materials. This provides detailed information on the electronic ground state of
the R ions which is important to understand the observed coexistence between
superconductivity and long-range magnetic ordering of the R ion sublattice at
low temperatures. Moreover, the inhomogeneous decay of the antiferromag-
netic state of the parent compound as well as the inhomogeneous evolution of
the superconducting state upon doping can be directly and quantitatively mon-
itored, resulting in the onset of bulk superconductivity by a percolation mech-
anism. For underdoped systems, the origin of the inhomogeneities is believed
to lie in the small hole density which gives rise to a strong enhancement of
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phase fluctuations. A direct consequence of the phase fluctuations is the ap-
pearance of transitions or crossovers associated with the superconducting gap
and the pseudogap which may merge in the overdoped regime. These effects
were observed through studying the temperature dependence of the linewidth
of CF splittings, and the doping dependence of the pseudogap temperature T*
was quantitatively established [73] and found to be in good agreement with the
results obtained by ARPES experiments [74]. From the analysis of the temper-
ature dependence of the relaxation data there is strong evidence that the novel
electronic properties in terms of gapless arcs of the Fermi surface, experimen-
tally observed for underdoped Bi2Sr2CaCu2O8+d [72] in the pseudogap region, are
also present in the Y- and La-based high-temperature superconductors, thereby
being presumably a generic feature of all copper-oxide perovskites. Finally, the
pseudogap temperature T* is found to exhibit large shifts upon oxygen (and in
bilayer systems also copper) isotope substitution as well as pressure application.
The observed isotope- and pressure-induced shifts of T* can qualitatively be 
accounted for by considering a Jahn-Teller polaron-like mechanism [55]. The 
importance of phonons or lattice fluctuations for the pairing mechanism in high-
temperature superconducting materials was reinforced by the observation of
strong electron-phonon coupling effects in recent ARPES experiments per-
formed for La2–xSrxCuO4, Bi2Sr2CaCu2O8+d, and Pb-doped Bi2Sr2CuO6+d [75].

As mentioned above, experimental studies of the electronic structure and
the Fermi surface of high-Tc superconductors in the normal state provide key
information on the pseudogap issue. ARPES experiments are clearly the most
direct technique, but so far they have only been performed successfully for
Bi2Sr2CaCu2O8+d because of instrumental reasons. In order to achieve sufficient
energy resolution (of the order of 5 meV), photons with energies of the order
of 20 eV had to be used [69, 72, 74]. Such low-energy photons do not penetrate
into the bulk; thus essentially they probe the surface. This implies perfect 
conditions for the sample surface which so far could only be achieved for
Bi2Sr2CaCu2O8+d and not for the widely studied La2–xSrxCuO4 and YBa2Cu3Ox
compounds. In order to make ARPES experiments a truly bulk-sensitive probe
(and thereby to make it applicable to other high-Tc compounds due to the 
release of the stringent requirements concerning the sample surface), higher
photon energies (of the order of 100 eV) should be used which, however, have
detrimental consequences concerning the energy resolution (which can only 
be improved at the expense of intensity). Nevertheless, this problem will be
overcome by novel ARPES instruments which are presently being installed at
third-generation synchrotron sources; thus we may soon expect more detailed
information about the evolution and the nature of the pseudogap in a wide 
variety of high-Tc compounds.

The situation concerning the pseudogap in the electron-doped high-Tc com-
pounds is not clear at present. Only very recently information about the pseudo-
gap was reported on the basis of optical spectroscopy [76] and tunnelling [77]
experiments. Both techniques probe only the surface, thus bulk techniques are
needed to establish a reliable phase diagram of electron-doped high-Tc super-
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conductors as well as to find out whether it is generically similar or different
as compared to the hole-doped high-Tc compounds. Neutron crystal-field re-
laxation experiments are inherently bulk-sensitive and therefore ideally suited
to explore the pseudogap issue in the electron-doped high-Tc systems. Com-
pounds with the highest Tc are of the type R2–xCexCuO4+d (R=Pr, Nd, Sm). Su-
perconductivity is observed in a narrow doping range 0.11<x<0.18 [77] with
maximum Tc=24 K for x=0.15. The lowest-lying CEF excitations for R=Pr and
R=Nd have energies of the order of 20 meV [41–43], whose linewidths cannot
be measured with sufficient precision with today’s neutron spectrometers. Com-
pounds with heavy rare-earth elements usually have smaller CF energies. Un-
fortunately, electron-doped high-Tc compounds of type R2–xCexCuO4+d cannot
be synthesized for heavy rare earths, but they can be doped into this structure
[78] up to a concentration of about 10%. Recently, we have been able to observe
an intense CF transition at �w≈1.7 meV for Pr1.85Ce0.15CuO4+d doped with 10%
Ho; however, the transition showed the existence of side lines which did not 
allow a reliable determination of the linewidth [79]. These side lines are due to
Ho-Ho dimer splittings whose scattering can be considerably reduced for lower
Ho concentrations; thus investigations of a sample with a lower Ho content will
certainly shed light on the pseudogap issue in electron-doped high-Tc-com-
pounds.
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Abstract The basic principles of EPR in the high-Tc materials are presented with the accent
on the novel features of these compounds in comparison with the conventional metallic 
systems. An overview is given on the various results obtained in the past years with the 
emphasis on the analysis of the local properties. Among the issues discussed in the details
are the unusual normal state properties, the magnetic fluctuations, the phonon effects, stripe
phase and the nanoscale phase separation resulting from the interplay of the lattice distor-
tions with the strong electron correlations. The special attention is focused on their relevance
to the origin of the high-temperature superconductivity. The main conclusions followed
from EPR experiments in the cuprates are discussed. Some recent developments are ad-
dressed and compared to theoretical models.
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1
Introduction

1.1
The EPR of Conventional Superconductors (Historical Remarks)

The magnetic resonance as a method of study of superconducting materials
played an important role already at a very early stage of investigations of a 
conventional superconductivity. In particular, the nuclear magnetic resonance
(NMR) was used by Hebel and Slichter [1] to observe a sharp enhancement of
the nuclear spin relaxation rate just below the critical temperature Tc of the 
superconducting transition. It was one of the key experiments supporting the
BCS theory of superconductivity. It was realized that the nuclear spin relaxation
to conduction electrons becomes more effective due to the coherent factors
caused by the Cooper pairing and it is additionally enhanced by the high den-
sity of electron states appearing at the edge of the superconducting energy gap
near the Fermi surface. At the same time an evident and attractive idea to 
observe the spin resonance of superconducting electrons could not be very
helpful because of obvious reasons: a small intensity of the resonance signal
and its large linewidth. In the normal state this intensity is proportional to a
rather small Pauli spin susceptibility and it is greatly reduced in the supercon-
ducting state because of the singlet electron pairing. The linewidth of the res-
onance signal is determined usually by the spin-orbit scattering of conduction
electrons by impurities and other defects of the crystal lattice, which give a
large contribution even at their small concentration.

Electron paramagnetic resonance (EPR) has been shown to be an effective
method to study the conventional superconductors with paramagnetic impu-
rities. These materials attracted a considerable interest since the paramagnetic
impurities are responsible for an effective pair breaking mechanism in the 
conventional superconductors and because of the problem of a coexistence of
superconductivity and magnetism. The first EPR signal in the superconductor
was observed in the intermetallic compound La3In using the Gd3+ ion as a
probe [2] and then it was investigated in details in other similar compounds 
[3, 4] (see the review [5]). In accordance with expectations these experimental
results could be interpreted in a similar way to the NMR findings, since the
main interaction of Gd3+ impurity in metal at small concentrations is the
isotropic exchange coupling to the conduction electrons. Nevertheless the EPR
measurements on Er3+ ions in lanthanum quickly gave completely different 
results [6]. Instead of broadening, the EPR line appreciably and abruptly re-
duced just after transition to the superconducting state. One could conclude
that the EPR measurements can give information which could not be obtained
by the NMR method. It was found later that the broadening mechanism in this
case was different from expected one being determined by the anisotropic 
interactions between the Er3+ ions, and the EPR line was narrowed because of
a sufficient modification of the RKKI exchange interaction between the para-
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magnetic impurities via conduction electrons upon a transition to the super-
conducting state [7, 8]. This experiment also gave an impulse to understanding
that the superconducting state stimulates a collective motion of total magnetic
moments of the paramagnetic impurities and the conduction electrons (the bot-
tleneck regime) [9]. This topic was investigated later in great detail [10]. It is im-
portant to point out that the EPR linewidth in the deep bottlenecked regime in
metals with paramagnetic impurities is usually determined by the relaxation rate
of conduction electrons to the lattice, while the coupling between the paramag-
netic probe and the conduction electrons is hidden. It gives an effective method
to study spin kinetics of conduction electrons (see the review of Barnes [11]).

1.2
EPR Silence of the Bulk High-Tc Superconductors

The discovery of the high-Tc superconductivity by Bednorz and Müller [12]
created a great interest to the EPR study of doped layered cuprates and their
parent compounds. The main reason for that was a widely accepted opinion
that the basic superconducting events occur in CuO2 planes. The ion Cu2+ in
this plane of the parent compounds has an electronic configuration d9 with a
singlet orbital d(x2–y2) as a ground state. This type of ion is used as a probe in
many dielectric crystals and gives a very good EPR signal [13, 14]. Moreover,
the search for high-Tc superconductivity by Bednorz and Müller was guided 
by the Jahn-Teller polaron model, associated with the Cu2+ ion in the oxygen
octahedron. Additional interest in the EPR measurements was stimulated by
the NMR findings that there is no enhancement of the nuclear spin relaxation
rate in the high-Tc superconductors at the phase transition to the supercon-
ducting state. At the same time a weak isotope effect and other experiments 
created widespread belief that the mechanism of the Cooper pairing in cuprate
is not related to the electron-phonon interaction as in the conventional super-
conductors (see, for example, the book [15]). In particular, great attention was
paid to the role of the antiferromagnetic spin fluctuation in the CuO2 plane
caused by the huge isotropic exchange interactions between the Cu ions. It was
also quite natural to study the spin dynamics in this plane by the EPR method.
However, any attempt to observe the bulk EPR response of the Cu spin-system
was giving a negative result. The nature of the EPR silence of superconducting
cuprates and their parent compounds was a subject of intensive theoretical and
experimental investigations (see the review [16]). In particular, Chakravarty
and Orbach proposed that the EPR line in the undoped La2CuO4 is severely
broadened below room temperature by the anisotropic Dzyaloshinskii-
Moriya (DM) interactions [17]. They argued that the EPR could be observed 
at elevated temperatures, since the linewidth should be greatly narrowed by 
the fast spin fluctuations. Simon et al. [18] have extended the search of the EPR
signal in La2CuO4+d (0≤d≤0.12) up to 1150 K and no EPR signal had been 
observed. The nature of the EPR silence will be discussed later in connection
with a strong electron-phonon coupling.
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2
Basic Properties of High-Tc Compounds and the Types of EPR Spin-Probes

2.1
Specifics of Electronic and Structural Properties

In this section we give a brief overview of structural and basic electronic in-
formation on three typical HTSC which we will mostly discuss later (for the 
extended reviews see [19–23], for the earlier summaries of magnetic resonance
studies see [24, 25] (NMR) and [26] (EPR)). In La2–xSrxCuO4 (LSCO) all the
ranges of doping, from the antiferromagnetic (AF) phase to the metallic one,
passing through a spin-glass regime, can be obtained by replacing Sr2+ for La3+.
The superconducting (SC) phase has an optimally doped state, with the high-
est Tc, and underdoped and overdoped regimes. Below the certain temperature
dependent on Sr content phase transition from a high temperature tetragonal
(HTT) to a low temperature orthorombic (LTO) structure takes place (see the
phase diagram in Fig. 1). YBa2Cu3Oy (YBCO 123) has a phase diagram similar
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Fig. 1 Phase diagram for La2–xSrxCuO4 summarizing structural, magnetic, and transport
properties [32]. The narrow dashed line (dR/dT=0) separates the region of metallic linear 
resistance from that of logarithmically increasing resistance. The conductance in the Neel
state is strongly localized



to LSCO but an evolution from the AF phase to the optimally doped system,
obtained by changing the oxygen content, is not as easy to control and the over-
doped regime can hardly be reached. Finally YBa2Cu4O8 (YBCO 124) is char-
acterized by its thermal stability and precise stoichiometry. It is important that
HTSC are strongly second type and a magnetic field penetrates the bulk in the
form of Abrikosov vortices [27].

The typical structure of HTSC consists of the alternating stacks of elec-
tronically active metallic CuO2 layers and insulating layers playing the role of
charge reservoirs. Some structures are characterized by complex sequences in
which one can recognize a given number n of CuO2 layers. A possible classifi-
cation is based on the number n which also seems to control other properties.
For instance Tc increases with n until n=3 and then it decreases.

La2–xSrxCuO4 is a single-layer (n=1) compound, with a one-to-one intercala-
tion of a La2O2 block layer and a CuO2 sheet (Fig. 2). The amount of Sr corre-
sponds to the carrier concentration, namely the number of holes per CuO2 unit.
In La2CuO4 the Cu2+ spin moments are antiferromagnetically (AF) ordered 
below the Neel temperature TN~315 K. TN is strongly reduced by Sr doping, and
for x=0.02 the long-range magnetic order disappears at any temperature. The
conductivity increases as the copper ions become mixed valent while the holes
frustrate the AF ordering. In the Sr concentration range between the AF and 
SC phases one has a spin glass state (see the phase diagram in Fig. 1). Due to a 
cooperative Jahn-Teller structural transition the original CuO6 octahedra are
elongated along the c-axis and the Cu hole is localized on the d(x2–y2) orbital.
Bonding (filled) and antibonding (half-filled) orbitals are formed with the
O(2p) electrons. Correlation effects and on-site repulsion induce the AF insu-
lating state for La2CuO4, with a magnetic Cu2+ ion. The hole injected by charge
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Fig. 2 Crystal and magnetic structure of La2CuO4. The small arrows indicate the arrange-
ment of Cu spins in the Neel state. The elongated octahedron of oxygen ions is drawn for the
Cu at the body centre. The rotation of this octahedron gives rise to the orthorhombic phase
in which a and b are no longer equal



doping occupies a state which is a linear combination of oxygen 2p orbitals with
copper 3d orbitals.

One of the generic features of these compounds is phase separation on a mi-
croscopic scales which exists in a certain doping range [28–30]. The interaction
of the doped holes and the AF background together with the considerable 
lattice distortions are thought to be the important elements for the microscopic
mechanism of HTSC.

YBCO 123 has an oxygen-deficient perovskite structure with two crystallo-
graphically and chemically different copper sites, corresponding to the CuO2
planes (n=2) and CuO3 chains (Fig. 3). In analogy with LSCO, YBCO123 un-
dergoes a phase transition from a HTT to a LTT structure, which in this case is
controlled by the oxygen content. The magnetic and electrical properties of
YBa2Cu3O7–d as a function of oxygen content y=7–d result from the chemical
difference of the copper atoms and from the particular features of the structures.
For d>0.65 one has the AF parent compound, equivalent to La2CuO4, with TN
dropping fast with decreasing d. Superconductivity appears for d<0.65, with a
plateau with Tc~60 K for 0.25<d<0.5, while Tc is about 92 K for d<0.1 (this step-
like phase diagram may be interpreted in terms of oxygen ordering and cation
valence related to the oxygen coordination [31]). In terms of the number of holes
in the CuO2 plane, the phase diagram is similar to that of LSCO [32] (Fig. 1).

Nanoscale Properties of Superconducting Cuprates 211

Fig. 3 Crystal structure of YBCO 123 with the indication of CuO2 planes and oxygen chains.
The planar Cu sites are located in the centres of CuO5 pyramids



The structure of YBCO 124 is very similar to the one of YBCO 123, shown in
Fig. 3, with the difference that the single linear CuO3 chains are replaced by
double chains. This double-chain structure causes a particular stability of the
system and no structural phase transitions are observed at high temperatures.
Also the oxygen content does not change up to 1100 K and YBCO 124 has no
magnetic counterpart as YBCO 123. Tc ranges from 75 K to about 81 K de-
pending on the sample preparation.

2.2
Possible EPR Spin Probes

2.2.1
Spin Impurities Weakly Interacting with CuO2 Plane

The EPR is the powerful method for the investigation of the local properties of
high Tc materials. On the background of the bulk EPR silence, discussed above,
it enables one to obtain the important information about the symmetry, inter-
nal fields and the electron density in the vicinity of sites where the special spin
probe is inserted. It helps to study the imperfections of structure and the 
different substitution effects. One should mention that, since the sensitivity of
the EPR is six orders of magnitude higher than that of NMR, it is most suitable
for the elucidation of subtle phenomena taking place in the key structural frag-
ments of the superconducting compounds – CuO2 planes.

Similar to the conventional superconductors the high-Tc superconducting
materials and their parent compounds can be investigated by the EPR method
using as a probe the paramagnetic impurities.Analysing the EPR data one has
to bear in mind that it is highly dependent on the type of the spin probe we are
dealing with. One has to distinguish different types of these probes depending
on the strength of their coupling to the strongly correlated spin-system of the
CuO2 plane.

The weak coupling limit is often realized when the spin probe substitutes the
rare earth site in the structure. The most popular spin probes of this sort are
Gd3+ ions diluted in high-Tc compounds. Gd3+ ions (SGd=7/2, L=0) interact
weakly with the surrounding electrons with spin Si. For any hole doping level
the Gd3+ ESR is well described by the simplified Hamiltonian

1
H = gGdmB

t

SGd t

H + D{(Sz
Gd)2 – 3 SGd (SGd + 1)} + ∑ Ja Sa

Gd Si
a . (1)

3 a

The corresponding spectrum consists of seven lines, corresponding to the fine
structure split in the crystalline electric filed of the tetragonal symmetry. Usu-
ally the EPR data are consistent with an isotropic g-factor of gGd≈1.99 which is
independent of hole doping and of temperature. The typical value of the fine
splitting constant D~1–3 kOe.

The influence of spins Si on the Gd spin probe may be considered in terms
of internal (“hyperfine”) magnetic field H=JSi/gGdmB. For the rare earth site in
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case of LSCO compound such a field is induced by two contributions: by the
four adjacent Cu spins and by the Cu atom beneath La site along the c-axis. The
typical value of this field is ~1 kOe. For the YBCO compound the internal field
in the RE position is induced by eight adjacent Cu spins (from the neighbour-
ing CuO2 planes) and depends on the orientation of the corresponding magnetic
structures. The typical value of the internal field is several kOe.

In the case of a weak coupling the EPR measurements are generally similar
to the NMR information apart from an important difference regarding time
scale: the EPR frequency is three orders higher than the NMR frequency. The
last factor also ensures the high sensitivity of EPR: it is six orders of magnitude
higher than that of NMR.

2.2.2
Spin Impurities Strongly Interacting with CuO2 Plane

The strong coupling of the EPR spin probe takes place when this probe is in-
serted in the CuO2 plane. Usually such a spin probe substitutes the Cu ion. Its
interaction with the neighbouring Cu ions is very strong (depending on the
value of the local Cu moments the effective magnetic fields are of order 100 kOe
and even more). Moreover this interaction is highly sensitive to the AF fluctu-
ations in the CuO2 plane and the corresponding form-factor is enhanced at 
the AF wave vector QAF=(p/a;p/a), where a is the lattice constant. The typical 
example of such a spin probe is Mn2+ doped in the CuO2 plane. Note, that for
the case of the strong coupling the EPR information is sufficiently different
from that provided by NMR giving an opportunity to study the coupling of the
CuO2 magnetization to other degrees of freedom.

2.2.3
Intrinsic EPR Centres

It is very interesting that in such strongly correlated systems as cuprates the 
nature provides us with the intrinsic spin probes. We mean here the appear-
ance of the localized spin states with the Kramers symmetry, which give rise
to the EPR signal (of course we do not consider here the cases of simple im-
perfections of a structure and different admixtures). In this case the main 
interest is connected more with the topological nature of such states, rather
than with usage of them as a simple spin probe. The examples of such in-
trinsic EPR centres are:

1. Magnetic moments created upon nonmagnetic zinc doping of the HTSC,
when the Zn ion due to the strong correlations induces the local magnetic
moment at the adjacent Cu sites.

2. Local moments in the CuO2 planes induced by the Sr doping of LSCO.
3. Localized magnetic moments appearing at the ends of the strongly corre-

lated chains in YBCO 123 compounds.
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3
Basic Equations for the EPR of Strongly Correlated Systems

3.1
EPR of Undoped CuO2 Planes

To give a general idea for the spin relaxation description we consider at first the
basic equations for the EPR of a strongly correlated Cu spin system in the CuO2
plane, although this signal was never observed (the EPR silence was mentioned
above). The Hamiltonian of the Cu spin-system can be written in the following
form:

J0HCu = mB ∑ Hgs ss i + 4 ∑ ss i ss j + Hint . (2)
i 2 �ij�

The first term is the Zeeman energy of the Cu ions with the gyromagnetic 
tensor gs in an external magnetic field H, ss i is the spin operator (do not con-
fuse with the Pauli operator, which differs by a factor of 2), mB is the Bohr mag-
neton. The second contribution is the very strong isotropic exchange coupling
(with a constant J0=1580 K) between the Cu ions, a symbol �ij� means the sum
over the nearest Cu ions in the plane. Hint represents all interactions of the Cu
ions, which do not conserve their total spin ss0 = ∑iss i: anisotropic spin-spin
and hyperfine interactions, spin-lattice coupling and others. Because of the very
strong isotropic exchange coupling between the Cu ions one should expect a
single EPR line. A standard way to describe the EPR signal of such a system is
the formalism developed by Anderson and Weiss [33] and Kubo and Tomita
[34]. If the z-axis is directed along the external magnetic field, the transverse
spin relaxation rate GsL to the other degrees of freedom (“lattice”) can be writ-
ten in the form 

1 + •

GsL(w) = 3 ∫ d(t – t¢) exp[iw(t – t¢)] KsL(t – t¢) (3)
2 – •

with the correlation function KsL(t–t¢) for the Cartesian spin components of the
total spin s 0

+– = s0
x +– is0

y

�[s0
–, Hint]t [s0

+, Hint]t¢�KsL (t – t¢) = – 9999 . (4)
�2 �s0

– s0
+�

Here […]t exp(iH0t)=[…] exp(–iH0t) is the Heisenberg representation with the
Hamiltonian H0=HCu–Hint; the anisotropy of gs -factor is neglected and the Cu
Larmor frequency ws=gsmBH/�. The symbol �…� means here an averaging with
a statistical operator: �A�=SpÇ0A with Ç0=exp(–H0/kBT)/Spexp(–H0/kBT). In the
case of the Lorenz shape of the EPR line, what should be expected for the
strongly correlated systems GsL(ws) defines a half-width at the half-height of
the resonant line: DH=�GsL(ws)/gsmB. The multi-spin correlation function Ks(t)
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can be calculated by the moments method or using a decoupling procedure. In
the first case it is useful to notice that at t=t¢ Eq. (4) corresponds to the second
moment Ks(0)=M2 of the EPR line. For the strongly correlated system KsL (t)
decays very fast describing in the paramagnetic phase strong local spin fluc-
tuations caused by the exchange interactions.An assumption of a Gaussian dis-
tribution of fluctuations reduces the task of the EPR linewidth to calculations
of the two parameters M2 and an exchange frequency wex:

KsL (t – t¢) = M2 exp[–pw2
ex (t – t¢)2/4]

(5)
2       ∂2

w2
ex = 78 KsL (t – t¢)� .

pM2 ∂t∂t¢                    t=t¢

In principle both values M2 and wex are temperature dependent. In the high-
temperature limit the linewidth can be found by standard calculations of the
second and fourth moments of the EPR line. An example of the decoupling
method for KsL (t) will be given in the next section.

3.2
EPR of a Weakly Coupled Paramagnetic Impurity

Now we consider the EPR response of a single paramagnetic impurity weakly
coupled to the strongly correlated spin-system of the CuO2 plane. It can be 
represented by the Hamiltonian

Himp = gsmBHS + Jss ∑ Sss i + Hstr + HsL (6)
i

The first term is the Zeeman energy of the impurity with the gyromagnetic 
factor gs in an external magnetic field H, S is the spin operator. The second 
contribution is the isotropic exchange coupling (with a constant Jss) of the im-
purity to the nearest Cu ions. Hstr represents the fine and hyperfine structure
of the spin energy levels, HsL is the coupling of the impurity to the lattice, in 
particular to phonons. In the case of an unresolved EPR spectra the transverse
spin relaxation rate will be determined by Eqs. (3) and (4) with a substitution
sÆS, where the role of Hint will play the all last three interactions in Eq. (6). It
will be useful for the following discussion to consider in some details the con-
tribution to the relaxation rate from the coupling of the impurity to the Cu
spin-system. In this case the four-spins correlation function of the type (Eq. 4) 
Kss(t) can be decoupled in a product of the pair spin correlation functions for
the impurity and the Cu ions. Using then the fluctuation-dissipation theorem
and a high temperature approximation kBT��w, the relaxation rate Gss can be
reduced to the expression [35]

Jss   
2   kBT                 cs

�� (q, w – ws)     cs
^ (q, w)

Gss (w) = �5� 7 ∑ F2
q Im�994 + 96� . (7)

�     N   q w – ws w
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Here cs
�� (^) (q, w) is the longitudinal (transverse) dynamical spin suscepti-

bility of the Cu spin system, N is the number of Cu ions in the CuO2 plane, q
is the two-dimensional wave vector, ws is the impurity resonance frequency.
One can easily recognize a sufficient similarity of Eq. (7) to the well known
nuclear spin relaxation rate 1/T1 in cuprates. The main difference is an ap-
pearance of the constant Jss instead of the hyperfine coupling constant A.
The form factor Fq accounts for the positions of the magnetic moments in 
the lattice. It plays the crucial role in filtering of magnetic fluctuations 
driving the spin relaxation responsible for the EPR line width of the spin
probe.

One should mention again that the relaxation rate Gss taken at w=ws deter-
mines the homogeneous contribution to the EPR linewidth, which may be 
written as Gss/gs with gs being the probe gyromagnetic ratio gs=gsmB/�.

The main condition of a weakness of the impurity coupling to the Cu spin-
system is the relation

Gss � GsL , (8)

where GsL is the relaxation rate of the Cu magnetization to the lattice, which can
be represented by phonons, spin fluctuations with q≠0, and so on. In this case
the g-factor of the impurity experiences the Knight shift, given by

Dgs zJss
15 = lcs

0 , l = 97 . (9)
gs gs gs (mB)2

Here cs
0 is the bare static Cu spin susceptibility of the plane per the Cu ion, z is

a number of the nearest to the impurity Cu ions. As a typical weakly coupled
paramagnetic impurity is used the Gd3+ ion, with the dominant relaxation
channels dependent on the magnetic lattice structure.

Let us consider first the YBCO compounds, where Gd3+ impurity substi-
tutes Y positions. In this case Fq is determined by the eight neighboring Cu
moments from two adjacent CuO2 planes. Neglecting the dipolar interaction,
one has

qxa            qya           qzcFq = 8 cos �6� cos �6� cos �6� (10)
2               2              2

For the wave vectors in the vicinity of (p/a,p/a) the form-factor tends to zero,
making the Gd linewidth insensitive to AF fluctuations (we neglect the differ-
ence of the lattice constants in a CuO2 plane, c being the interplane spacing).
The dominant contribution in this case originates from the vicinity of q=0, that
is from the homogeneous susceptibility.

For Gd3+ substituting the La ion in LSCO compounds the situation is more
complicated. Four adjacent Cu ions give the form factor which is one half of that
for YBCO, but there exists also an important additional contribution from the
Cu site beneath the rare earth site along the c-axis. The coupling of this Cu mo-
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ment with a spin probe proceeds via the apical oxygen of the CuO6 octahedron.
Due to significant contribution of the dipolar field term it is difficult to obtain
transparent explicit expression for the form-factor [25]. All that we need for
further analysis is that Fq has maxima at q=0 and at the border of the Brillouine
zone. Therefore in addition to the influence of the homogeneous fluctuations
with q=0 there exists an important relaxation channel governed by the AF 
fluctuations with the wave vectors in the vicinity of (p/a,p/a).

If the spin probe, for example Mn ion, substitutes the Cu ion, the corre-
sponding form-factor is given by

Fq = 2(cos qxa + cos qya ) (11)

but in this case the relaxation picture cannot be described solely by Eq. (7),
since the condition of weak coupling Eq. (8) is violated due to extremely strong
coupling of Mn ion to the Cu spin-system in the CuO2 plane.

3.3
EPR of a Strongly Coupled Paramagnetic Impurity

In contrast to the Eq. (8) case a collective motion of magnetic moments of the
impurities and Cu ions can appear, creating the so-called bottleneck regime.A
more precise a relaxation dominated bottleneck condition is the following (see
Fig. 4):

Gss + Gss � |GsL – GsL + i(ws – ws)| . (12)

Between the relaxation rates from the impurities to the Cu spins and back ex-
ists a ‘detailed balance’ relationship:

cs
0Gss gs

2 = cs
0 Gss gs

2 . (13)

Here cs
0 is the bare susceptibility of paramagnetic impurities with a concen-

tration c related to the number of the Cu ions:

S(S + 1)
cs

0 = cN(gs mB)2 95 . (14)
3kBT
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Fig. 4 A block-scheme of the relaxation rates between the magnetic moments of probes (S)
and Cu ions in the CuO2 plane (s) and the lattice



In the bottleneck regime the effective relaxation rate is controlled mainly by 
the relaxation rates of the impurities and Cu ions to the lattice weighted by the
corresponding static spin susceptibilities:

cs
0GsL + cs

0 GsL �(Dw)2�
Geff = 995 + 94 . (15)

cs + cs Gss

The last term takes into account a partial opening of the bottleneck, �(Dw)2� is
the mean square of the local fields distribution at the impurity sites, cs (s) is the
renormalized spin susceptibility of the impurities (Cu ions),

1 + lcs
0

(s)cs (s) = cs
0

(s) 99 (16)
1 – l2cs

0cs
0

The effective g-factor and intensity of the collective EPR signal are

gs cs + gs csgeff = 992 , Ieff µ cs + cs . (17)
cs + cs

It is worth pointing out that in a deep bottleneck regime the strong coupling be-
tween two subsystems Gss disappears from the effective relaxation rate (Eq. 15),
since the last term can be neglected. This is a consequence of a commutation
of the total spin of the two subsystems with the isotropic exchange coupling 
between them.

Usually the paramagnetic probe is chosen in such a way that its spin-lattice
relaxation GsL can be neglected in Eq. (15) and, also, cs�cs. Then in the deep
bottleneck regime the EPR linewidth is controlled mainly by the sufficiently 
reduced relaxation rate of the Cu magnetic moment to the lattice Geff ≈(cs/cs)
GsL, while the EPR intensity is defined by the paramagnetic probe susceptibil-
ity Ieff µcs. It gives an opportunity to measure GsL, although the EPR signal of
Cu ions is not observable. A clear proof of the bottleneck regime in LSCO was
given in [35] using the Mn2+ probe (see below). This method was used to study
the nature of the Cu magnetic moment relaxation and the mentioned above the
EPR silence problem.

4
Superconducting vs Normal Properties of Cuprates

4.1
EPR of Gd3+ in LSCO

The properties of the high Tc materials are in a close connection with the 
behaviour of the magnetic fluctuations [22, 27]. The latter determine the mag-
netic susceptibility and manifest themselves in such parameters of EPR from the

218 B. I. Kochelaev · G. B. Teitel’baum



different spin probes, as position, width and intensity of the signal. The behav-
iour of a susceptibility and hence of a resonance line is highly sensitive to the
density of holes in the CuO2 planes. Depending on doping, the charge carriers
in such strongly correlated electron systems reveal both the itinerant and the 
localized properties. In the underdoped systems a pseudogap [36] which opens
at the temperatures considerably above Tc reduces the susceptibility upon cool-
ing, whereas for the overdoped systems the susceptibility exhibits the metallic
like behaviour. The search of the correlation between the properties of the 
normal and superconducting states still remains one of the most important
problems for the HTSC field.

In this section we address the results of EPR investigations [37] of the mag-
netic fluctuations and their link to the electron and superconducting properties
of the LSCO ceramics doped by small amount of gadolinium, which served as a
spin probe. The observation that the Gd3+ ions show linear with temperature Ko-
rringa-like behavior of their spin relaxation [38, 39] shows that, although being
quite away from copper-oxide planes, they still probe some density of states at
these key elements of structure, which are responsible for superconductivity.
Similar behaviour of the Gd3+ EPR signal was already revealed in YBCO at the
very beginning of the EPR study of HTSC [98, 99]; see below.

The EPR measurements of the powder samples of the La1.99–xSrxGd0.01CuO4
for different values of Sr doping x ranging from 0.08 up to 0.35 were performed
using a standard X-band spectrometer in a wide temperature range [37]. The
additional characterization of the samples under investigation included X-ray,
resistivity, a.c. susceptibility measurements. The EPR response measured at a
frequency of 9.3 GHz. was observed for all studied samples.A typical EPR spec-
trum is shown in Fig. 5. Its overall width is about 7 kG and the most resolved
components are centred between 2 and 3 kG.
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Fig. 5 Experimental and computer simulated Gd3+ EPR line for the La1.99–xSrxGd0.01CuO4

compound [37]



The width of every component of the spectrum was both a function of tem-
perature and of strontium content. As a consequence of partial overlapping of
the components of the spectrum with the temperature it was possible to follow
the peak-to-peak linewidth DH over the entire temperature range for the only
component marked at Fig. 5. Typical plots of DH vs T for La1.99–xSrxGd0.01CuO4
samples with different Sr content are presented in Fig. 6. For all samples stud-
ied there is a certain interval where DH obeys the linear law (the corresponding
linear fits to the Korringa-like law DH=(1/g)(a+bT) are shown in Fig. 6; g=gmB/�
is the electron gyromagnetic ratio).

At the same time it was found that for the underdoped samples x≤0.15 the
linewidths deviate from the straight line at low temperatures, while for the over-
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Fig. 6 The temperature dependence of the Gd3+ EPR linewidth for the La1.99–xSrxGd0.01CuO4

for different Sr content x [37]



doped samples, in contrast, the observed DH saturates in a high-temperature
limit [37]. (The x dependent broadening of DH for the lower temperatures,
which is attributed to the influence of the magnetic fluctuations of the Cu 
moments will be discussed further later).

The observed EPR signal is due to the resonance of Gd3+ ions and its struc-
ture corresponds to the fine structure splitting of their ground state in the 
crystalline electric field (CEF) of a lattice. The typical shape of the resonance
line indicates that the fine splitting is comparable with the Zeeman energy.
Therefore for the reliable evaluation of the spectra one has to make the appro-
priate simulation of the Gd3+ EPR powder spectrum.As a result it was possible
to reproduce the positions of the lines and their relative intensities, taking the
fine structure constant D=0.28 cm–1 (±10%). Note that this value is larger than
0.14 cm–1, estimated for the YBCO compound [40, 41]. The linear Korringa law
DH=(1/g)(a+bT) was used in the simulations with the parameter b being pro-
portional to the integral intensity of a corresponding component (the simula-
tion revealed that saturation of DH(T) at high temperature for the compound
with the Sr content x=0.35, which is visible in Fig. 6, being just a spurious 
effect of interference of the neighbouring components of spectra).

To analyse the high temperature part of their experimental data the authors
of [37] used the approach of Barnes [11], who obtained the following expres-
sion for the Korringa slope parameter b for every component of a fine-splitted
spectrum of a spin-probe:

b = 4pM2kB [N(EF) Jsf]2 (18)

with M2=S(S+1)–Sz(Sz+1). Here M is the matrix element which connects a 
state |Sz� of a Gd3+ local moment with |Sz–1� state, N(EF) is the density of states
at the Fermi level, Jsf is the exchange integral between local spins and con-
duction electrons (from the comparison of the EPR and heat capacity data it
follows that Jsf~2.5 meV [39]). The factor M2, determining the probability of a
corresponding transition, describes the Barnes-Plefka [11] enhancement of the
relaxation with respect to the standard Korringa rate in the absence of a fine
structure. Such an enhancement occurs in exchange-coupled crystal field split
systems where the g factors of localized and itinerant electrons are approxi-
mately equal but the relaxation of conduction electrons towards the “lattice’’
is strong enough to inhibit bottleneck effects. To obtain Eq. (18) from Eq. (7)
one has to assume that at high enough temperatures the main contribution to
the integration over q originates from the homogeneous transversal fluctua-
tions with the form factor Fq fixed at q=0. Then using the approximation of
noninteracting quasiparticles, which makes it possible to get [42]

1
4 ∑ Im[cs

^ (q, w)] = pN2(EF) �w , (19)
N   q

one comes to Eq. (18) with Jsf=2Jss in accordance with the Fq=0 determined
above for Gd3+ in the LSCO compound.
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4.2
Experimental Relationship Between Tc and the Normal Density of States

On the basis of the above consideration it was possible to investigate the be-
haviour of the normal density N(EF) of charge carriers in the metal oxide. The
observed change of the slope b of the DH(T) curves upon variation of the stron-
tium concentration x means that the density of states at the Fermi level is also
a function of x, since according to Eq. (18) N(EF) is proportional to the square
root of b (Fig. 7). All data except the points near x=0.12 can be very well fitted
by nearly square root law b1/2=2.89(x–0.006)0.49 over the entire range of Sr con-
centration.

One of the crucial important problems for the HTSC field still remains the
search of the correlation between the parameters which determine their normal
and superconducting states [43, 44]. In this respect it was very interesting to
study the correspondence of the density of states at the Fermi level N(EF) both
to the concentration of carriers n and the critical temperature Tc. The critical
temperatures of the whole set of studied La1.99–xSrxGd0.01CuO4 [37] obeyed the
well-known [45] dome shape dependence on Sr content (see Fig. 42). In order
to find out how the critical temperature scales with the density of states, the log-
arithm of Tc for the powder samples studied by EPR was plotted vs the inverse
square root of the slope b. As can be seen from Fig. 8, all experimental points
(except the two ones corresponding to x=0.25 and 0.28) are located near the
straight line, and therefore it is possible to conclude that for underdoped sam-
ples of the investigated compound a universal empirical relationship, which
connects Tc with N(EF), holds on

d[ln(Tc)]/d[1/N(EF)] = const . (20)

222 B. I. Kochelaev · G. B. Teitel’baum

Fig. 7 Square root of the Korringa slope b=d(DH)/dt as a function of the Sr content in the
samples [37]. The solid line represents a best fit



The integration of this simple relation leads one to the following expression
for the critical temperature:

Tc = a exp(–1/bb1/2) (21)

where a and b are the fitting parameters, which were estimated as 51.9 and
0.5 correspondingly. Comparing this result with the well known BCS-like 
expression for the critical temperature Tc=Wexp(–1/l) (here l=VN(EF) is the
effective coupling constant, V is the pairing potential, and W is the charac-
teristic frequency), one can estimate from the experimental data plotted in
Fig. 8 the effective coupling constant l. For the underdoped samples it in-
creases with x from approximately 0.8 to 2, thus giving the evidence that for
the compound under investigation one deals with the rather strong coupling.
However, the subsequent decrease of l observed for the overdoped samples
gives reasons to believe, that either the coupling constant becomes a nonlin-
ear function of N(EF), due to the change of the strength of interaction itself,
or there appears another type of interaction which reduces l in the overdoped
region. Note that, in this respect, there exists an observation that the charge
carriers character changes from the O(2p) holes to the Cu(3d) type in the over-
doped region [46].

All these features give an evidence that the superconducting transition is 
a result of a nontrivial interplay between the different degrees of freedom of
electron, phonon and spin nature.

The similar EPR measurements were also performed [47] for the series of
La2–xBaxCuO4 compounds doped by Gd ions. The dependence of the high tem-
perature Korringa slopes vs x was similar to that discussed above (except in the
vicinity of 1/8 doping) whereas the low temperature upturns of the linewidths
were much more pronounced.
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Fig. 8 The dependence of Tc on the inverse square root of the Korringa slope b=d(DH)/dt [37]



One should also mention here the EPR measurements of Er3+ added to the
over-doped La2–xSrxCuO4 [48] where it was found that satisfactory fitting of
the temperature dependence of the relaxation rate of Er3+ requires a nonzero
Korringa term which increases with the level of Sr doping.

4.3
Interplay Between Magnetic Properties and Superconductivity in YBCO

The important results were obtained with help of high field EPR of Gd ions,
doped in YBCO, which was investigated at frequencies up to 235 GHz [49]. In
these experiments it was possible to study the shift of the resonance frequency
which is proportional to the magnetic susceptibility at the Gd site. It was found
that the observed Knight shift of EPR frequency and the spin relaxation rate are
proportional to the nuclear Knight shift of 89Y and its nuclear relaxation rate,
observed in [50] for a whole temperature range. The data obtained for the EPR
shift being substituted in the expression for the relaxation rate enable one to
obtain the reasonable estimation of relaxation rate for YBCO without usage of
density of states obtained by other methods.

The longitudinal Gd shift for all oxygen content y is in excellent agreement
with 89Y Knight shift data [50] at temperatures above 80 K where data for both
set of experiments are available (Fig. 9). The decrease of shift (susceptibility)
upon cooling starting at temperatures higher than Tc corresponds to the pseudo-
gap opening, typical for the underdoped compounds. It was found [51], that the
effective coupling of Gd spins with the CuO2 electronic states is by one order of
magnitude stronger than that for the Y nuclear spins. This is especially advan-
tageous at low temperatures when the long NMR spin relaxation rates and small
shifts make precise 89Y shift measurements difficult or impossible. Note, that Gd
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Fig. 9 Comparison of Gd3+ EPR and 89Y NMR Knight shifts of YBa2Cu3Oy [50]. ESR: y=6.76.
NMR: y=6.75. The best fit yields a “hyperfine’’ coupling constant ratio GdA/89A=10.5



ESR data [51] are the most precise determination of c(T) in YBa2Cu3O7.0 below
Tc to date. It was shown (see Fig. 10) that below Tc it initially falls faster than 
the Yoshida function, expected for the isotropic s-wave superconductor, and is
not as flat below Tc/2. Together with the later observation of the linear T de-
pendence [51] this gives in an opinion of authors an additional evidence in
favour of d-wave singlet pairing (note, however, that there still exists a certain
controversy between the data on the pairing symmetry obtained by different
methods; see later).

For H^c the resonance for the superconducting state of underdoped samples
has an anomalous shape at low temperatures: it consists of a narrow peak
(Fig. 11 displays the shift of the narrow component) and a tail towards higher
fields. The anomaly is evident at the intermediate concentrations, y=6.53 and
6.76 below 40 K, where for H^c the line is split into two components. One line
appears near the resonance field of the y=6.76 compound with H^c while the
resonance field for the other is lower by 7.5 mT.A most important observation
is that this splitting was unchanged upon variation of frequency from 245 GHz
(8.8 T) to 296 GHz (10.6 T) at 22 K and was also observed at 158 GHz. The au-
thors [50] suggest that this anomaly may be caused by a small magnetic moment
on the Cu planes which orders magnetically below 40 K, but further experiments
are needed to verify this hypothesis which may be in a close relevance to the
phase separation issue (see later).

Thus Gd3+ EPR appeared to be a powerful technique for exploring the mi-
croscopic local properties of high-Tc oxides. It is complementary to 89Y NMR in
that it is more suitable for the superconducting state. The observed anomalous
splitting of the line for H^c indicates that new ideas are required to understand
the local field at the Y site at low temperatures. In addition to such traditional
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Fig. 10 Gd3+ EPR Knight shift proportional to the conduction electron spin susceptibility,
c(T) of YBa2Cu3O7.0 (squares) [50]. The open circles show Gd shift corrected for diamagnetic
shifts



methods as specific heat, susceptibility or photoelectron spectroscopy (see for
example review [36] and the reference therein) the EPR measurements of the
spin probes offer the opportunity to study the variation of N(EF) via the ob-
servation of the temperature dependence of their spin relaxation rate and of the
Knight shift.

5
Electron Spin-Lattice Relaxation

5.1
Bottleneck Regime in Cuprates

The first direct observation of the coherent motion of the transverse magnetic
moment of the CuO2 plane together with the total transverse magnetic moment
of impurities was performed in the case of the Mn2+ ions substituting the Cu2+

ions in La2–xSrxCuO4 [35]. This magnetic probe was chosen for the following
reasons. An electron configuration of the Mn2+ ion is 3d5 with a ground state
L=0 and S=5/2. In this case a modulation of the spin-orbit interaction by the
lattice vibrations is frozen, resulting in a small spin-lattice relaxation rate GsL.
At the same time the exchange coupling between the Mn and Cu ions Jss is of
the same nature as for the Cu-Cu coupling J0 and expected to be not too much
smaller. If one takes the Mn-Cu exchange constant Jss=500 K, one can roughly
estimate an expected relaxation rate from Mn to the Cu spin-system, having 
in mind that it is isomorphic to the nuclear spin relaxation rate; see Eq. (7).
The ratio of electron and nuclear relaxation rates is approximately equal to
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Fig. 11 Gd3+ EPR spectra of YBa2Cu3Oy at 245 GHz and 20 K for various values of y [50]. Note
the line splitting for H^c and y=6.76 and 6.53



GssT1≈(Jss/A)2. Therefore the desired estimation can be made using an exper-
imental value of the 63Cu nuclear relaxation rate. If we take the hyperfine 
coupling constant A=100 kOe and 1/T1=2700 s–1 (which is doping and temper-
ature-independent at high temperatures [52]), we obtain Gss≈1013 s–1. This value
is sufficiently larger than the resonance frequency and therefore the EPR signal
of the Mn ion should not be observed. Nevertheless an intensive single EPR line
with a Lorenz shape was detected in the samples with Mn concentrations y=0.01,
0.02, 0.03, 0.06 and for Sr doping level x=0, 0.1, 0.2, 0.3 [35] (see Fig. 12). The 
measurements were performed using a standard Varian E-line spectrometer at
the frequency 9.3 GHz in the temperature range Tc<T≤300 K. Figure 13 displays
the temperature dependence of the EPR linewidth in La1.8Sr0.2CuO4 with differ-
ent Mn concentrations. With decreasing temperature the linewidth decreases,
passes through a minimum at Tmin and increases on further cooling.

An existence of the EPR signal indicates that the conditions for the bottleneck
regime (Eq. 12) as well as cs�cs are satisfied, making it possible to observe the
collective EPR response with a reduced linewidth. Besides the enormous value
of Gss and the smallness of GsL, these conditions for a bottleneck regime are also
provided by the small difference of the Mn and Cu g-factors (gs – gs)/gs≈0.1. One
can conclude that a deep bottleneck regime is realized at temperatures T>Tmin.
In this temperature range the linewidth is inversely proportional to the Mn con-
centration in accord with the discussion of the first term in Eq. (15). Therefore
the linewidth is determined in this region by the relaxation rate GsL of the Cu
magnetic moment to the lattice. However, at low temperatures T<Tmin the Mn
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Fig. 12 A typical fit of powder spectrum of Mn2+ EPR in La1.8Sr0.2Cu0.98Mn0.02O4+d (circles)
on the assumption of Lorentzian line shape (solid line) [35]
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Fig. 13 Temperature dependence of Mn2+ EPR linewidth in La1.8Sr0.2Cu1–yMnyO4+d with
y=0.01, 0.02, 0.03, and 0.06 [35]

Fig. 14 Temperature dependence of the total reciprocal magnetic susceptibility for La1.8Sr0.2-
Cu1–yMnyO4+d with y=0.01, 0.02, 0.03, and 0.06 [35]. The measurements were performed at
constant field H0=3.3 kG



concentration dependence of the linewidth is changed becoming proportional
to y instead of the inverse proportionality, what can indicate a partial opening
of the bottleneck. This conclusion can be made on the basis of a well known 
behaviour of the nuclear relaxation rate at low temperatures for the Sr doped
samples: 1/T1Æ0 with decreasing temperature to zero. The same behaviour
should be expected for Gss, which can break the condition at Eq. (9) at low enough
temperatures. It means that the second term in Eq. (12) for the Geff becomes 
important at T<Tmin. Since the EPR linewidth at these temperatures becomes
roughly proportional to the Mn concentration, the authors of [35] made a 
proposal that the mean square of the local fields distribution �(Dw)2� is likely
to be due to the Mn-Mn interactions.

Measurements of the static magnetic susceptibility of the same samples 
confirm an expectation that the main contribution comes from the Mn impuri-
ties. The temperature dependence of the reciprocal magnetic susceptibility of
La1.8Sr0.2CuO4 with Mn concentrations y=0.01, 0.02, 0.03, 0.06 is shown in Fig. 14.
One can see that the spin susceptibility is proportional to the Mn concentration,
and only at low temperatures there is a slight deviation from the Curie-Weiss 
behaviour. The EPR intensity agrees very well with these measurements as it 
expected for a bottleneck regime.

5.2
Electron Spin Relaxation Caused by the Lattice Motion

5.2.1
Transverse Spin-Lattice Relaxation in the CuO2 Plane

The key experiments, which threw light on the nature of the electron spin-lat-
tice relaxation in the CuO2 plane, were performed by Shengelaya et al. [53, 106].
They used an advantage of the bottleneck regime in La2–xSrxCuO4 activated by
2% (y=0.02) Mn2+ ions to look for a possible oxygen isotope effect of the Cu spin
dynamics. They observed a large effect on the EPR linewidth in the underdoped
samples, see Fig. 15. The isotope effect decreases with Sr doping and practically
disappears in the overdoped region. The temperature dependence of the line-
width for the both isotopes displayed in Fig. 16 is very similar to the observed
one earlier; compare Fig. 13. One can see that the isotope effect disappears at
high temperatures.

The isotope effect indicates an important role of the lattice motion in the 
relaxation of the Cu magnetization. The authors proposed that an interaction
between the Cu2+ ion and the lattice vibrations in general is the same as in 
insulators, i.e. due to the modulation of the crystal electric field by the lattice
distortions and the spin-orbit coupling of the Cu ions. This mechanism is typ-
ical for a dielectric crystal and gives usually a rather slow spin-lattice relaxation,
since the Kramers doublet is not sensitive to the electric field because of its
time reversal symmetry properties. Nonvanishing matrix elements of the spin-
lattice coupling usually appear due only to the external magnetic field, which
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Fig. 15 EPR signal of 16O and 18O samples of La1.94Sr0.06Cu1.98Mn0.02O4 measured at T=50 K
under identical experimental conditions [106]

Fig. 16 Temperature dependence of the peak-to-peak EPR line-width Hpp for I6O and I8O
samples of La1.94Sr0.06Cu1.98Mn0.02O4 [53]

gives an additional very small factor (gmBH/D0) where D0 is the crystal field
splitting between the ground and the excited orbital states. In the case of the
CuO2 plane the eigenstates of the Cu spin-system are defined mainly by the very
large isotropic Cu-Cu exchange interactions instead of the Zeeman interaction.
Roughly speaking, the role of the magnetic field splitting will play the Cu-Cu
exchange coupling J0~1500 K. It should greatly enhance the spin-lattice relax-
ation rate [54]. Moreover, there is an additional reason for such enhancement
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related to a strong anharmonicity of the involved normal modes of the oxygen
octahedron. It turns out that the spin-lattice interaction in the Cu orbital
ground state d(x2–y2) involves only the Q4 and Q5 modes related to the tilts of
the octahedron z axis and pure rotations of the octahedra shown in Fig. 36.
These modes are strongly anharmonic being responsible for a structural phase
transition from a high-temperature tetragonal (HTT) to a low-temperature 
orthorhombic and tetragonal (LTO, LTT) phase. As a result, besides vibrations
near the minima of a potential energy V(Q4,Q5), there is quantum tunnelling
between the minima. The latter leads to a more sufficient modulation of the
crystal field at the Cu ion causing a more effective spin-lattice relaxation. Since
the tunnelling frequency between the minima depends exponentially on the
oxygen mass, it gives a large isotope effect of the Cu electron spin-lattice 
relaxation rate GsL. For typical values of parameters this mechanism gave an 
estimation GsL~2·1011 s–1 at T=200 K for the doping level x=0.1.At higher tem-
peratures the relaxation rate increases almost linearly with temperature. This
value is too large for observing the EPR signal from Cu ions without Mn probes
at the usual frequencies. This can explain the EPR silence in the supercon-
ducting cuprates and their parent compounds. The described model is in a
good agreement with experimental results on the temperature dependence of
the EPR linewidth and the isotope effect [53].

5.2.2
Spin-Lattice Relaxation of the Rare Earth Impurities

It has already been shown that the Gd3+-ion with L=0 is the most common 
via EPR probes of rare-earth ions to study the superconducting cuprates. As 
for other rare-earth ions having L≠0, the spin-lattice relaxation time is usually
very short due to the spin-phonon interaction, and their linewidths are too
broad to detect the signal. Nevertheless, Abdulsabirov et al. and Kan et al.
have observed the Er3+-signal in Er-doped YBa2Cu3Oy [55, 56] and La2–xSrxCuO4
[48] below the critical temperature. It gives an additional opportunity to ob-
tain information about electron-phonon interactions in these materials. As 
reported by Kan et al. [48] the linewidth can be fitted by the sum of following
terms:

DH = DH0 + bT + cD3/[exp(D/T) – 1] (22)

The first term is the residual linewidth which is closely connected with the 
molecular field at the Er site. The second corresponds to the Korringa relax-
ation mechanism where the Er3+ local moments couple to the host conduction 
carriers through an exchange interaction. The third corresponds to the relax-
ation due to the Orbach-Aminov process mediated by the two-phonons via the
excited energy level of Er3+ [57, 58]. The parameter b depends on the exchange
interaction with carriers and the density of states at the Fermi level, D is the 
energy separation between the ground and first excited electronic states of Er3+

ion and the parameter c depends on the strength of the orbit-lattice coupling.



A detailed study of the temperature dependence of the Er-EPR linewidth in
YBCO and LSCO was performed by Shimizu et al. [59, 60] for various levels of
the hole doping. They find that the temperature dependence of the relaxation
rate can be very well fitted by Eq. (22). The results for YBa2Cu3O6.43:Er are 
displayed in Fig. 17. The authors came to the conclusion that the orbital energy
splitting D decreases monotonously with increasing hole doping level. In par-
ticular, the authors report for Er0.01Y0.99Ba2Cu3Oy that this decrease is from
140 K at y=6.1 of the oxygen content to 110 K at y=6.93. However, an additional
investigation of this issue by Ivanshin et al. [61] revealed a different approach
to the dependence of D on the hole doping level. They found that for the non-
superconducting samples with y=6.0, 6.12 the temperature dependence of the
linewidth could be fitted without the Korringa contribution, but with two Or-
bach-Aminov terms with different energy separations D1=80 K and D2=120 K.
The contributions of these two terms are consistent with D3 factor in Eq. (22).
At the same time, in the case of a superconducting sample with y=6.46 the 
temperature dependent contribution can be entirely attributed to the Orbach-
Aminov process with the single value D=125 K (see Fig. 18) and for y=6.85
with D=108 K. These values of D are quite consistent with theoretical predic-
tions by Eremin et al. [56] for three lowest energy levels of Er3+ in YBCO: D=92,
107, 125 (the other excited levels are sufficiently higher) and with measure-
ments by the inelastic neutron scattering (INS) in ErBa2Cu3Oy [62]. However,
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Fig. 17 Temperature dependence of Er3+-linewidth [59]. Dotted lines indicate the linewidths
responsible for three terms in Eq. (22). Solid line is the sum of the terms



the reason why the contributions of these excited states so strongly depend on
the oxygen content is unclear. The authors speculate that this behaviour is 
related to the phase separation into the hole-rich and hole-poor regions of the
samples.

Another type of information was revealed from the EPR linewidth of the 
1% Yb3+ impurity in YBCO [63]. The ground state of this ion is the Kramers dou-
blet. It was found that the temperature dependent contribution can be rather well
described in terms of the two-phonon Raman process. Since the corresponding
spin relaxation rate is GsL=CT9f(qD/T) [14] with a known universal function f(z),
it gives an opportunity to estimate the Debye temperature qD, a convenient char-
acteristic of the phonon spectra. Measurements of qD as a function of the hole
doping level can be related to the superconducting properties of cuprates. As a
rule, the value of qD is extracted either from elastic constants or specific heat mea-
surements. The experimental data, which were obtained for YBCO compounds
using these methods, are very controversial. So, the value of qD measured from
ultrasonic sound velocities in the work of Ledbetter [64] is much lower than that
derived from the specific heat studies [65]. Moreover, as was shown in [66], qD in
YBCO depends strongly on temperature. The EPR results for qD together with Tc
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Fig. 18 Temperature dependence of the Er3+-EPR linewidth in Y099Er001Ba2Cu3O6.46 [61].
Dashed lines are contributions from the residual ESR linewidth (1) and the Orbach-Aminov
process (2); solid line is a sum of both contributions



as a function of the oxygen content are presented in Table 1. The critical tem-
perature Tc of the studied samples was determined from the temperature de-
pendence of microwave absorption in a low magnetic field. It was found that the
measured values of qD and Tc are consistent with a relation between them in the
frame of the BCS theory for the conventional superconductivity in the strong
coupling limit.A value of the electron-phonon coupling constant l was estimated
as 4<l<10 using the extended McMillan’s equation [67].

It is worth to mention that recently there was observed the EPR signal from
Dy3+, Tb3+, and Nd3+ rare earth impurities in YBCO compound [68].

5.3
Electron Longitudinal Relaxation Rate

Information on the spin-lattice relaxation rate obtained from the measurements
of the EPR linewidth is related to the kinetics of the transversal to the external
magnetic field magnetization. In the strongly correlated systems the transver-
sal and the longitudinal relaxation times are usually equal: T2=T1. However, it is
not necessarily always the case. Then one can expect T2<T1, and measurements
of T1 can give an additional independent information. It was effectively used for
dielectric crystals [13, 14]. However, only little was known about the electron T1
values in superconducting cuprates. The reason is rather clear: it is very difficult
to measure relaxation times as short as 10–8 to 10–10 s at typical EPR linewidths
0.1–1 kOe. In such a case, to achieve saturation factor s=(gmB H1/�)2 T1T2~1 by
the standard EPR saturation method (H1 is an alternating magnetic field), it is
necessary to use microwave power more than 1 kW. This is quite unrealistic be-
cause of huge heating of the sample.

The first measurements of T1 in HTSC materials was performed by Atsarkin
et al. [69, 70] using a special technique. The method used in their work can be
considered as a modified version of the modulation technique suggested by
Herve and Pescia as early as 1960 [71]. A sample under study was prepared as
fine powder embedded in paraffin or epoxy. It was placed into a specially de-
signed microwave cavity with its walls transparent to alternating magnetic field
in the MHz range. Microwave power at the resonance frequency 9.3 GHz, be-
fore entering the cavity, was subjected to a deep amplitude modulation at the
modulation frequency W/2p~106 Hz. As a result, the EPR saturation factor s is
modulated as well, and the oscillating component of the longitudinal spin mag-
netization Mz(t) arises:

Mz (t) = U cos Wt + V sin Wt (23)
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Table 1 Critical and Debye temperatures vs oxygencontent y

y 6.85 6.67 6.45 6.0
Tc (K) 85 65 40 –
qD (K) 450 370 280 250



Here U and V are, respectively, the in-phase and out-of-phase parts of Mz(t) 
relative to the modulation wave form. The oscillating magnetization, Eq. (23),
induces the in-phase (u) and out-of-phase (v) parts of the a.c. voltage in a
pickup coil wound on the cavity and having its axis parallel to the external
magnetic field. Then this signal is amplified, lock-in detected, accumulated, and
processed. One can show that under conditions of s�1 and T2�T1 the following
equation holds:

v
3 = WT1 ,
u (24)

which enables one to determine readily the value T1. The method can also work
at T2~T1, though in such a case Eq. (24) must be replaced by a more complicated
equation.

The first measurements by this method of T1 for Gd3+ in GdBa2Cu3Oy with
y=6.84, 6.78, 6.49 and 6.40 were rather interesting. In particular, the value of the
relaxation rate T1

–1 falls within the range 108–109 s–1, which is much less then the
transversal relaxation rate T2

–1 estimated from the EPR linewidth. The temper-
ature dependence of T1

–1 was found to be in a good agreement with the 
nuclear relaxation rate behaviour of 89Y and 17O.

Detailed investigations of the longitudinal spin-lattice relaxation for the im-
purity Gd3+ in Y0.99Gd0.01Ba2Cu4O8 revealed a nearly cubic power temperature
dependence of the relaxation rate T1

–1~T 3 at T<60 K [72]; see Fig. 19. This is 
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Fig. 19 Temperature dependence of the Gd3+ spin-lattice relaxation rate in Y0.99Gd0.01Ba2Cu4O8

[72]. Data obtained by the modulation technique (filled symbols): B0=0.18T (squares, circles),
B0=0.4T (diamonds). Data obtained from the EPR line width: ±1/2 transition (+), 1/2Æ3/2
transition (x). The solid curve represents T3 function



consistent with the high-filed EPR measurements of the Knight shift data [51]
and in opinion of authors [72] with the predictions based on the d-wave 
superconducting pairing [73] (see, however, the discussion below). It was also
found that (T T1

–1)–1/2 is proportional to the Knight shift GK (Fig. 20) suggesting
the validity of the Korringa relation for the Y sites that are not sensitive to the 
antiferromagnetic correlations.

6
Fingerprints of the Strong Electron Correlations

6.1
Localized Moments in the CuO2 Plane

It is well established that additional holes in the CuO2 plane go to the oxygen
p-orbitals because of the very strong Coulomb repulsion on the lowest Cu d-or-
bitals. Created by doped holes in the CuO2 plane carriers have a complicated
electronic structure because of the p-d hybridization and spin correlations. It
is unlikely that these carriers can give the EPR signal because of the expected
very small intensity and large linewidth. However, in the case of localization the
hole can create a paramagnetic centre, which is able to give the EPR response.

This type of EPR signal was observed in single-crystalline samples of La2–x-
SrxCuO4 with 0<x<0.2 at X-band frequency 9.1 GHz in the temperature range
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Fig. 20 Square root of the normalized Gd3+ spin-lattice relaxation rate as a function of the
EPR Knight shift in Y0.99Gd0.01Ba2Cu4O8 [72]. The symbols are the same as in Fig. 19
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Fig. 21a, b Angular dependence of: a the resonance field; b the linewidth DH for La2–xSrx-
CuO4 by rotating the c axis with respect to the magnetic field [75]. An axial symmetric 
behaviour is indicated by the solid lines. The inset shows the EPR spectrum with a Lorentzian
line shape for the crystal orientation c^H

20<T<300 K [74, 75]. A broad but well defined single EPR line has been de-
tected, which is represented by Fig. 21 for the sample x=0.075. The line shape
shown in the inset indicates a typical metallic behaviour. The angular depen-
dence of the resonance field (Fig. 21a) and the linewidth (Fig. 21b) with respect
to the crystal c-axis is typical for a paramagnetic centre with spin S=1/2 with
anisotropic g-factor with uniaxial symmetry. For a centre with S >1/2 with 
unresolved fine structure one expects a minimum in the angular dependence
of the linewidth near q=60° which clearly is not observed and strictly can be 
excluded. An estimation of the EPR intensity for the sample with x=0.075 has
shown that 1% of the doped holes are included in the formation of paramag-
netic centres. Probably these centres exist in the regions of the samples with 
a poor concentration of Sr. All the features of the observed EPR signal were 
explained on the basis of a three-spin polaron model suggested by Emery and
Reiter [76]. This polaron is built up by the doped electron holes on the oxygen
ion and two adjacent Cu ions. Properties of this polaron depend on interference
between its local motion near the Sr impurity and the Jahn-Teller effect. The
concentration of the polarons depends, of course, on the Sr doping level.At high
enough local concentrations the holes can be delocalized giving no EPR signal.
It is consistent with a very low intensity of the EPR signal for the relatively large
concentrations x=0.16 and 0.2.
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Fig. 22 Temperature dependence of the linewidth DH in [75]. The inset shows the tempera-
tures Tmin of the linewidth minima vs x. The results of measurements with ceramic samples
are also included for comparison

As can be seen from Fig. 22, a signal was also observed in nominally pure
La2CuO4+d . The antiferromagnetic phase transition in this material was found
to be close to 150 K, indicating substantial excess of oxygen d. To reduce d the
undoped (x=0) material has been annealed in argon atmosphere at 1200 K.
Then the EPR signal vanishes completely in accord with previous findings 
[16, 18]. Similar EPR signals induced by the fast quenching of La2CuO4+d were
observed in [101].

A theoretical study of other types of clusters in the CuO2 plane which could
give the EPR response was carried out by Eremin and Sigmund [77].

6.2
Localized Moments in the Cu-O Chain

It seems that among a large number of the EPR investigations of the YBa2Cu3Oy
ceramics only a few can relate an observed signal to a bulk effect connected
with the oxygen doping because of the difficulties in the interpretations of
results.When the high-quality single crystals became available, one could make
more definite conclusions [78–81]. As an example we consider the EPR study
of almost 30 high-quality single crystals from three different laboratories
(Shubnikov-Institute for Crystallography in Moscow, Institut für Physik der
Universität Frankfurt/Main, and Institut für Physikalische Hochtechnologie,
Jena) [81]. Well-defined but weak EPR signals were observed in crystals with
oxygen concentrations 6.7<y<6.9 and for temperatures 80<T<200 K.A typical
example of an experimentally observed spectrum is shown in Fig. 23 for



YBa2Cu3O6.8 (Tc=63 K) at 105 K. A summary of the angle-dependent measure-
ments for this sample is presented in Fig. 24.

The highest probability for creating of paramagnetic centres by the oxygen
doping can be expected for the Cu-O chains. At the oxygen content y=6 all the
Cu(1) ions have a d10 configuration which is not paramagnetic.With increasing
doping (y>6) a neutral oxygen atom accepts two electrons from neighbouring
Cu1+ ions, yielding a Cu2+-O2–-Cu2+ configuration. Superexchange interactions
will couple the two Cu2+ ions to a spin singlet in the ground state. This fragment
is practically unobservable because of a huge exchange integral, which should
be expected of the same order as in the CuO2 plane, J~1500 K. Each new oxygen
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Fig. 23 Absorption derivative dP/dH vs magnetic field H in YBa2Cu3O6.8 at two different
crystal orientations at 105 K [81]. The fits with Lorentzian line shapes are indicated by
dashed lines

Fig. 24 Angular dependence of the resonance field Hres in YBa2Cu3O6.8 for rotations around
two different crystallographic orientations [81]. The results of fits are indicated by solid lines



atom joining to this shortest fragment of a chain can take now only one elec-
tron from the nearest Cu(1) ion to form Cu2+. In other words, fragments of a
chain with n oxygen atoms have 2n holes (relatively to the closed configurations
p6 and d10) still having a spin singlet in the ground state, giving no EPR signal.
The appearance of paramagnetic chain fragments (PCF) with an odd number
of holes can be expected in the region of oxygen doping where the orthorhom-
bic phase II (ortho II) transforms into ortho I. It is worth mentioning that the
creation of PCFs is closely related to the transfer of holes into the CuO2 planes.
According to theoretical calculations of Uimin et al. [82] within an improved lat-
tice-gas model, a sufficient probability to meet such PCFs is found for oxygen
concentrations 6.6<y<6.9. This is exactly the concentration region where EPR
signals were observed in the samples studied. Figure 25 shows the phase 
diagram Tc vs y and the observed intensities of the EPR absorption for crystals
with different oxygen concentrations at a constant temperature (T=105 K). The
right scale shows the number of PCF (npcf) estimated from the EPR intensity.
These results are compared to the mentioned calculations [82] of the number
PCF as a function of the doping level (inset in Fig. 25). The maximum of the
EPR absorption is located close to y=6.8 on the borderline between the ortho-
II and ortho-I phases, exactly where it was predicted by the theory. The absolute
numbers of PCF differ by a factor of 2–3, which is not astonishing considering
the experimental uncertainties and the simplified model assumptions.

The PCF with the even number of holes mentioned above can give the EPR
signal in the excited states. A detailed theoretical and experimental investiga-
tions of a particular type of a such PCF giving the EPR signal in the excited
state at the “half” field with g-factor g=4.2 were performed by Eremin et al. [83].
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Fig. 25 Oxygen concentration dependence of the fraction of paramagnetic chain fragments
nPCF as calculated from the integrated intensity of the EPR signal in YBa2Cu3Oy (full symbols,
right scale) [81]. The concentration dependence of the superconducting phase transition
temperature Tc is also shown (solid line, left scale). The inset shows the concentration de-
pendence of nPCF for two different “sample preparation” temperatures as calculated in [82]



The shortest “even” fragment Cu-O-Cu was also considered by Likodimos et al.
[84] in order to interpret their EPR results on PrBCO system, however they used
rather unrealistic parameters.

6.3
The EPR from Nonmagnetic Impurities (Zn)

Among the great number of high-Tc materials studies, most have been focused
on peculiarities that are absent in conventional “low temperature” supercon-
ductivity. From that point of view a study of the substitution of Cu ion with ions
of other elements [86, 87] gives curious information.Very impressive is the fact,
first reported in [88, 89], that in lanthanum compounds doping with only
2.5 at.% of Zn or Ga is enough to completely suppress the superconductivity.
Since Zn and Ga have a closed-shell 3d10 configuration, this strong effect on the
superconductivity is striking. In terms of conventional superconductivity, the
role of such nonmagnetic impurities should be minor, and therefore this sub-
stitution somehow affects the characteristic nature of high-Tc superconduc-
tivity. Zn doping in the La-Sr-Cu-O compound is a problem of special interest.
Since the ionic radii of Zn2+ (0.75 Å) and Cu2+ (0.73 Å) are almost equal, it is
expected that zinc occupies copper sites in the CuO2 planes. Since the prefer-
able valence state for both Zn and Cu ions is 2+, Zn doping does not change the
formal charge balance and hence the concentration of carriers should not be
affected. The main difference between these ions is that Zn2+ has a closed shell
3d10 nonmagnetic configuration, whereas Cu2+ has a S= 1/2 magnetic moment.
As a result, the substitution of a copper ion by a zinc ion leads to elimination
of one spin from the spin lattice. Thus this could be regarded as a way to probe
the spin correlations in high-Tc superconductors. The La-Sr-Cu-O compound
is the most convenient system for this purpose, because the important role of
the CuO2 planes can be investigated without the complications induced by CuO
chains or other structure fragments.

Among the various reasons for the suppression of the superconductivity
transition with Zn doping, one may consider the following: (i) due to the spin
sublattice defects spin correlations which may be responsible for supercon-
ductivity are destroyed; (ii) localized magnetic moments (magnetic impurities)
are created by Zn doping in spite of the fact that Zn2+ ions are nonmagnetic.
These moments can suppress superconductivity, (note that (i) and (ii) could
prove to be combined.).

The discussion of both versions needs experimental data on the magnetic
properties. In particular to support version (ii), experimental proof of the ap-
pearance of localized moments is needed. Therefore the main aim of work [90]
was to search for localized magnetic moments and to determine their nature,
or to rule out version (ii) altogether. In order to do this, the La2–xSrxCu1–yZnyO4
system was investigated by measurements of EPR, which is a very sensitive 
detector of the formation of localized moments. The resistivity and magnetic
susceptibility were also measured. The analysis of all these experimental data
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enabled the authors of [91] to outline the mechanism of localized moments for-
mation by doping with nonmagnetic ions.

The X-band EPR spectra obtained [90, 91] in the temperature range of 6–
360 K for every studied sample of the series La2–xSrxCu1–yZnyO4 (x=0, 0.2; y=0,
0.01, 0.03), including quenched and annealed, oriented and nonoriented samples,
differ to greater or lesser degrees from each other. The only common feature of
all spectra was a signal with an isotropic g-factor: g~2.1 and linewidth DH~350 G
(see, for example, the top spectra in Fig. 26a,b). The only parameter of this line
which depends on temperature (inversely proportional) is the integral intensity.
The careful analysis of this signal together with the low temperature suscepti-
bility gives evidence that it is due to the 0.6% admixture of spurious para-
magnetic phase.

The orientation procedure (in strong magnetic field with the following 
fixation by paraffin) leads to the appearance of new anisotropic signal in the
EPR-spectra of Zn-doped La-Sr-Cu-O samples, which depends on the angle 
between the orientation axis of the sample and the applied magnetic field. At
high enough temperatures it masks the background signal mentioned above,
but at lower temperatures they are well separated (Fig. 26). Since this new 
signal arises due to Zn doping, it is of paramount importance to evaluate the
effective magnetic moment per zinc ion from its integral intensity. The values
of the moments, which were obtained by comparison (at room temperature)
with the signal of the standard sample, are equal to 1.6 mB (y=0.01) and 1.5 mB
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Fig. 26a, b EPR-spectra (first derivatives) of La1.8Sr0.2Cu1–yZnyO4 oriented samples [91] at:
a 300 K; b 40 K

a b



(y=0.03) per zinc ion. This result is very close to the effective magnetic moment
of the Cu2+ ion, which is equal to 1.7 mB. Therefore, outwardly the situation
seems to be as follows: each zinc ion added to the La-Sr-Cu-O system creates
one paramagnetic moment with a value close to that of the Cu2+ ion.

From the experimental values of g-factor, for two samples with different Zn
concentrations, one can evaluate the anisotropy spin-orbital corrections to the
free electron g-factor value to be 0.025–0.038, which seems to be quite realistic
for Cu2+. Note that EPR data overall allow one to conclude that doping of the
La-Sr-Cu-O system with Zn leads to the formation of a complex connected with
the Zn ion, having a localized magnetic moment at the copper ion.

The possibility of localized moment formation directly on the Zn2+ ion
seems to be far less probable because of the spherical symmetry of its 3d10 shell.
Localization of magnetic moments on oxygen ions is also excluded due to the
small magnitude of spin-orbital interaction, which is unable to produce the
necessary g-shift from the free electron value.

The temperature dependences of the resonance line parameters observed 
in [90, 91] are quite typical for a system whose magnetic moments begin to 
correlate and tend to form some kind of order or spin glass state at low tem-
peratures.

The authors of [90, 91] suggested that a mechanism of localized magnetic
moments creation by doping with nonmagnetic ions is connected with the 
unusual symmetry of the spin correlations in the CuO2 plane. (Speaking about
the spin correlations in the cuprates one has to bear in mind that up to the large
extent they are due to lattice forces emerging at hole doping. In fact, already at
the very early stage of HTSC investigations it was found [28] that a local hole
on a d9 Cu-site distorts surrounding lattice so that the distortions on different
sites interact with each other. The elastic energy minimizes itself by bringing
occupied Cu sites together, inducing their strong exchange interaction and spin
correlations.) According to it the elimination of a Cu spin from the spin lattice
gives rise to the perturbation of the whole sequence of the exchange spin cou-
plings between neighbouring spins, which either terminates on another Zn hole
or extends to the infinity. The energy cost to create such a sequence increases
with distance, either logarithmically or linearly, where the latter case corre-
sponds to confinement [92]. Therefore to minimize the energy connected with
such a perturbation this sequence of the exchange couplings must be torn
forming a free localized moment with the Kramers symmetry near each of the
Zn ions.

Now let us touch upon the problem of superconductivity suppression. The
obvious explanation is that the suppression of Tc is caused by pair-breaking due
to localized magnetic moments [93], created by substitution of Cu with Zn. The
formation of these moments could be due to the string character of the phys-
ical states in an electron spin liquid.

The EPR finding [90, 91] that Zn substitution induces the creation of local-
ized magnetic moments, which are localized on Cu ions, was confirmed in a lot
of various further investigations (see [94] for the review). For example we men-
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tion here the interesting studies of 89Y NMR [95], Gd3+ EPR [96] as well as the
EPR on the intrinsic Zn induced localized moments in YBCO [97].

7
Study of Phase Separation by Means of EPR

7.1
Heterogeneity of YBCO

7.1.1
Local Probe at the Y-Position

From the very beginning the high-Tc materials were heterogeneous, being 
prepared in a polycrystalline form [12]. Rather soon, however, it was realized
that the studied samples display non-homogeneous properties at a sufficiently
lower scale than the granular size. This tendency to a nanoscale phase separa-
tion was found in mono-crystals too. Among the first evidence of this phe-
nomenon were the EPR measurements of the YBCO superconductors activated
by the rare earth ions Gd3+ and Eu2+ [98, 99].

The Gd3+ ion substitutes the Y-ion in Y1–xGdxBa2Cu3O7–d in any proportion:
0≤x≤1. It was found that the EPR spectra for x=0.01 and x=1 show a Korringa-
like spin relaxation behaviour similar to the usual metal in samples with dif-
ferent degrees of the oxygen deficiency. For the samples with d=0.15, it is not
surprising because the temperature dependence of a resistivity above Tc has a
metallic character, but for the samples with d=0.5 this result was unexpected,
because the corresponding temperature dependence showed the “semicon-
ducting”behaviour. To make consistent on the one hand the different behaviour
of the resistivity for the samples with d=0.15 and d=0.5 and on the other hand
the metallic character of EPR for the both samples, the authors proposed that the
samples under study are heterogeneous and consist of the metallic and dielec-
tric regions.One may think that for the sample with d=0.15, there is percolation,
while for d=0.5 there is not.

Another unequivocal conclusion was derived from the analysis of the EPR
lineshape for the samples of GdBa2Cu3O7–d . In this case the single-line spec-
trum was observed for both samples with d=0.15 and d=0.5. The lineshape of
the Gd3+ EPR signal showed a noticeable deviation from a Lorentzian, espe-
cially for the GdBa2Cu3O6.85 sample; see Fig. 27. According to the previous idea
it was natural to suppose that the observed EPR signal consists of two signals
with nearly equal g-factors (g=1.99) but with different linewidths. The best sim-
ulation of the observed EPR spectra for any temperatures was obtained by the
superposition of the two Lorentz lines with the following linewidth values. For
the first line ascribed to the metal regions, the linewidth linearly depends on the
temperature with the DH=a+bT law, where a=580 Oe and b=0.9 Oe/K. For the
second one ascribed to the dielectric regions, the linewidth does not depend on
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Fig. 27 EPR signal for GdBa2Cu3O7–d [99]. (1) d=0.15 at T=300 K; (2) d=0.15 at T=100 K; (3)
d=0.5 at T=300 K; (4) d=0.5 at T=100 K. The solid line is the experimental line. Dotted line
is the Lorentzian line

Fig. 28 Linewidth as a function of the temperature for two GdBa2Cu3O7–d samples [99]. The
filled circles correspond to d=0.15; the open circles to d=0.5. Solid lines are the resulting
linewidths of simulated spectra obtained as a sum of two Lorentz lines with DH=(580+0.9T)
Oe and DH=1000 Oe taken in proportion 3:7 for the sample with d=0.15 and 1:1 for the sam-
ple with d=0.5

the temperature and is equal to 1000 Oe. The pronounced nonlinearity of the
observed temperature dependence of DH in the normal state (Fig. 28) proves
to be the result of interference of these two signals.

A combined analysis of the EPR intensities and of a relative contribution of
the dispersion signal to the EPR line has shown that for the GdBa2Cu3O6.5 sam-
ple the fractions of the dielectric and metallic regions are equal, while in the



GdBa2Cu3O6.85 sample the metallic fraction was estimated as 75%. Moreover, it
was concluded that, metallic regions form a net in which no less than 10% of
the metal volume has characteristic dimensions considerably smaller than the
skin depth.

7.1.2
Local Probe at the Ba-Position

The ground state of the Eu2+ ion is 8S7/2. It is similar to Gd3+ ion, although the
europium ion has a smaller charge, and it substitutes the Ba2+ ions. In the
YBa1.5Eu0.5Cu3O7–d samples, the strong EPR signal was observed with a g-value
close to g=2 (see Fig. 29). A comparison of the observed lineshape with the
Lorentzian allows to conclude that the EPR signal for Eu2+ ions consists of
two lines. The first one has DH=a+bT with a=300 Oe and b=1 Oe/K, and the
second has the linewidth value of the order 1000 Oe independent of tempera-
ture.As a result of a large difference in these two linewidths at the temperatures
studied, the measured linewidth (Fig. 30) is determined by a narrow line only.
Having in mind the same origin of these two signals as for the GdBa2Cu3O7–d
samples, it is clear that the measured linewidth belongs entirely to the metal-
lic fraction of the samples. This is the reason for linear temperature depen-
dence and for the coincidence of the linewidth value for both samples. The
lineshape analysis similar to that for gadolinium samples shows that for the
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Fig. 29 EPR signal for YBa1.5Eu0.5Cu3O7–d [99]. (1) d=0.2, T=300 K; (2) d=0.2, T=100 K; (3)
d=0.5, T=300 K; (4) d=0.5, T=100 K. Dotted line is the Lorentzian



YBa1.5Eu0.5Cu3O7–d samples with a small oxygen deficiency, the fraction of
dielectric phase is slightly more that 20% and, for the sample with large oxygen
deficiency, it is equal to 50%.

7.2
Heterogeneity of LSCO

The generic phase diagram in hole-doped cuprates is by now well established.
At a critical concentration of doping xc1~0.06, superconductivity sets in at T=0,
and ends at a higher doping level xc2~0.25. Both are the critical endpoints of the
superconducting phase-transition line [103]. At the former, a transition from
an insulating to the superconducting state has been assumed until very recently
[103]. However, using finite-size scaling for the susceptibility of a series of con-
centrations x<xc1, the following was inferred: The material consists of antifer-
romagnetic (AF) domains of variable size, separated by metallic domain walls
[104]. More recently Ando corroborated this early finding by measuring the 
in-plane resistivity anisotropy in untwinned single crystals of LSCO and YBCO
in the lightly doped region, interpreting their results in terms of metallic stripes
present [105].

The EPR study of the very underdoped sample La2–xSrxCu0.98Mn0.02O4 with
x=0.03 in a bottleneck regime revealed an evidence of the electronic phase 
separation [106]. Besides the broad EPR line described previously, there was de-
tected at low temperatures an additional narrow EPR line at the same resonant
magnetic field; see Fig. 31. In principle, this situation is similar to that discussed
in the preceding sections on the basis of the EPR study of YBCO using Gd3+ and
Eu2+ ions as a probe. However, there is an important difference, since these ions
are weekly coupled to the CuO2 plane and their EPR signal give an information
on their own relaxation rate toward the Cu spin system. In contrast, in the case
of the Mn ions the EPR signal gives the information on the Cu relaxation rate
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Fig. 30 Linewidth as a function of the temperature for two YBa1.5Eu0.5Cu3O7–d samples [99].
The filled circles correspond to d= 0.2; the open circles to d=0.5. The solid line corresponds
to DH=(300+T) Oe
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Fig. 31 EPR signal of 16O and I8O samples of La1.97Sr0.03Cu0.98Mn0.02O4 measured at T=125 K
under identical experimental conditions [106]. The solid lines represent the best fits using
a sum of two Lorentzian components with different linewidths: a narrow and a broad one

Fig. 32 An evolution of the EPR spectra of La1.97Sr0.03Cu0.98Mn0.02O4 with decreasing tem-
perature [107]. The dotted lines show contributions of the broad and narrow EPR signals
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to the lattice because of the bottleneck regime, as it was explained in detail ear-
lier. It is important, in particular, that this relaxation rate and its isotope effect
are very sensitive to the hole concentration. Recently a detailed investigation of
the additional EPR line was performed for doping concentrations 0.01£x£0.06
[107]. A development of the EPR spectra with cooling of the sample is shown
in Fig. 32. Important information was obtained from the temperature depen-
dence of the EPR intensity (Fig. 33). One can see that the two components 
observed for samples follow a completely different temperature dependence.
The intensity of the broad component has a broad maximum and strongly de-
creases with decreasing temperature. This was explained by taking into account

a

Fig. 33a, b Temperature dependence of the narrow and broad EPR signal intensity in La2–x-
SrxCu0.98Mn0.02O4 with different Sr doping: a x=0.01; b x=0.03 [107]. The solid lines represent
fits using the model described in the text

b



the AF order present in samples with very low Sr concentration. It is expected
that upon approaching the AF ordering temperature, a strong shift of the res-
onance frequency and an increase of the relaxation rate of the Cu spin system
will occur. This will break the bottleneck regime of the Mn2+ ions, and as a
consequence the EPR signal becomes unobservable. In contrast to the broad
line, the narrow signal appears at low temperatures and its intensity increases
with decreasing temperature. This indicates that the narrow signal is due to the
regions where the AF order is suppressed. It is known that the AF order is 
destroyed by the doped holes, and above x=0.06 AF fluctuations are much less
pronounced. Therefore, it was natural to relate the narrow line to regions with
locally high carrier concentration and high mobility.This assumption is strongly
supported by the absence of an oxygen isotope effect on the linewidth of the nar-
row line as well. The linewidth of the broad component and its temperature 
dependence are strongly doping-dependent, whereas the linewidth of the nar-
row component is very similar for samples with different Sr doping (Fig. 34).
Another important indication was obtained from the temperature dependence
of the EPR intensity. Since the narrow line was related to hole-rich regions, an
exponential increase of its intensity at low temperatures indicates an energy
gap for the existence of these regions.

The authors came to a conclusion that this phase separation is assisted by
the electron-phonon coupling [28, 108]. More precisely, the latter induces via
exchange by phonons the anisotropic interactions between the elementary ex-
citations (polarons) created by the holes. This interaction reduces to the usual
elastic forces, if one neglects the retardation effects and optical modes [109].
The attraction between the polarons may result in a bipolaron formation when
they approach close enough to each other. The bipolaron formation can be 
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Fig. 34 Temperature dependence of the peak-to peak linewidth DHpp for the narrow and
broad EPR lines [107]



a starting point for creating of hole-rich regions by an attraction additional 
polarons. So, the bipolaron formation energy D can be considered as an energy
gap for a formation of hole-rich regions.

To apply the described above model for an interpretation of the EPR results
one has to keep in mind that the spin dynamics of the coupled Mn-Cu system
experiences a strong bottleneck regime. In this case, as discussed previously, the
EPR intensity is proportional to the sum of spin susceptibilities (Eq. 17). The
latter results in a Curie-Weiss temperature dependence of the EPR intensity,
since the spin susceptibility of Mn is sufficiently larger than the spin suscepti-
bility of the strongly correlated Cu spin-system. It means that the EPR inten-
sity of the narrow line is proportional to a volume of the sample occupied by
the hole-rich regions as the Mn2+ ions randomly distributed in the sample. To
propose that the volume in question in the underdoped samples is proportional
to the number of coupled polarons, the EPR intensity from the hole-rich re-
gions will be proportional to the product of the Curie-Weiss susceptibility of
the bottlenecked Mn-Cu system C/(T–q) and the number of the bipolarons Nbi

C
Inarrow µ 7 Nbi (25)

T–q

The latter can be estimated in a way used by Mihailovic and Kabanov [110]. If
the density of state is determined by N(E)~Ea, the number of the bipolarons is  

91 2 D
Nbi = �kz2 + x – z� , z = KTa + 1 exp �– 7 � . (26)

KBT

Here x is the level of the hole doping, and K is the temperature independent 
parameter. The experimental points for the narrow line intensity of the samples
x=0.03 were fitted for the two-dimensional system with a=0 and the Curie 
temperature q=–8 K, which was found from the measurements of the static 
susceptibility. The parameter K and C were kept the same for all samples 
and the only free parameter was the energy gap D. The result of fitting is given
in Fig. 33a,b. One can see that the energy gap is almost independent of the 
doping level. It is important to mention that a particular mechanism of the
bipolaron formation is not involved to obtain the formula for the temperature
dependence of the EPR intensity for the narrow line. Nevertheless the energy
of the bipolaron formation D was estimated for a particular case of the elastic
interactions between the three-spin polarons mentioned above and for the
Zhang-Rice singlets on the basis of the extended Hubbard model [108]. Both
estimates gave reasonable values consistent with experimental results.

It is interesting to compare these EPR results with other experiments per-
formed in lightly doped LSCO. Recently Ando et al. [105] measured the in-plane
anisotropy of the resistivity Çb/Ça in single crystals of LSCO with x=0.02–0.04.
They found that at high temperatures the anisotropy is small, which is consis-
tent with the weak orthorhombicity present. However, Çb/Ça grows rapidly with
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decreasing temperature below 150 K. This provides macroscopic evidence that
electrons self-organize into an anisotropic state because there is no other ex-
ternal source to cause the in-plane anisotropy in LSCO. It is remarkable that the
temperature dependence of Çb/Ça is very similar to the behaviour of the narrow
EPR line intensity; see Fig. 35. It means that the microscopic EPR measurements
[106, 107] and the macroscopic resistivity measurements by Ando et al. [105]
provide evidence of the same phenomenon: the formation of hole-rich metal-
lic stripes in lightly doped LSCO well below xc1=0.06. This conclusion is also
supported by a recent angle-resolved photoemission (ARPES) study of LSCO
that clearly demonstrated that metallic quasiparticles exist near the nodal di-
rection below x=0.06 [111].

The EPR measurements do not detect the phase separation above xc1=0.06.
The question arises whether it reflects reality, or a limitation of the EPR
method. The main difference of the EPR signals from the hole-rich and hole-
poor regions is the spin relaxation rate of the Cu spin system, which results in
different EPR linewidths. One would expect these local differences of the re-
laxation rate to be averaged out by the spin diffusion. The spin diffusion in the
CuO2 plane is expected to be very fast because of the huge exchange integral be-
tween the Cu ions.A rough estimate shows that during the Larmor period a lo-
cal spin temperature can be transported over 100 Cu-Cu distances. It means
that all the different nanoscale regions should relax to the lattice with a single
relaxation rate, and they could not be distinguished with EPR. However, the AF
order which appears below TN in the hole-poor regions in lightly doped LSCO
freezes the process of spin diffusion, and it gives an opportunity to observe 
different EPR lines from the two types of regions.With increasing doping mag-
netic order gets suppressed, spin diffusion becomes faster, extended, and one
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Fig. 35 Temperature dependence of the narrow EPR line intensity in La2–xSrxCu0.98Mn0.02O4

[107] and of the resistivity anisotropic ratio in La1.97Sr0.03CuO4 obtained in [105]



can no longer distinguish different regions with EPR. This does not mean that
the phase separation in hole-rich and hole-poor regions does not exist at
x>0.06, but most probable that the spin diffusion averages out the EPR response
from these regions. The interesting exception here is the situation when the
spin fluctuations are pinned and effectively frozen due to the buckling of
CuO2 planes in the vicinity of the structural phase transitions or due to the
commensurability effects near x~1/8 doping (see next paragraph for the de-
tails).

7.3
Stripe Fluctuations in LTT and LTO Phases of LSCO

7.3.1
Nonsuperconducting Compounds

The observation of stripe order of charges and spins in La1.62–xNd0.4SrxCuO4 by
neutron and hard X-ray diffraction techniques [112–114] has renewed the in-
terest in the problem of the relationship between magnetism and hole doping
in high-Tc superconductors [28], which appeared to be closely related with their
structural properties.AF correlated spin domains in the CuO2 planes, separated
by quasi-one-dimensional charge walls statically order in the so-called low
temperature tetragonal (LTT) phase of this compound. A transition from the
usual low temperature orthorhombic (LTO) phase to the LTT phase can be 
induced by doping of La2–xSrxCuO4 by other rare earths (RE) with smaller ionic
radii [115, 116]. The low temperature (LT) structural transition results in a
change of the direction of tilting of the CuO6 octahedra from [110] to [100] di-
rection in the notation of the high temperature tetragonal unit cell (see Fig. 36).
The absolute value of tilt F remains almost constant. These octahedra tilts
cause the different buckling of CuO2 planes. It is argued that the orientation of
tilts along [100] direction provides pinning of stripe correlations [112] with the
pattern shown in Fig. 37. In the particular case of Nd doping the LT transition
occurs at TLT~70 K. The onset of the static spin order in La1.62–xNd0.4SrxCuO4
crystals decreases from ~50 K for x=0.12 down to ~15 K for x=0.20 [113]. Based
on d.c. magnetization measurements it has been concluded that in this region
of Sr doping static spin order coexists with bulk superconductivity [113, 117].
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Fig. 36 The CuO6 octahedral tilts specific for the LTO and LTT phases



Further susceptibility measurements on polycrystalline samples have also been
interpreted as an evidence for such a coexistence [118].

The Cu spin dynamics in such systems was studied by means of ESR of Gd
in the LTT phase of Eu doped La2–xSrxCuO4 for samples of different Sr and Eu
concentrations x and y [119, 120]. The role of Eu was to induce the transition to
the LTT phase due to the mismatch in ionic radii while hole concentration 
was changed independently by Sr doping (0.05<x<0.20). Substitution by Eu 
(instead of Nd used in [112–114]) was chosen because Eu3+ in its ground state
possesses only with Van Vleck paramagnetism and the influence on suscepti-
bility and ESR of thermally excited magnetic states lying 400 K above the ground
state is much weaker in comparison to magnetic Nd3+ ions and can be correctly
subtracted [121]. Moreover, in the case of Eu substitution there is no influence
of permanent magnetic moments on the magnetism of the CuO2 planes.

In order to tune independently the hole content and the tilt angle F the 
authors of [120] used polycrystalline samples of La1.99–x–yGd0.01EuySrxCuO4
with the different Eu and Sr contents, y and x respectively. X-ray diffraction
measurements show that the RE doped samples are in the LTT structural
phase below TLT~130 K. According to the earlier studies [121–123] the tilt an-
gle F increases with increasing y and decreasing x, respectively. Remarkably,
if F exceeds a certain critical value Fc the specific heat and susceptibility data
suggest that the samples are not bulk superconductors.

ESR of Gd impurities has been measured at a frequency of 9.3 GHz. (For 
details of analysis of the Gd spectra see [8, 12, 13]). The width DH of a central
component of the spectrum as a function of temperature is shown in Figs. 38
and 39 for different representative compositions. (The contribution to the line-
width due to population of the excited magnetic states of Eu3+ has been sub-
tracted from the experimental data [119, 120]).A generic feature of all Sr doped
samples is a linear temperature dependence of DH at high temperatures.At low
T, i.e., within the LTT phase, the DH(T) dependence exhibits an upturn which
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Fig. 37 The possible stripe structure corresponding to the AF domains separated by the
charged domain walls [112]. The circles represent the copper ions whereas the arrows indi-
cate the magnetic moment’s orientation. The shadowed circles correspond to the nonmag-
netic sites with the distributed hole density
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Fig. 38 The linewidth DH(T) of a central component of the Gd3+ ESR spectrum for the sam-
ples with a fixed Eu content y=0.15 and various Sr concentrations [120]

Fig. 39 The linewidth DH(T) of the central component of the Gd3+ ESR spectrum for the
samples with a fixed Sr content x=0.12 and various Eu concentrations [120]



depends on the composition of dopants x and y. As it was found in [119] the
temperature dependence of the Gd3+ ESR linewidth in La2–x–yEuySrxCuO4 is 
determined by the coupling between Gd and Cu spins and is thus sensitive to
the frequency of the spin fluctuations of Cu wsf. Qualitatively it is inversely pro-
portional to the measured linewidths and for some compositions of dopants
the fluctuations of copper spins in the CuO2 planes begin to slow rapidly below
a certain characteristic temperature TTLT. (The detailed analysis of DH(T) be-
haviour will be presented in the next section).

The main trends of the spin dynamics in the LTT phase of La2–x–yEuySrxCuO4
are seen in Fig. 40 where the inverse fluctuation frequency wsf is plotted at dif-
ferent temperatures as a function of the Sr and Eu concentrations. Slowing of
the Cu spin dynamics is maximum for Sr contents x=0.12 and is more pro-
nounced for the higher Eu concentrations y>0.12. Sr doping above x=0.15 leads
to a considerable weakening of the temperature dependence of the fluctuation
frequency in the LTT phase.

Note, that the increase of 1/wsf in spite of an increasing number of charge
carriers in the underdoped region is in clear contrast to the suppression of the
magnetic correlations known for the LTO phase of La2–xSrxCuO4. The observed
behaviour may be due to the development and ordering at low temperatures of
a periodical charge and spin modulations (stripes) in the CuO2 planes similar
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Fig. 40a, b The decay frequency ws f evaluated from the DH(T) dependences shown in
Figs. 38 and 39. Dashed curves are results of the fitting using a phenomenological function
wsf=A+B exp(–C/T) [120]



to that found in Nd doped La2–xSrxCuO4 [112–114]. For x=0.12 it develops 
already below 50 K. However in the ESR measurements of the respective Eu
doped samples no signatures for static magnetic bulk order was found down
to 25 K although the decrease of wsf in the LTT phase for about two orders of
magnitude evidences for a strong tendency of the system to order magnetically.
Indeed, the establishment of at least a local magnetic order below T0~25–27 K
has been observed in a polycrystalline La1.68Eu0.2Sr0.12CuO4 sample by means of
muon spin relaxation (mSR) [124]. This is in a contradiction to the much higher
value of T0 obtained in a neutron diffraction experiment by Tranquada et al.
[112, 113] due to the different energy scales of the two types of experiments. For
a smaller Sr content of x=0.10 the magnetic order is not seen in ESR down to
the lowest temperature of the measurement 8 K [120]. In terms of the stripe
model low ordering temperatures could be a result of the increasing imper-
fection of the stripe pattern when deviating from the 1/8 Sr content.

The disappearance of the specific features of the low temperature spin dy-
namics in the LTT phase for Sr concentrations x=0.17–0.20 corresponds well
with the appearance of a strong superconducting a.c. signal for the samples
with these stoichiometries.As was mentioned above, at these and higher Sr con-
centrations buckling of the CuO6 octahedra decreases below a critical value and
the samples exhibit fully developed bulk superconductivity in the LTT phase.
The authors [119, 120] came to conclusion that the Gd EPR data show a narrow
crossover region for both the superconducting as well as for the anomalous
magnetic properties of the LTT structural phase of La2–xSrxCuO4 which is de-
termined by critical buckling of the CuO6 octahedra.

7.3.2
Superconducting Compounds

The interest to the microscopic phase separation in the superconducting LSCO
has received a new impetus after the recent neutron scattering experiments 
[46, 125] in the LTO phase of La2–xSrxCuO4 which revealed the presence of in-
commensurate AF order very similar to that observed in the LTT compound
La1.6–xNd0.4SrxCuO4 for a wide doping region around x=0.12. However, on a
larger time scale magnetic fluctuations in La2–xSrxCuO4 are dynamical, espe-
cially for the superconducting state, and their relevance to the stripe structure
is a matter of debate. In particular, the dynamical nature of the microscopic
phase separation hinders the investigation of its properties by means of low 
frequency local methods such as conventional NMR.

Therefore it was of great importance to investigate the phase diagram and the
magnetic fluctuations properties of superconducting La2–xSrxCuO4 and related
compounds shifting the measurements to larger frequencies. This section is 
devoted to analysis of the Gd3+ EPR measurements [126, 127] which are focused
mainly on the analysis of the temperature and doping dependence of the low 
frequency magnetic fluctuations for the superconducting La2–xSrxCuO4 with
hole doping covering the entire superconducting region of the phase diagram.
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The temperature behaviour of the multiline Gd3+ ESR spectrum for T>Tc is
qualitatively very similar to that for the Eu doped compounds described in the
previous section: a linear dependence of DH on temperature which is followed
by the rapid growth of the linewidth at low T (the typical temperature de-
pendence of the DH for the most intense central component is shown in
Fig. 41). However, after cooling below 40 K the behaviour of superconducting
and nonsuperconducting (Eu doped) samples becomes different: the linewidth
of superconducting LSCO exhibits the downturn starting at a temperature Tm,
dependent on x, whereas for other samples which are not bulk superconduc-
tors DH continues to grow upon further lowering temperature (see Fig. 41).

Such behaviour may be explained by taking into account the fact that, in 
addition to the important but temperature independent residual inhomoge-
neous broadening, the linewidth is given by different homogeneous broadening
terms linked to the magnetic fluctuations in the CuO2 planes via Eq. (7): (i) the
Korringa relaxation due to the interaction of Gd3+ spins with the charge carri-
ers, which was discussed in much detail above (it corresponds to the q=0 con-
tribution in Eq. 7); (ii) the critical contribution caused by the interaction of Gd
with AF correlated copper spins (this term originates from the QAF=(p/a;p/a)
contribution to Eq. (7) taken at w=ws) gives rise to the homogeneous broad-
ening of the Gd ESR line.

To derive the expression for last contribution one has to assume that the 
integrand in Eq. (7) is peaked at q=QAF=(p/a;p/a) (see, e.g. [128]) with the 
corresponding susceptibility

cs
�� (^)(QAF, w) = cs

�� (^)(QAF)/(1 – iwt), (27)
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Fig. 41 The ESR linewidth temperature dependence for LTO superconducting LSCO and
LTT nonsuperconducting LESCO [127]



where t=t•exp(Ea/kT) is the AF fluctuations life-time (~1/wsf), t• is its value 
at the infinite temperature and Ea the activation energy, proportional to the
spin stiffness Çs (Ea=2p Çs) [129]. Then rewriting the static susceptibility in
terms of spin correlators and introducing the internal field at Gd site, HGd,
(see above for the definitions) after averaging over the random orientation of
the local Cu moments with respect to the external magnetic field it is possible
to obtain

1 2t
DH = 3 (gHGd)2 M2 �t + 98� (28)

3 1 + (wst)2

with M2 being Barnes-Plefka factor [11] introduced similar to Eq. (18).
This term describes the standard Bloembergen-Purcell-Pound (BPP) be-

haviour: the broadening of the EPR line upon cooling with the downturn at a
certain freezing temperature Tm corresponding to wst=1.

It was observed in [126, 127] that, depending on the Sr content, the linewidth
behaviour transforms from the BPP-like (with the maximum at Tm) to the pure
Korringa (linear) temperature dependence. Based on the observation that 
the relative weight of the BPP-contribution compared with the Korringa one
decreases with increasing Sr doping, it was concluded [126, 127] that at low x
the Gd spin probes the almost magnetically correlated state and at the high
x – the almost nonmagnetic metal. The corresponding phase diagram is shown
in Fig. 42.
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Fig. 42 The phase diagram of the magnetic fluctuations of superconducting La2–xSrxCuO4

[127]. The triangles correspond to the magnetic transition temperature Tm(x), squares to the
superconducting transition temperature Tc(x) and the circles to the magnetic fluctuations
activation energy Ea(x)



The different temperature dependencies of the linewidth for superconduct-
ing and nonsuperconducting samples may be explained assuming that for the
superconducting samples the linewidth below Tc is governed by fluctuating
fields which are transversal to the magnetic responsible for the Zeeman split-
ting of the Gd spin states (the second term in Eq. 28). Since these fluctuations
are induced by Cu moments lying in the CuO2 planes, it means that Gd ions are
subjected to the constant magnetic field normal to these planes. This may in-
dicate that the magnetic flux lines penetrating in the layered superconducting
sample tend to orient normally to the basal planes where the circulating su-
perconducting currents flow. (The difference of the Tm and Tc values observed
for the samples with small x enabled the authors [127] to conclude that the pos-
sible distortion of ESR lineshape owing to the non-resonant microwave ab-
sorption as the main reason for the apparent narrowing of the ESR line below
Tc seems to be improbable).

Since the measurements [126, 127] were carried out at nonzero external field
it is very important to consider the flux lattice effects. At typical ESR fields of
~0.3T, which are oriented normal to the CuO2 layers, the period of lattice is
860 Å, whereas the vortex cores sizes for La2–xSrxCuO4 is 20 Å. As the upper 
critical field equals to 62 T, it is clear that in the case of ESR the vortex cores 
occupy only 0.5% of the CuO2 planes.According to [130, 131] the Cu spins in the
vortex cores may be AF ordered. Therefore the phase diagram in Fig. 42 indi-
cates that not only the spins in the normal vortex cores are AF correlated,
but the AF correlations are spread over the distances of the order of magnetic
correlation length which at low doping reaches 600–700 Å [131].

Numerical simulations of the temperature dependencies of the Gd ESR
linewidths for the compounds with different Sr content make it possible to 
estimate the values of the parameters in the expression for the linewidth: the
maximal internal field HGd is about 200 Oe; t•=0.3¥10–12 s and the correspond-
ing activation energies Ea which are shown in Fig. 42. One of the key moments
of [127] was the comparative Gd EPR analysis of the magnetic fluctuations for
the different metalloxides, such as La2–xSrxCuO4 (LSCO) [37], La2–xBaxCuO4
(LBCO) [47], (La-Eu)2–xSrxCuO4 (LESCO) [120], (La-Nd)2–xSrxCuO4 (LNSCO)
[129]. Note that for LBCO the measurements were restricted by the doping 
region in the vicinity of the well known Tc dip, whereas the last two series 
discussed in the previous part corresponded to the nonsuperconducting LTT
phase. (Since the influence of the Nd magnetic moments for the LNSCO com-
pound hinders the ESR measurements the activation energy for this com-
pound was estimated from the measurements of the nuclear spin relaxation
on Cu and La nuclei [129]).

It is established [127] that for all LSCO-based compounds the activation 
energy of magnetic fluctuations is enhanced near the 1/8 doping. This indicates
the important role of the commensurability and gives evidence of the plane
character of the inhomogeneous spin and charge distributions. The maximal
activation energies are 80 K for La2–xSrxCuO4, 144 K for La2–xBaxCuO4, 160 K for
(La-Eu)2–xSrxCuO4 and 143 K for (La-Nd)2–xSrxCuO4. Note that the signatures
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of the bulk superconductivity [127] for La2–xBaxCuO4 and (La-Eu)2–xSrxCuO4
become visible upon the suppression of the activation energy down to 80–85 K.
It is possible to conclude that these values of the activation energy are prob-
ably the critical ones for the realization of the bulk superconducting state.
Fluctuations with the higher activation energies are effectively pinned and
suppress superconductivity.

The observed phase separation in the superconducting LSCO was accom-
panied by the slowing down of magnetic fluctuations, which gradually freeze
upon cooling [132]. Note that the features of the phase separation in the 
superconducting LSCO were observed also in the 63,65Cu and 139La NMR [126,127,
133, 134]. According to the measurements of high field NMR in the compounds
with the enhanced spin stiffness the effective magnetic moment of copper in the
superconducting LSCO is ~0.09 mB.

Thus the Gd EPR studies in LSCO compounds enabled the authors [126, 127]
to conclude that: (i) the inherent feature of their superconducting state is the
dynamical nanoscale phase separation [28]; (ii) in the vicinity of 1/8 doping
this separation may be realized in a form of dynamic stripes; (iii) it is possible
to determine the critical spin-stiffness which separates the compounds with the
bulk superconducting phase from the nonsuperconducting one.

8
Concluding Remarks

EPR experiments have offered microscopic tools to study the magnetic, elec-
tronic and lattice properties of HTSC and have played an essential role in 
solving some relevant issues. At the same time those experiments have put 
important constraints on any theory for the mechanism of high-temperature
superconductivity.

The information gained from the EPR measurements depends on the inter-
action of the spin probe with the key element of the high-Tc materials – CuO2
planes. In the case of a week coupling the EPR measurements give generally
similar to the NMR information besides an important difference – much higher
sensitivity and frequency. Note that for the strong coupling the EPR informa-
tion is sufficiently different from that provided by NMR giving an opportunity
to study the coupling of the CuO2 magnetization to other degrees of freedom.

EPR experiments have elucidated the evolution of the electronic properties
and of the spin dynamics when the parent insulating antiferromagnets are 
driven towards the metallic and superconducting state by doping, yielding 
evidence of the localization of the holes with possible phase separation in
charged domain walls or stripes.

The local character of the method made it a powerful tool for study of the
generic phase separation in cuprates, which contributed a lot to the evolution
of this idea from the initial stage up to elucidation of the stripe phase picture.
EPR appeared to be an effective method to study the low frequency fluctuations
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at the cases of full NMR wipeout, which often takes place at low doping regime,
at the start of phase separation.

The EPR experiments have revealed an essential role of the strong coupling
of electrons to the local static and dynamic lattice distortions in the properties
of high-Tc superconductors. This method has a large potential for elucidation
of this important problem.

Due to its extreme sensitivity the EPR is effective tool for study of substitu-
tion effects, for example with its help it was established by doping with isova-
lent non-magnetic impurities the local magnetic moments are created induced
in the CuO2 plane.

The investigations discussed in a present review cannot be considered as a
full account on EPR studies of high-Tc superconductors. The selection of the
material reflects only the part of activity in this interesting field and probably
has an impact of our own taste. In addition to some results of the past which
appeared to be connected with the important steps in understanding of HTSC
properties we touched the hot issues of interplay between the localized and
itinerant properties in strongly correlated electron systems.

Some of the presented results, such as the determination of the supercon-
ducting wave function symmetry, are connected with the problem which still re-
mains the matter of debates. The EPR evidences of the d-symmetry (together
with similar conclusions obtained from NMR,ARPES and other measurements)
disagree with the s-symmetry deduced from the muon spin rotation, tunnelling
and other experiments. An attempt to build a bridge between these two ways of
thinking belongs to K.A. Müller, who proposed that the electron wave function
in the superconducting state has a supersymmetry being a superposition of
contributions with s- and d-symmetries with the relative weight depending on
the distance from the surface [135]. Near the surface the d- contribution is dom-
inating,whereas in the depth of material the situation is opposite.Accordingly the
experiments dealing with the vicinity of the surface layer reveal the d-supercon-
ductivity, whereas the experiments sensing the bulk reveal the s-superconduc-
tivity. It seems that this issue should be closely related, also, to the heterogeneity
of cuprates due to their generic phase separation and the mixed state in experi-
ments with high magnetic fields. In particular, the mentioned EPR evidence [51]
in favour of the d-symmetry does not contradict to the supersymmetry idea since
the measurements were performed at the magnetic field of the order 10 T.At this
field the vortex lattice is very dense and practically the whole volume between the
vortices is near the “surface”– a normal state of the cores. Similar arguments can
be given in the case of the phase separation. We think that the EPR method is 
capable of shedding additional light on this crucial problem.
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1
Introduction

At the time of discovery of high-temperature superconductivity (HTSC) in 1986
[1], it was already obvious that the standard BCS theory cannot explain this
novel phenomenon. Soon the near absence of the isotope effect was reported
[2], and nearly everybody rushed to the conclusion that the HTSC mechanism
involves something other than phonons, most probably spin excitations, and
could be quite exotic. The observations of the apparent d-symmetry of the su-
perconducting order parameter fueled this conjecture, and since then it has
been widely believed that the HTSC is a purely electronic phenomenon to be
explained fully by an electronic model, such as the t-J Hamiltonian [3]. Phonons
were labeled irrelevant, and were forgotten.

On the other hand a large amount of literature suggests that the local lattice
structure reflects the onset of HTSC in various ways, as reviewed in the article
by Bianconi in this volume [4]. While the majority view has been that they are
merely the collateral effects of strong coupling, recent observations present a
more direct evidence of strong electron-phonon (e-p) coupling. For instance
the photoemission results show that electron dispersion has a “kink” around
70 meV or so below the Fermi level [5], indicating that electrons are strongly
renormalized by some excitations. Lanzara et al. [6] presented strong evidence
that these excitations are oxygen phonons, by demonstrating that the position
of the kink in energy is largely independent of the superconducting gap size
and the superconductive critical temperature, TC, and roughly corresponds to
that of the zone-edge longitudinal-optical (LO) phonons, which are suspected
to interact strongly with electrons [7, 8]. More recently they have shown that 
the kink position shifts with the isotopic mass of oxygen, convincingly prov-
ing the phononic origin of the kink, and furthermore demonstrated that the
isotope substitution results in strong renormalization of the electron band-
width, thus the electron effective mass [9]. The last explains the isotope 
effect on the effective mass determined by the penetration depth measurement
[10, 11].

The argument against the relevance of phonons for HTSC is usually based
upon the following observations:

1. There is no evidence of strong e-p coupling in the normal state transport
properties.

2. The isotope effect is weak when TC is high.
3. The phonon mechanism usually prefers the s-wave superconductivity, while

there is preponderance of evidence for the d-wave superconductivity.
4. The phonon mechanism is attractive and competes against the magnetic

mechanism, which is repulsive.
5. The value of TC is too high for the BCS mechanism.

However, none of them are strong arguments, as discussed by Allen [12]. The
transport properties are dominated by highly mobile nodal quasiparticles with
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relatively weak e-p coupling, and even for them photoemission has shown the
evidence of the e-p coupling. The isotope effect is absent in a number of super-
conductors [2], and that itself does not imply non-phonon mechanism. Phonons
can produce d-wave superconductivity, either in the antiferromagnetic back-
ground [13] or when the coupling is sufficiently anisotropic [14], and when
they do they do not compete against the magnetic mechanism. While the crit-
ical temperature is limited to 30 K for the BCS mechanism within the frame-
work of the McMillan theory [15], which is based upon the electronic state of
Nb, in some strong coupling approximation, for instance in the Allen-Dynes
theory, it can be higher [16].

The crucial point is that the usual arguments against the phonon mechanism
are based upon the knowledge of the conventional e-p coupling for a nearly free
electron systems, while the e-p coupling in the cuprates can be very different
from that of the simple metals because of their strong ionicity, covalency and
electron correlation. In this article we argue that the e-p coupling in the cuprates
is quite different from the conventional one, and could be unconventional. The
departure from the regular behavior originates from the strong coupling of
certain phonon modes to charge and spin through phonon-induced inter-site
charge transfer that can be spin polarized. While the BCS mechanism is based
upon the coupling of long-wave, zone-center acoustic phonons to nearly-free
electrons, the active phonons in the cuprates are short-wave optical phonons
middle of the zone or near the zone-edge.

2
Electron-Phonon Coupling in Ferroelectric Oxides

Before discussing the e-p coupling in the cuprate it is instructive to review the
e-p coupling in ferroelectric oxides, such as BaTiO3. The classical picture of
ferroelectricity is based upon the ionic model. Displacements of positive ions
against negative ions produce internal electric fields (Lorentz field), which 
induce polarization. If the feedback is positive, that is, the induced polarization
is larger than the originally assumed one, spontaneous ferroelectric polariza-
tion is produced [17]. In reality, however, the ionic polarization calculated from
the ionic valences and the ionic displacements, which can be determined 
accurately by X-ray diffraction, is smaller than the measured one, often by as
much as a factor of two [18]. This discrepancy originates from an electronic 
effect of the covalent bond. Ionic displacements change the strength of the 
covalent bond, and results in charge transfer, which produces electronic po-
larization.

For instance, in BaTiO3 the nominal valences are Ba2+, Ti4+, and O2–. How-
ever, the Ti-O bond is strongly covalent, while the Ba-O bond is more ionic.
Nominally the d-orbital of Ti is empty, d0, but in BaTiO3 a Ti d-orbital overlaps
with a p-orbital of oxygen, and forms a p-d hybridized orbital. If a Ti4+ ion is
displaced to the right toward an O2– ion (Fig. 1), it produces an electric dipole
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Fig. 1 Electronic levels in titanates and charge transfer due to ionic displacement resulting
in electronic polarization

pointing to the right. At the same time the p-d hybridization is increased, so
that the bonding orbital assumes more Ti character. This is equivalent to par-
tially moving electronic charge (DZ) from O2– to Ti4+ over the distance between
O and Ti, a, and produces an electronic polarization, DZa. Thus the total po-
larization is equal to

P = Zu + DZa (1)

where Z is the ionic charge and u is the ionic displacement. We may re-write
Eq. (1) in terms of the dynamic Born effective charge, Z*, as

a
P = Z*u, Z* = Z + DZ 3 (2)u

Since a/u�1, Z* can be much larger than Z. For instance the Born effective
charge of Ti can be larger than +8.An elegant method to calculate the electronic
polarization from the first-principles in terms of the Berry phase was recently
developed by R. Resta and D. Vanderbilt [19–21], raising the level of under-
standing of this phenomenon to an unprecedented height.



3
Electron-Phonon Coupling in the Cuprates

3.1
Model Calculation

The undoped cuprates, such as La2CuO4, are charge-transfer (CT) insulators in
the Zaanen-Zawazky-Allen classification [22]. The nominal valence of Cu is +2,
with d9 configuration. The Cu orbital involved in the Cu-O bond is the x2-y2 or-
bital, which hybridizes with the oxygen p-orbital to form bonding and anti-
bonding s-orbitals. The highest level, the anti-bonding s-orbital, is half-filled.
Since the d-level of Cu has a large on-site Coulomb repulsion energy, U, of
about 8 eV, the s-orbital splits into the filled lower Hubbard band mainly of
the oxygen p-character and the empty upper Hubbard band mainly of the Cu
d-character. Thus the insulating gap is a CT gap. If a Cu ion is displaced toward
an O ion (Fig. 2) the p-d hybridization increases, and electron is transferred
from the p-orbital to the d-orbital, just as in the case of the Ti-O bond. However,
in the hole doped cuprates the situation is greatly different. Doped holes occupy
the top of the lower Hubbard band, thus mainly the oxygen p-orbitals. When
the Cu-O bond is compressed, holes, rather than electrons, move from oxygen
to copper, creating the current, thus the electronic polarization, of the opposite
sign compared to the undoped case (Fig. 2).

A model calculation mode on the one-dimensional two-band Hubbard model
with Su-Schrieffer-Heeger (SSH) e-p coupling to the LO phonon illustrates this
point quite well [7, 23]. The Hamiltonian of the system is

a
H = ∑ �tij + 3 (ui – uj)� (c+

i,s cj, s + c+
j,s ci,s) + ∑[eini + Uni≠ niØ] (3)

i, j, s a i
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Fig. 2 Charge transfer in doped cuprates. Displacements of Cu and O transfers holes from
O to Cu, resulting in polarization opposite to the ionic polarization



where ui is the displacement of the i-th ion and ni=ci
+ci. The effective charge was

calculated based upon the bond current induced by the phonon [23], and is
strongly dependent on q, the phonon wavevector (Fig. 3). Note that at q=0 the
effective charge is close to the ionic value, but is greatly changed toward the
middle of the zone. Note that the electronic polarization is anti-parallel to the
ionic polarization, and thus nearly cancels the ionic charge, or even reverses the
sign. The maximum of the electronic polarization depends upon the doping
level, but roughly corresponds to the value of 2kF for each doping. Thus this
phenomenon is a part of the Kohn anomaly, renormalized by the many-body
effects.

3.2
Optical Conductivity and Spin-Phonon Coupling

Since the SSH coupling modifies the hopping integral, t, the effect of the
phonon is not limited to the electronic structure near the Fermi level.As shown
in Fig. 4 in terms of the optical conductivity, s(w), the entire portion of the
electronic band is affected by the strain caused by the phonon. It has been ob-
served that the violation of the optical sum rule extends to high energy ranges,
and was used to argue the electronic origin of the pairing [24–26]. The result
shown in Fig. 4 indicates that this observation does not exclude the phononic
mechanism.

The modification of t by the LO phonon implies that the magnetic interac-
tion will also be affected, since in the t-J model, J=t2/U [3]. Actually, the model
calculations showed that the actual effect of the phonons on spins is quite 
extensive. Figure 5 shows the change in the total spin structure function, S(q),
due to the LO phonons at the zone boundary, q=0.5 (p) [23]. If we resolve for
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Fig. 3 The q dependence of the effective charge of oxygen in the 1-d Hubbard model due to
the LO phonon monde, calculated for the ring of N=12 sites with doping level x=0, 1/3 and
for N=16 with x=0, 1/4. The dashed line indicates the ionic value (static charge) [23]
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Fig. 4 Optical conductivity for the N=16 ring, with x=0, 1/4, and without phonon (a=0, a=1),
with a=1 and q=0.5 (breathing) phonon mode, and with a=1 and q=0.25 phonon mode

Fig. 5 Total spin correlation structure factor, S(q), for the charge density x=1/4 and 1/3
(above), and the change in S(q) due to the LO phonon at q=0.5 (p) (below) [15]. Note that
the effect is small at the zone-center, while it becomes more pronounced toward the zone-
boundary. It also shows that the q=0.25 phonon mode has almost no effect on the spin

energy in terms of S(q, w), as shown in Fig. 6, the effect of the LO phonon on the
spin dynamics is significant [23]. It is seen that the q=0.5 (p) phonon produces
strong softening of spin excitation at an incommensurate q value that must be
related to the spin/charge stripe formation. This is because the phonon-induced
charge transfer is spin-dependent because of the local exchange field. Thus we
may call the e-p interaction in the cuprates unconventional.



3.3
LO Phonon Softening

In the ferroelectric oxides the effect of strongly increased Born effective charge
is to harden the LO phonons and soften the TO phonons, leading to the ferro-
electric transition through the soft TO mode [27]. In the case of an insulator,
the zone-center (q=0) modes are related by

wLO   
2 e0 (4)�7� = 4wTO e•

where e0 and e• are the dielectric constants below and above the phonon fre-
quency, which is the well-known Lyddane-Sachs-Teller (LST) relationship. In
ferroelectric solids e0 diverges at TC, accompanied by softening of the TO mode
at q=0 through Eq. (4). In the cuprates, wLO=wTO at q=0 because of metallic
screening. However, since the charge density is relatively low, at q>0 screening
is not expected to be complete, and the short-range dipolar interactions are 
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Fig. 6 The dynamic spin structure factor, S(q, w), with (a=1.2) and without (a=0) the LO
phonon at q=0.5 (p), at several values of q
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Fig. 7 Dispersion of the Cu-O bond-stretching modes. The LO modes (left) soften toward
the zone-boundary, while the TO modes (right) remain mostly dispersionless. Small signs
describe weak phonon peaks due to other modes, such as the apical oxygen modes [32]

expected to be present. Indeed the early studies by Pintschovius and Reichardt
[28, 29] showed that while most phonon modes remain little changed by dop-
ing, the in-plane Cu-O bond-stretching LO mode softens strongly near the
zone-boundary. More recent studies [30–32] confirmed this softening, and 
revealed further anomalies such as the strong in-plane anisotropy and unusual
temperature dependence (Fig. 7).

If we try to explain the LO mode softening using the lattice dynamic mod-
els, one has to introduce an attractive force between oxygen ions only in one 
direction [30], which is highly counter-intuitive. The recent report that the LO
phonon softening is much weaker in heavily doped La1.7Sr0.3CuO4 [33] strongly
supports our view that the softening is an electronic effect. While the LDA cal-
culations [34] and the non-local density theory [35] explain this softening to
some extent, the physics of this softening deserves careful study.Early on Tachiki
and Takahashi [36, 37] proposed a phenomenological approach to explain the
LO phonon softening in terms the dielectric function:

e0 – e•w2
LO (q) = w2

TO (q) + 925 (w2
LO – w2

TO ) (5)
e(q) – e•

where e(q) is the dielectric function at q, and wLO and wTO are the LO and TO
frequencies in the unscreened insulator in which optical phonons are assumed



to be dispersionless. Therefore wLO(q) <wTO(q) means a negative dielectric con-
stant, a situation known as overscreening. Tachiki and Takahashi argued that
such an overscreening may originate from the anti-resonant vibronic state, and
enhance the e-p coupling. As pointed out by Ginzburg [38], e>1 for regular
screening so that 1/e<1; however, when e<0, |1/e | can be greater than 1, and thus
can amplify the coulomb interaction. Tachiki and Takahashi argued that this 
effect can lead to high values of TC. The argument above shows that the over-
screening can result from the phonon-induced charge transfer to reduce Z*
which results in the LO phonon softening [7, 8], without invoking anti-reso-
nance with charge dynamics.

Based upon this e-p coupling mechanism the linearized Eliashberg equation
for strong coupling superconductivity was solved numerically [14]. The di-
electric function was phenomenologically determined from the experimentally
determined phonon dispersion using Eq. (5), and the electronic dispersion was
modeled to fit the results of the photoemission experiments. It was found that
if we assume the depth of the extended saddle point in the electronic disper-
sion to be 30 meV, a transition temperature, TC, well over 100 K can be achieved
for d-wave superconductivity.While the magnitude of TC depends upon the de-
tails and cannot be taken too seriously, this calculation demonstrates that
strong d-wave superconductivity can result from the coupling of the zone-edge
LO phonons to Cu-O charge transfer. The anisotropic s-wave solution is also 
attainable, and whether the d-wave or the anisotropic s-wave solution becomes
the ground state depends upon details of the parameters. Thus, while the
phononic mechanism does not necessarily give the d-wave solution, it can be
fully compatible with it. This calculation phenomenologically assumed very
strong enhancement of the e-p coupling by the vibronic effect. In the following
we discuss how this vibronic nature arises due to the structural and chemical
complexity of the system.

4
Spatial Inhomogeneity and Pseudo-Gap

4.1
Spatial Inhomogeneity

Even though the e-p coupling is strong and unconventional, that alone does not
appear to be sufficient to explain the HTSC, since the value of the e-p coupling
constant, l, obtained from the ARPES is of the order of 1–2, and is not large
enough to explain the HTSC. In addition, if the value of l is too large, polarons
will form, increasing the effective mass and decreasing TC. That is a part of the
reason why many do not believe in the phonon mechanism. However, the ef-
fective mass of overlapping extended polarons may be not so large [39], and
more importantly this conclusion was obtained based upon the strong coupling
theory, which still assumed the Migdal theorem. If the coupling is non-adia-
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batic, this conclusion may not be warranted. It is possible that a new state that
allow non-linear, non-adiabatic interaction will be formed with the mid-range
values of l in certain circumstances.

A possible candidate for such a situation is the structural and electronic in-
homogeneity that appears to be present in the HTSC cuprates. The possibility
of electronic inhomogeneity has long been suspected [40], and there is ample
evidence of local structural distortion that suggests spatial inhomogeneity [41].
However, they have largely been dismissed as collateral byproduct of strong
coupling, and were never given proper recognition, until the spectacular results
of the STM/STS studies by J.C. (Seamus) Davis and his group [42, 43] surprised
many people who never believed in inhomogeneity. They have shown that at
low temperatures the a-b plane of Bi-cuprates, such as Bi2Sr2CaCu2O8 (BSCCO-
2212), has two kinds of nano-scale regions, one with a well-defined supercon-
ductive gap with sharp quasi-particle (QP) peaks at the edge of the gap, and the
other with a wider, but less clearly defined gap (pseudo-gap, PG) with no QP
peaks (PG matter). The size of the nano-regions is of the order of 30–40 Å. As
the level of hole doping is reduced the PG matter gains in volume (area) at the
expense of QP.At low doping the PG matter develops checker-board-like charge
density waves (CDW) with the periodicity of about 4.5a, where a is the Cu-Cu
distance in the plane. Interestingly, the nodal particles along (p, p) are present
in both regions in about the same state, and do not see this inhomogeneity.
While both QP and PG matter are made of states around the (p, 0) points, the
sharp QP peaks develop only in the metal-like QP regions, and the PG matter
appears insulating.

This observation by STM/STS is still controversial [44]. It is not yet clear
whether this inhomogeneity exists in the bulk as well as the surface where the
STM/STS observation was made, and whether it is required for HTSC or is
merely an interesting by-product. It is difficult to imagine, however, that the
surface has created such inhomogeneity. It is more natural to assume that in
systems with strong disorder, such as BSCCO-2212, the surface simply pins dy-
namic inhomogeneity. Also internal lattice distortions have been observed in
all compounds including YBa2Cu4O8, which is totally stoichiometric without the
element of disorder [45].

In addition, the LO phonon dispersion discussed above suggests inhomo-
geneity. As shown in Fig. 7, the Cu-O bond-stretching LO phonon branch is
strongly softened toward the zone-boundary, while in the undoped cuprate it
shows slight hardening. Then it may appear reasonable to assume that the
amount of softening is proportional to the doped charge density. However, for
La2–xSrxCuO4 it was shown that the amount of softening is the same for all the
superconductive phase, and disappears in the insulating phase [46]. In
YBa2Cu3O6+x it is also constant as shown in Fig. 8, but the intensity of the soft-
ened branch changes with x [47]. This observation can be understood only in
terms of microscopic phase segregation into the phase with softening and with-
out softening. It is, however, unlikely that these phases represent fully doped
and undoped phases, since the Coulomb energy penalty for such stark elec-
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Fig. 8 Cu-O bond-stretching LO mode in YBa2Cu3Ox at the zone center (q=0) and zone-edge
(q=0.5) [47]. The amount of softening is independent of the charge density, x

tronic phase segregation must be huge. It is more likely that both phases have
about the same charge density, but in the phase without softening charges are
localized into CDW or stripes, and the phonon branch splits into the one which
looks like in the undoped phase and the other one localized around the charge
stripes, the edge mode [48]. Thus even in YBCO which has relatively little dis-
order in the optimally doped phase and shows no sign of phase separation so
far, microscopic phase segregation appears to be present. This is why we believe
that inhomogeneity is an intrinsic feature of the HTSC cuprates [49].

4.2
Pseudo-Gap

Another point that should be discussed here is the nature of the pseudo-gap
(PG). The presence of PG was first suggested by the NMR experiments, but then
various probes confirmed its presence [49, 50]. The temperature below which
PG is observed is called the pseudo-gap temperature, TPG, and generally it
wraps around TC in the phase diagram, and extrapolates to zero at the doped
hole density x=xmax where TC goes to zero as well (Fig. 9) [50]. In this case for-
mation of the PG is required for HTSC. However, this view was recently chal-
lenged by Tallon and Loram [51] who advocates that TPG extrapolates to the
center of the TC dome at x0 (Fig. 9).We will then call the first kind TPG1, and the
second kind TPG2, which is slightly lower than TPG1. Theoretical interpretations
also go in two ways. TPG1 is generally interpreted as the pairing temperature



Electron-Phonon Coupling in High-Tc Superconductors 279

Fig. 9 Two kinds of pseudo-gap temperature

[52]. In this interpretation, local pairs exist below TPG1, but they are incoherent
down to TC where the long-range SC coherence is achieved through the Joseph-
son junction between the paired regions.At the same time it is the temperature
below which local distortions are observed. Thus it is likely that it is the tem-
perature where the structural inhomogeneity sets in and the QP and PG matter
become separated. On the other hand TPG2 is regarded as an independent phase
transition temperature near which there are strong fluctuations that couple
holes into pairs [53].

Let us examine the second kind first. TPG2 extrapolates to zero at x0, but this
concentration is also close to the metal-insulator transition (MIT) revealed by
applying high magnetic field [54]. Thus x0 must be a quantum critical point
(QCP), and it has been argued that the closing of PG and fluctuations associ-
ated with the QCP constitute the pairing mechanism [53]. One possibility is
that the nature of the QCP is magnetic, and increased spin fluctuations around
it contribute to pairing [55]. While the long-range antiferromagnetic (AFM) 
order disappears at a very small value of x (~0.02), dynamic AFM correlations
remain up to high values of x, as the spin excitation spectra measured by 
inelastic neutron scattering indicate. The strength of AFM correlations can be
assessed by integrating the spin scattering intensity of inelastic neutron scat-
tering (magnetic susceptibility). Such an attempt by Bourges [56] made for
YBCO shows that the magnetic intensity integrated up to 50 meV decreases 
linearly with x, and extrapolates to zero just beyond the optimum concentration,
close to x0. Thus the characterization of x0 as the spin QCP appears to be rea-
sonable. However, an important point to note is that the result by Bourges sug-
gests that the spin fluctuations themselves diminish to zero at x0. This means that
the transition at x0 occurs not because of the loss of magnetic correlation due
to dilution, but because of the disappearance of local spin polarization, perhaps
due to transformation to a Pauli paramagnet, a regular spin degenerated metal.
In this scenario the presence of a QCP does not help at all for pairing, since it is
not accompanied by strong spin fluctuation as the data by Bourges indicates.

Another significant change that occurs at x0 is that the entropy of super-
conductive transition is constant above, close to the BCS value, and starts to 



decrease below x0 with decreasing x. Loram et al. interpreted this observation
as the evidence of pair formation above TC, i.e. PG phenomenon, below x0 [57].
However, an alternative interpretation is that the SC state becomes inhomoge-
neous below x0. In this scenario SC and AFM compete, and as soon as AFM cor-
relation becomes significant the SC state does not cover the whole volume.

Now it should be noted that the signature of local distortion is observed at
TPG1, not at TPG2 [58]. This is very significant, since it implies that the inho-
mogeneity of the SC state and the structural inhomogeneity are two different
phenomena. While AFM competes against SC, local distortion does not, and
it appears that the local distortion and electronic phase separation are re-
quired for SC to occur, as we noted earlier.

5
Vibronic Mechanism of Superconductivity

Why, then, is phase separation necessary for HTSC? Superconductivity is the
macroscopic quantum coherence phenomenon, and the notion that it requires
inhomogeneity does not appear to make any sense. An answer to this question
was suggested first by J. C. Phillips [49, 59, 60] and more recently by A. Bianconi
[4, 61]. The idea is that inhomogeneity results in charge confinement that pro-
duces gaps in electron dispersion and a high density of states (DOS) at the Fermi
level (shape resonance). Phillips further speculated that the resultant super-
conductivity is highly inhomogeneous, and has filamental character [59], which
seems to be true for underdoped samples. While this idea certainly has great
merit, its weakness is that the coincidence of the high DOS with the Fermi level
requires a highly regular structure of a specific dimension. If the dimension is
wrong it causes anti-resonance,with the Fermi level at the minimum of the DOS.

While the argument above assumes a conventional e-p coupling with Fermi
liquid, it is possible to extend the argument even further by considering a non-
adiabatic e-p coupling. The result of confinement is not only to reduce the
bandwidth, increasing the density of states (DOS), but also to reduce the group
velocity of electrons. If the group velocity is sufficiently reduced to make it
comparable to the sound velocity the Migdal theorem is no longer valid, and we
have to consider a resonant, non-adiabatic vibronic coupling [14, 62]. If an elec-
tron is free and its Fermi velocity far exceeds the sound velocity the usual per-
turbative approach can describe the e-p coupling. When their velocities are
comparable the vertex correction becomes significant, and this will greatly en-
hance the e-p coupling, although a reliable theory of such a coupling is not yet
available. In this case strong coupling does not lead to structural instability
since the vibronic frequency is finite, unless electrons become totally localized
to a polaronic (stripe) state. In addition to the unconventional nature of the
e-p coupling in the cuprates, formation of the vibronic state due to structural
inhomogeneity that confines charge appears to be the second critical compo-
nent of the HTSC phenomenon.
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6
Other Issues with Lattice and Spin

6.1
Stability of Stripes

Another aspect of the lattice effect worth mentioning here is the lattice effect
on the stability of spin/charge stripes. As shown in Fig. 10 as l is increased TC
goes down because of polaron formation. Polarons have a large mass, and thus
reduces the Bose condensation temperature. Thus destabilizing polarons would
help superconductivity. In the cuprates it is likely that the polaron-polaron in-
teraction leads to formation of stripes, so that the question of polaron stability
directly means the stability of stripes. Both the elastic interaction and the 
kinetic energy prefer the stripe formation, while the Coulomb energy opposes
it. The two-dimensional nature of the cuprates is critical in tilting the balance
toward the stripe formation. The stability condition of the stripes, however, can
be discussed in much the same way as that for polarons. The ionic size effect is
prominent for the polarons in the colossal magnetoresistive (CMR) mangan-
ites [63] as well as in the stripe formation [64]. For the manganites this size 
effect was initially explained in terms of the bandwidth control by the ionic 
size that leads to the bending of the Mn-O-Mn bond [65]. However, a careful ex-
amination showed that the amount of band-narrowing is too small to account
for the effect [66, 67]. We proposed a more plausible scenario in terms of the
renormalization of the elastic energy by the long-range stress field which
changes the effective coupling constant by a factor of two [64, 68]. Buckling of
the CuO2 plane stabilizes stripes that compete against superconductivity and
reduces TC, as observed by experiment [69, 70].
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Fig. 10 The value of TC vs electron-phonon coupling parameter, l, when the CuO2 plane is
buckled and polarons (stripes) are stable (dashed line) and when it is flat (solid line).A vibronic
mechanism will push it up further



6.2
Role of the Spin

The discussion above converged to the speculation that the local AFM order
competes against superconductivity. This idea is diametrically opposed to the
conventional thinking of the majority.While the majority can always be wrong,
could we ignore preponderance of evidence on the significance of the spins that
led the majority to conclude that they play the dominant role in the mecha-
nism? The cuprates are very complex systems with a number of competing 
degrees of freedom. It is only reasonable to assume that this complexity is not
unrelated to the remarkable HTSC phenomenon in this family of compounds
[49]. Then, rather than to try to attribute the mechanism to a single degree of
freedom, why not consider the synergetic effect of all degrees of freedom? The
question should not be whether “spin or lattice”, but how spin and lattice can
work together to create this phenomenon.

The first hint in that direction is that our calculations show an unexpect-
edly strong dynamic spin-charge-phonon coupling. Aside from the role of
this coupling for the formation of the stripe phase, the important conse-
quence is that the phonons bring down the energy scale of spin excitations as
well as charge excitations to the level of the phonon energy. Thus phonons 
are dynamically dressed by spin as well as by charge. This may justify calling
this e-p interaction “unconventional”. Note that this effect of LO phonons can-
not be correctly described by the t-J Hamiltonian, since in the t-J model the
effect of the oxygen phonon on the Cu-Cu exchange is integrated over the
phonon q vector, while the t-J model and the RVB theory is effective in de-
scribing the zone-boundary mode producing Cu-Cu dimers in the local 
singlet state [71].

This spin-charge-phonon coupling brings about an interesting possibility of
a synergetic effect of spin, charge and lattice in pair formation. The regular spin
fluctuation mechanism based upon the AFM correlations has a disadvantage
that if the spin correlation is strong the carrier mobility is low, while if the spin
correlation is weak the spin excitation energy is low. The spin-phonon coupling
mechanism pegs the excitation frequency to the phonon frequency, so that the
coupling strength will not be weakened when the spin correlation becomes
weak [72]. Furthermore the recent observation on the dispersion of spin exci-
tation [73, 74] may be related to the resonance of spin excitations with the
phonons. The dispersion of spin excitations shown in [73] has a node around
60 meV, very close to the zone-boundary LO phonon energy. It is possible that
the resonance above the phonon energy and anti-resonance below created the
rotation of the incommensurate pattern as observed.
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7
Concluding Remarks

The majority opinion today on the role of phonons in the mechanism of high-
temperature superconductivity is still strongly negative. However, this bias is
largely based upon the assumption of the conventional e-p coupling mechanism,
while the e-p coupling in the cuprates can be unconventional, due to strong 
covalency, ionicity and electron correlation. Our recent calculation shows that
the Cu-O bond-stretching phonons are strongly coupled both charge and spin,
through the phonon-induced spin-polarized charge transfer between Cu ions
through oxygen. Such an unconventional e-p coupling can produce effects not
included in the BCS theory. In addition spatial inhomogeneity appears to be an
indispensable ingredient of the HTSC phenomenon, even though it is difficult
to comprehend why inhomogeneity helps, rather than hurts, superconductivity.
A distinct possibility to resolve this conundrum is the vibronic, non-adiabatic
resonance of phonon, charge and spin. The phonon mechanism is not “conven-
tional” after all in the strongly correlated electron systems such as the cuprates,
and could even be a significant part of the mechanism of high temperature 
superconductivity.
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Abstract Local lattice displacements giving a nanoscale inhomogeneous pattern due to
mesoscopic phase separation in the correlated transition metal perovskites play a distinct
role for high Tc superconductivity (HTcS) in the copper oxides and for colossal magneto 
resistance (CMR) in manganese oxides. Experimentally the local structure physics of these
correlated oxides owes a lot to the extended X-ray absorption fine structure (EXAFS) using
polarized synchrotron radiation sources, a local and fast experimental probe that has 
revealed several key structural aspects. Here we have briefly reviewed some of our studies
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on the local displacements in the electronically active Cu-O lattice in the copper oxide 
superconductors and the Mn-O lattice of the manganese oxide CMR and charge ordered sys-
tems, exploiting the EXAFS technique. In the copper oxides the determination of polaronic
distortions by polarized Cu-K-edge EXAFS has revealed superlattice of distorted stripes in-
tercalated with undistorted stripes with the chemical potential tuned near a shape resonance
for the interband scattering in a system with two electronic components that can amplify the
critical temperature. On the other hand, the Mn K-edge EXAFS has been applied to under-
line the importance of the local Mn-O displacements to characterize various phases in the
perovskite manganese oxides.

Keywords Lattice distortions · Nanoscale heterogeneitics · Cuprates · Manganites

1
Introduction

Advances in the materials growth techniques and development of new experi-
mental tools have generated a wealth of information with significant implications
on the complex phases of the condensed matter, with the highly correlated tran-
sition metal oxides revealing exotic quantum phenomena [1–6]. In the case of the
highly correlated oxides the mere knowledge of the long-range crystallographic
structure does not help to explain their basic properties, such as the high Tc su-
perconductivity (HTcS) in the copper oxides (cuprates), colossal magneto resis-
tance (CMR) in the manganese oxides (manganites) [7–11] and the fascinating
metal-insulator transition in the other related oxides [4]. Indeed, the basic char-
acteristics of these doped oxides appear to depend strongly on the nanoscale and
local atomic structure that has been revealed by a series of experiments sensitive
to the local structure and the nanoscale electronic structure [12–17].

Let us take the example of cuprates, which are layered materials with CuO2
planes separated by the insulating rocksalt oxide layers. The importance of the
CuO2 planes has created a major interest to study electronic and structural 
behaviour of these basic structural elements since the discovery of the super-
conductivity in these materials. In fact, thanks to the experimental and theo-
retical efforts of more than a decade and half, the research in the high Tc
cuprates has entered in a new phase where it is becoming recognized that the
electronic ground state of these oxides is more complex than considered at the
beginning. As a matter of fact, the material evolves from an insulator to a su-
perconductor by introducing holes into the parent antiferromagnetic insulator.
Indeed it is hard to understand the normal and the superconducting state prop-
erties of these materials by considering simply the spin and charge degrees of
freedom in a doped 2D anti-ferromagnetic CuO2 lattice. The expected intrinsic
electronic properties (charge and spin dynamics) of a homogeneous low den-
sity 2D correlated electron fluid in a doped Mott insulator [18] have not suc-
ceeded in explaining the complex experimental features of the metallic phase
of high Tc superconductors. There is now a growing consensus that the anom-
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alous electron-lattice interactions, the fundamental basis for the supercon-
ductivity in metals, in a correlated electron fluid are a key ingredient for the
normal and the superconducting state of these oxides [12, 13]. Recent exper-
iments on the electronic structure have indicated a possible energy scale re-
lated to the Cu-O displacements [19] that appears to be having a direct influ-
ence on a possible electron-phonon interaction in these materials [20–23]. In
addition, the isotope effect experiments [24–28] cannot be ignored, which cre-
ates a further plateform to treat these materials with proper consideration of
the electron-lattice interactions. It should be emphasized that the electronic
pairing correlations in the cuprate superconductors are of short range char-
acter, resulting the short coherence length; therefore the local structure rather
than the average one could have a key importance in these materials.

The characterization and quantification of the local lattice distortions in
these materials has shed light on the tendency toward phase separation [2, 29]
at the metal to insulator transition and/or at critical charge densities where the
Fermi surface changes its topology, known as electronic topological transitions
(ETT) [30]. In these systems the phase separation occurs at mesoscopic or
nanoscale length scales, giving the striped phases [13] that can compete or 
coexist with the superconductivity. Incidentally, in addition to the short range
nature of the superconducting correlations, the self-organized textures of elec-
trons and molecules, related with the interplay of the charge, spin and lattice
excitations, appear over a short length scale. The later is also true for the other
transition metal oxides as the CMR manganites, nickelates and other related
systems [4, 12, 13], and therefore the study of the local atomic displacements is
needed for the understanding of the physics of these transition metal oxides.

The main experimental probes, used to determine the local displacements in
the transition metal oxides, are the pair distribution function (PDF) analysis
of neutron and x-ray diffraction, extended x-ray absorption fine structure 
(EXAFS) and ion channelling [31–38]. The PDF is based on real space (Fourier
transform) analysis of diffraction patterns measured up to high wave vector,
involving diffuse peaks due to atomic displacements, in addition to the main
diffraction peaks, and hence is a probe of the local structure, providing infor-
mation on the distribution of the atomic distances [39]. On the other hand, the
ion channelling exploits any change in the channelling yield of ions through
various crystallographic planes due to atomic displacements, providing infor-
mation on the local structure in a very short time scale (~10–15 s) [40]. The most
direct method to probe local structure is EXAFS, which is a site selective
method, providing information on the local atomic distribution around a 
selected absorbing site through scattering of the photoelectron exited from the
X-ray absorbing atom with near neighbours [41, 42].Although these techniques
have their own limitations to determine quantitative atomic displacements,
there is good agreement on the local lattice displacements determined by these
techniques in the complex transition metal oxides [31–38].

The contribution of EXAFS has been vital due to availability of high bril-
liance and polarized X-ray synchrotron radiation sources. In combination to
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the recent technical advances and available high brilliance polarized X-ray 
synchrotron radiation sources, the EXAFS spectroscopy has allowed us to 
determine directional and quantitative atomic displacements, offering a unique
approach to pin point short-range atomic displacements and their dynamics,
being a fast (~10–15 s) and local (~5–6 Å) probe [41, 42].

Here we have briefly reviewed some of the important results on the local
structure of the cuprate superconductors. We have focused on the problems of
intrinsic local charge and structural inhomogeneities and superconductivity in
the copper oxides. We also report some results on the manganites, that appear
to show self-organization and texturing at a short length scale to point out sim-
ilarities and differences between the two classes of materials.We have limited the
presentation to the studies of the local structure by EXAFS, and referred the re-
lated work, wherever required in the text. The following section is dedicated to
the basic concepts on the EXAFS as a probe of local and instantaneous atomic
displacements, involving also the salient features of the data analysis and the 
experimental approach used with relevant justifications. Here we have restricted
the focus on the experimental results on the local structure around the transi-
tion metal site (Cu in the cuprates and Mn for the manganites) obtained by the
EXAFS studies made at the K-edge of the respective elements, i.e., Cu K-edge
and Mn K-edge EXAFS. We have described characteristic local displacements
around the Cu, measured on various copper oxide superconductors using 
polarized Cu K-edge EXAFS. This is followed by the results providing further 
insight to the local displacements within the CuO2 plane, revealing asymmetry
of the square plane, which seems to have direct implication on the fundamen-
tal electronic structure and the pairing interaction in the cuprate supercon-
ductors. The following section is dedicated to the local displacements with 
variable Cu-O bonds, underlying importance of the strain fields in the super-
conductivity and the self-organized texturing in these metal oxides.We have also
provided some results on the effect of external disorder (i.e., the substitutional
disorder) on the local Cu-O displacements in these materials. The last part of
the results is to describe the characteristic local displacements, measured by
Mn K-edge EXAFS on the charge ordered and CMR manganites, with the
La1–xCaxMnO3 as a model system. This has been followed by a brief summary
with relevant conclusions drawn on the basis of the local structure with respect
to the electronic properties.

2
Basics of the EXAFS as a Probe of Local and Instantaneous Displacements

Before getting through the experimental results, we would like to recall briefly
the basic aspects of the X-ray absorption technique, focusing on the EXAFS.
The X-ray absorption coefficient m(E) is generally given by the product of the
matrix element times the joint density of states for the electronic transitions
from the initial to final states. It can be solved in the real space for electronic
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transitions from an initial localized core level to a final state, described as an
outgoing spherical wave which interferes with the waves backscattered from the
neighbouring atoms [41–46], i.e.,

m(E) = m0 (E)[1 + ∑ cn(E)] (1)
n≥2

where m0(E) is the so-called atomic absorption coefficient for the selected
atomic core level and cn(E) represents the contribution arising from all multi-
ple scattering pathways beginning and ending at the central absorbing atom
and involving (n–1) neighbouring atoms.

The modulation function c(E) can be extracted from the experimentally
recorded absorption coefficient and is given as

m(E) – m0(E) 
c(E) = ∑ cn (E) = 994 (2)

n≥2 m0(E)

The shortest scattering pathway is the one which involving the first shell with
only the single scattering term c2(E) being relevant. This term can be isolated
from the cn(E) by the Fourier filtering because multiple scattering pathways for
the first shell, that contribute to cn(E) with n≥3 as well as all contributions from
further shells, at longer scattering path lengths.

The single scattering EXAFS signal c2(k) for the first shell can be written as

S0
2 e–2Ri/l

c2 (k) = 941 Ai (k) · e–2k2s2
i sin[2kRi + di (k)]   (3)

kR2
i

where Ri is the radial distance for the first shell and di(k), the phase function 
determined by both the photoabsorber and the nearest neighbour backscatterer.
The S0

2 is an amplitude correction factor due to the photoelectron correlation
and is also called the passive electron reduction factor, Ai(k) is the scattering
power, l is the photoelectron mean-free path and the si

2 is the correlated Debye
Waller factor of the photoabsorber-backscatterer pairs. The scattering power is
given by Ai(k)=Ni* Fi(k), where Ni* is the average coordination number and Fi(k)
is the backscattering amplitude of the neighbouring atoms, and hence Eq. (3)
takes the following form:

S0
2 e–2Ri/l

c2 (k) = ∑i Ni* 96 Fi (k) · e–2k2s2
i sin[2kRi + di (k)]       (4)

kR2
i

Here the photoelectron wave vector (k) is given by

99p     k2m(E – E0)k = 3 = 994 (5)
� �

E is the incident photon energy while E0 is zero of the ejected photoelectron 
energy.
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For the oriented single crystal samples the EXAFS signal has a dependence on
the angle between the preferred sample direction and the X-ray polarization vec-
tor. The EXAFS equation for the polarized K-edge EXAFS can be generalized as

S0
2 e–2Ri/l

c2 (k) = ∑i 3Ni cos2(qi) 95 Fi (k)e–2k2s2
i sin[2kRi + di (k)]  (6)

kR2
i

where Ni is the equivalent number of neighbouring atoms at a distance Ri
sitting at the angle (qi) with respect to the direction of the electric field of the
polarized X-ray beam [28]. Therefore, with the polarized light and single crys-
tal samples, the EXAFS could be exploited to obtain information on directional
local structure. In fact, the approach of the polarized EXAFS is very useful to
study the local structure of complex systems such as the high Tc cuprates and
the CMR manganites.

To extract the structural parameters from an EXAFS signal, the shift of the
photoelectron energy origin E0 and the phase shifts should be known. These
parameters can be either fixed or allowed to vary when an experimental EXAFS
is parameterised. For the complex systems such as the high Tc cuprates and the
CMR manganites, the K-edge EXAFS probes a cluster of about 5–8 Å around
the central absorbing atom. Therefore, the Cu-K-edge EXAFS is an ideal probe
to investigate microscopic changes in the local lattice structure of the CuO2
planes in high Tc compounds.

While the CMR manganites has higher disorder, the cuprates have very small
disorder and it is generally hard to determine these small atomic displacements
using the conventional EXAFS on powder samples due to the fact that there are
large correlations between various parameters (amplitude parameters and the
phase parameters) to be determined [41]. For this purpose a well-defined ap-
proach to decrease the number of parameters is to be used. Polarized EXAFS has
a clear edge over the EXAFS from powder samples due to the fact that it permits
to determine the small and directional displacements precisely in the complex 
systems. In addition, it should be mentioned that the polarized EXAFS for the
nearest neighbour (1st order correlation function) is very strong and unique
technique that permits a quantification of local and small atomic displacements.

Here we focus on the local distortions in the electronically active Cu-O net-
work in the cuprates and Mn-O networks in the manganites, restricting to the
first oxygen coordination shell (i.e. in-plane Cu-O bond distances and the 
Mn-O distances respectively in the two families). In the E||ab Cu K-edge EXAFS
on the cuprates, the signal due to the Cu-O bond distances is well separated from
the longer bond contributions and can be easily extracted and analysed sepa-
rately. The extracted EXAFS signals due to the Cu-O bond distances represent
only single backscattering of the photoelectron emitted at the Cu site by its
nearest neighbour in-plane oxygen atoms and probe the correlation function
of the Cu and oxygen pairs. The approach is to avoid any multiple scattering
signals that generally make the data analysis complex. We have used the stan-
dard procedures to draw the pair distribution function (PDF) of local Cu-O
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bond-lengths from analysis of the EXAFS oscillations only due to the Cu-O 
distances. In this procedure the EXAFS signal due to the Cu-O is simulated by 
the least squares fit with an input model containing a distribution of several
distances (where the Ntot is fixed to the nominal value and s2

CuO for each distance
is given by the Einstein model for a correlated Cu-O distribution) respecting the
number of allowed fit parameters to be less than (2DRDk/p) [41]. The only vari-
able parameter is the relative probability of different distances with a constraint
of Ntot to be fixed. Same results were obtained while two distances model was
used to fit the Cu-O EXAFS (with fit parameters are the two distances (R) their
relative probabilities and the associated two s2

CuO) for deriving the PDF. The 
feasibility of these methods has been shown earlier for the case of cuprates
[34–38, 47, 48] and other complex systems [50, 51]. Similar approach has been
used to determine the PDF of Mn-O bonds for the case of manganites.

Here we should mention that the all the measurements presented here are
performed in the fluorescence yield (FY) mode using multi-element Ge x-ray
detectors array [52, 53]. The emphasis was given to measure the spectra with a
high signal to noise ratio and up to a high momentum transfer and purposefully
we measured several scans to accumulate the total fluorescence counts to be
~3 million to limit the relative errors to be less than 0.1% above the absorption
threshold. The EXAFS signals were corrected for the X-ray fluorescence self-ab-
sorption before the analysis [54–56]. For further details on the experiments and
data analysis we refer our earlier publications [34–38, 47, 48, 57, 58].

3
Local Structure of the High Tc Cuprates by Cu K-edge EXAFS

3.1
Characteristic Local Cu-O Displacements in the Cuprates

By exploiting the polarized EXAFS on various cuprate superconductors, we
have revealed the characteristic Cu-O local displacements in these oxides. Here
we will start the discussion with presentation of these experimental data, sug-
gesting that the local Cu-O distortions in these oxides resemble with the Q2
type of the phonon mode [59].

Figure 1 shows an example of the pair distribution function (PDF) of the 
Cu-O bonds in the La1–xSrxCuO4 (x=0.15) determined by the in-plane and the
out-of-plane polarized EXAFS, probing respectively the Cu-O(planar) and 
Cu-O(apical) bond lengths. The PDF indicates that a part of the Cu-O lattice
sites is distorted with Q2-type symmetry associated with the Jahn-Teller (JT)
distortions in the cuprates. The Q2-type distortion is pictorially represented as
the inset of Fig. 1.

These local lattice distortions detected by the EXAFS are found to be simi-
lar in different families of cuprate superconductors [34–38, 47, 48, 57, 58]. We
have compared the distribution of the Cu-O bonds (lower panel of Fig. 1) in 
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the La2–xSrxCuO4 (LSCO) system (CuO6 octahedra) with the one in the
Bi2Sr2CaCu2O8+d (Bi2212) system (CuO5 pyramids). There are two well sepa-
rated Cu-O(planar) distances (DR~0.08 Å) for the CuO4 square planes in both
systems. It is worth mentioning that the two in-plane distances are within the
range of the average Cu-O(planar) distances in the crystallographic structures
of all synthesized cuprate superconductors [60, 61]. The short Cu-O(planar)
bond lengths are approximately similar to the one observed in the average crys-
tallographic structure; however, the longer anomalous Cu-O(planar) bonds,
R2=1.96 Å seem to be associated with a tilting of the CuO4 square planes in the
(110) direction, resulting in two oxygen atoms per CuO4 square plane getting
displaced along the c-axis (two long bonds R2 and two short bonds R1) with a
rhombic distortion (Q2-type) as in the low temperature tetragonal (LTT) like
structure [62].

The presence of two Cu-O(apical) distances, R3 and R4, separated by DR~0.14
±0.02 and 0.18±0.02 Å for the LSCO and Bi2212 systems respectively, is a con-
sequence of the distortions in the CuO4 square plane where the short Cu-O(api-
cal) bonds R3 are the anomalous ones, associated with the distorted CuO6
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Fig. 1 Pair distribution function (PDF) of Cu-O bonds in the La1.85Sr0.15CuO4 (upper) and
Bi2Sr2CaCu2O8+d (lower) systems measured by the in-plane and the out-of-plane polarized
EXAFS, probing respectively the Cu-O(planar) and Cu-O(apical) bond lengths. The inset
to the lower panel shows a pictorial view of the Q2 mode of the Jahn-Teller distortions. The
circles with shadow represent the metallic ion and the circles with diagonal bars represent the
oxygens. In the Q2 mode two oxygen atoms moved away and two get closer



(CuO5) octahedra (pyramids) since in a rhombic distortion the in-plane elon-
gation is accompanied by the out-of-plane bond shortening, as indeed the case
for the cuprates [59]. The amplitude of the Cu-O displacements, determined by
the elongation of the Cu-O bonds, suggests that the distortions in the cuprates
are in an intermediate electron-lattice coupling regime.

It should be mentioned that the rhombic distortions with in-plane elongation
are observable only below a characteristic temperature T* where it is possible
to detect the anomalous long Cu-O(planar) bonds, larger than the amplitude of
the thermal fluctuations. On the other hand, the Cu-O(planar) PDF shows a 
single peak above this temperature with a width determined by the thermal fluc-
tuations. This is illustrated in Fig. 2 where we have shown the Cu-O(planar)
PDF for the LSCO system at T>T* and T<T* [37, 47].
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Fig. 2 The Cu-O(planar) PDF at T<T* (50 K and 35 K) and at T>T* (300 K) in the LSCO 
system [37].The Q2-type of distortions are observable below a temperature T* where we could
detect the anomalous long Cu-O(planar) bonds, larger than the amplitude of the thermal fluc-
tuations



As shown above, the rhombic Cu-O local displacements appear to be char-
acteristic to the high Tc cuprates, revealed by a the fast technique such as EXAFS;
however, the dynamics of these could vary in different families and at different
doping, implying different T* for different families, that could be different if
measured by other probes depending on the time scales of the techniques used.

3.2
Asymmetry of the in Plane Cu-O Displacements

Having discussed the nature of the local Cu-O displacements, characteristic to
the cuprate superconductors, we would now restrict our focus on the in-plane
Cu-O displacements. Exploiting the polarization dependence of the EXAFS 
signal we have found that the local Cu-O displacements in the two orthogonal
Cu-O bond directions (denoted as at and bt) are different [63]. For this work,
the Bi2Sr2CaCu2O8+d (Bi2212) has been taken as a model system, also due to the
fact that this system has been widely studied to explore intrinsic inhomo-
geneities and their implication on the fundamental electronic structure, being
suitable for a wide range of experimental techniques. Figure 3 shows the Fourier
transform (FT) of the EXAFS signals measured on the Bi2212 system with po-
larization vector of the synchrotron light falling parallel to the two orthogonal
in-plane Cu-O bonds. Just to recap, the peaks in the FT are due to the backscat-
tering of the emitted photoelectrons from the neighbouring atoms and hence
the FT provides a global atomic distribution around the absorbing site (around
Cu in the present case). The peaks do not represent the real atomic distances and
the position should be corrected for the photoelectron backscattering phase
shifts to find the quantitative value to the atomic positions with respect to the
Cu atom. There are evident differences in the FT along the two polarizations
with major differences around the Cu-Sr/Ca peak. The Cu-O peak in the E||bt
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Fig. 3 Magnitude of the Fourier transform |FT(k2c)| of the EXAFS spectra measured in the
two orthogonal Cu-O-Cu bond directions (denoted by E||at and E||bt). The k range is 3–19 Å–1

and no correction has been made for the phase shifts due to photoelectron backscattering



appears to be shifted towards higher R while the Cu-O-Cu peak shows a shift
towards lower R-value. On the other hand, the Cu-Sr/Ca peak shows a large 
increase and gets sharp in the E||bt geometry. The anisotropy in the distribution
of Sr/Ca atoms suggests a large re-distribution of the Cu-Sr/Ca bonds and com-
plex distortions of the lattice.Although the absolute differences may be difficult
to extract due to complex interference effects of different backscatterings of the
photoelectrons, the evident differences are large enough to state that the atomic
distribution is anisotropic with respect to the two Cu-O-Cu directions.

The anisotropy along the two orthogonal Cu-O bond directions within the
CuO2 plane was quantified by the modelling of the EXAFS spectra due to the 
Cu-O bonds using the similar approach as discussed in the previous sections
[34–38, 47, 48, 57, 58, 63]. Figure 4 shows the PDF of the CuO2 plane along the two
orthogonal Cu-O bond directions. The resulting distribution lies in the range of
1.8–2.05 Å, independent of the polarization direction. The PDF obtained in the
at direction at 300 K is compared (lower panel) with the PDF obtained by the
analysis of the EXAFS spectra measured in the same direction at low tempera-
ture (30 K). The bond distribution well reproduces the results at low tempera-
ture (see, for example, the previous section); however, due to larger distance
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Fig. 4 Cu-O pair distribution along the two orthogonal Cu-O-Cu directions (upper). The
distribution in the E||at (solid line) at 300 K is compared with that of at 30 K in the same 
direction (lower)



broadening at higher temperature the PDF at 300 K show an asymmetric dis-
tribution of the Cu-O bonds instead of a clear two peak function at 30 K. The
large distribution of the Cu-O distances along the two orthogonal directions
within the CuO2 plane evidently shows distorted nature of the square plane.

The PDF along the two Cu-O-Cu bond directions are different. While the 
Cu-O distribution along the E||bt is a single peak function (however broad) cen-
tred around the average bond length (~1.9 Å), the distribution along the E||at
appears with more like a two peak function (appearing at ~1.88 Å and ~1.98 Å).
The PDF evolves in a clear two-peak function at low temperature (lower panel
of Fig. 3 comparing the PDF along at direction at 30 K and 300 K). The outcome
of the present experiment, shown as PDF at 300 K, not only indicates anisotropy
of the Cu-O distribution in the CuO2 square plane but also provides an evi-
dence for a preferential tilting of the CuO2 plane giving higher probability of
longer and shorter bonds arranged in one of the two Cu-O-Cu directions. This
observation is consistent with the electronic anisotropy of the G-M and G-M1 di-
rections at the Fermi surface of the Bi2212 system [64, 65]. The present experi-
ment adds further information and suggests preferential tilting of the CuO2
planes with higher probability of shorter and longer Cu-O bonds in the at
direction. Recently anomalous phonon dispersion has been interpreted as a dy-
namic unit cell doubling in the CuO2 plane along the direction of Cu-O-Cu
bonds giving a short range charge ordering [33, 66–68]. The present experiment
can account the dynamic unit cell doubling in the CuO2 plane along the direc-
tion of the Cu-O-Cu bonds as argued on the basis of the anomalous phonon dis-
persion [63, 69]. In summary, we have shown microscopic anisotropy of atomic
distribution along the two orthogonal Cu-O-Cu bonds of the CuO2 square
plane. The pair distribution of the Cu-O bonds along the two orthogonal di-
rections shows significant differences, with preferential elongation and short-
ening of a part of the Cu-O bonds.We believe that the preferential tilting of the
CuO2 plane, giving anisotropy to the Cu-O bond distribution, is responsible for
the evident asymmetry to the Fermi surface of the same system where (p, 0)
and (0, p) points are different. Also this anisotropy results a strong redistrib-
ution of the Cu-O orbitals [69] with inhomogeneous charge distribution in the
CuO2 plane.

3.3
Lattice Displacements with Variable Cu-O Bonds

Structurally the high Tc cuprates are heterogeneous materials made of alternated
layers of metallic body centred cubic (bcc) CuO2 layers and insulating rock-salt
face centred cubic (fcc) A-O (M= Ba, Sr, La) layers [70–72]. The expected degree
of bond length matching between the two intergrowth layers is expressed in 

rA3+ + rO2–
terms of the Goldschmidt tolerance factor [70–72] t = 995where rA3+,

kl2(rA3+ + rO2–)
rCu2+ and rO2– are the room temperature ionic radii. The tolerance factor in hole 
doped cuprates is less than 1 indicating that the lattice mismatch between the
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two sub-lattices is such that the CuO2 sheets are under compression and rock-
salt (A-O) layers under tension. The importance of the lattice mismatch (or
chemical pressure) on the superconducting transition temperature was noted
by several experiments [60, 61, 73–75] showing that Tc is not simply controlled
by a single variable: the doping [76].

In order to measure the actual lattice strain in the CuO2 sublattice we have
exploited Cu K-edge EXAFS to obtain the direct measure of the average in
plane lattice compressive strain due to mismatch called the micro-strain 

d0 – �RCu–O�
e = 991 , where �RCu–O� is the measured average inplane Cu-O bond-  

d0
length [77] and d0 is the Cu-O equilibrium distance, 1.97 Å, that is the Cu+2-
O–2 bond length measured by EXAFS for a free Cu ion in water. This value is
close to that of an unstrained CuO2 plane ~1.985 (±0.005) Å in undoped
Sr2CuO2Cl2 [78] considering the correction due to effect of hole doping on the
Cu-O bonds (~0.16 doped holes per Cu site). The micro-strain is related to the
expected tolerance factor as shown in panel (a) of Fig. 5 however it is a direct
measure of the strain field and therefore it has allowed to detect that the su-
perconducting critical temperature at fixed hole doping is a function of the
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Fig. 5 a The measured micro-strain of the Cu-O bond as a function of the expected toler-
ance factor. b The maximum superconducting critical temperature at optimum doping (0.16
holes per Cu site) for many different systems as a function of the Cu micro-strain [77]
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Fig. 6 a Cu-O pair distribution function (PDF) for different systems measured at 200 K.
The solid vertical bars refer to the mean Cu-O distance in the respective systems, while the
dotted vertical bar represents the Cu-O distance with no chemical pressure (see the text).
b Cu-O pair distribution function (PDF) above T* (solid line) is compared with the PDF 
below T* (dashed line) and below Tc (dotted line) for the La2CuO4.1 (upper), Bi2212 (middle)
and Hg1201 (lower)

strain field as shown in panel (b) of Fig. 5. This shows that the maximum crit-
ical temperature at about 135 K occurs for a optimum micro-strain of about
5%. For a micro-strain larger than 8.5% the strain field localizes the doped
holes and the insulating striped phase suppresses the superconducting phase
in the low temperature tetragonal (LTT) phase.

The La2CuO4.1 (LCO), and Bi2Sr2CaCu2O8+d (Bi2212) and HgBa2CuO4+d
(Hg1201) (and HgBa2CaCu2O6+d (Hg1212)) systems are used as representative
for the La-based ([(La2O2+d )CuO2]), Bi-based ([Bi2O2+d (Sr2O2Ca)Cu2O4]) and
Hg-based ([HgOd(Ba2O2)CuO2] (and [HgOd(Ba2O2Ca)Cu2O4])) superconducting
families containing respectively the La-O, Sr-O and Ba-O as rock-salt layers that
sustain different chemical pressure on the CuO2 planes, where the dopants are
interstitial oxygen ions in the block layers.

Figure 6a shows the Cu-O pair distribution function (PDF) in the LCO,
Bi2212, Hg1201 and Hg1212 systems determined by the EXAFS analysis in the
normal state, at a high temperature (T=200 K). The mean Cu-O bond-lengths
(vertical bars) show a clear evolution with the change in the chemical pressure
on the CuO2 plane and increases from La-based to Hg-based systems. This is
expected due to different mismatch between the rock-salt layers (respectively
La-O, Sr-O and Ba-O for the La-based, Bi-based and Hg-based systems) and the
CuO2 lattice, sustaining different chemical pressure on the CuO2 plane.

To enlighten further the local Cu-O displacements, we have determined the
PDF at different temperatures. Figure 6b shows the distribution at three dif-
ferent temperatures for the LCO, Bi2212 and Hg1201 samples. Interestingly the
Cu-O bonds distribution for a micro-strain larger than 5% turns asymmetric
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Fig. 6 (continued)

with two peak function below the T* as in the case of LCO (T*~190 K) and the
Bi2212 (T*~140 K) systems while for a micro-strain lower than 5% it remains
symmetric as for the Hg1201 in the whole temperature range (within the 
experimental uncertainties). In addition, the pair distribution function reveals
a significant change across the superconducting transition temperature Tc
(Tc~40 K, 87 K and 94 K respectively for the LCO, Bi2212 and Hg1201 systems
respectively).
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Here we could briefly summarize this section. We have shown how the 
local Cu-O displacements evolve with the chemical pressure in the cuprate 
superconductors while the charge density in the CuO2 plane is kept fixed 
(at the optimum doping level with d~0.16). The temperature dependence of
the Cu-O bond distribution shows unusual behavior, turning to a two peak
function below the characteristic temperature T*, the temperature which de-
pends on the Cu-O bond lengths. In addition, there is a small change in the
distribution function at the superconducting transition temperature, show-
ing a reduced probability of the longer bonds in the two-peak function, re-
vealing importance of electron-lattice interaction in the pairing mechanism.
On the basis of the present findings, we can conclude that the chemical pres-
sure on the electronically active CuO2 plane, that appears to control the elec-
tron-lattice interaction is a key parameter to understand the phase diagram
in high Tc superconductors.

3.4
Effect of Substitutional Disorder on the Cu-O Displacements

In the previous section we have shown that, while the character of local 
Cu-O displacements in the cuprates remain similar (rhombic distortions) 
below the characteristic temperature T* (different for different systems),
these distortions vary from system to system and they also depend on the
chemical pressure on the CuO2 plane. Here we would present some results
pointing the influence of the substitutional disorder on the Cu-O displace-
ments.We take the La-based cuprates as the model, with the La2CuO4.1 (LCO),
La1.85Sr0.15CuO4 (LSCO) and La1.48Nd0.4Sr0.12CuO4 (LNSC) systems represent-
ing respectively the oxygen doped, Sr doped and Nd doped systems with 
increasing substitutional disorder. We find that this disorder in the CuO2
plane results a significant change in the T* and the associated local Cu-O dis-
placements.

While the Cu-O displacements in the LCO and the LSCO systems are 
represented in the previous sections, Fig. 7 shows the Cu-O distribution in 
the LNSC system at two temperatures across the T*, along with the difference
between the two distributions [79]. The Cu-O PDF for the LSCO at a tem-
perature T<T* [37] is also shown for a ready reference to compare the 
differences between the two systems. The Cu-O distribution in the LNSC 
displays an asymmetric peak, either at a temperature lower than the T* or
above it. There is a small redistribution of Cu-O bonds across the T* that could
be seen in the difference. In the anomalous phase at (T<T*) there is an elon-
gation of a part of the Cu-O bonds. This elongation of the Cu-O bonds is sim-
ilar to the one observed in the LSCO system and associated with appearance
of the rhombic distortion of the CuO2 plane resulting longer Cu-O bonds.
However, while the bond distribution gets two-peak function at low temper-
ature, from a single peak function above the T* in the LSCO system [37], it re-
mains asymmetric in the LNSC, with a probability weight transfer across the



T* [79]. This further indicates that stripe ordering in the cuprates below the
T* is associated with the dynamic local Cu-O displacements rather than a sta-
tic disorder. The superconductivity survives with stripe ordering associated to
a large contribution of dynamic local lattice displacements as the case of
LSCO, while it gets anomalously suppressed with charge stripe ordering as-
sociated with less dynamic character of local lattice displacements.

It has been reported that the magnetic order plays important role in the su-
perconductivity of the cuprates while the stripe ordering could co-exist with
the superconductivity [80]. Indeed the superconductivity gets suppressed when
the magnetic order appears [80]. Our finding suggests that the superconduc-
tivity disappears when the local Cu-O displacements, associated with the
charge stripe ordering, get less dynamic. Commenting the present results with
respect to the earlier results on the magnetic order it could be stated that the
local Cu-O displacements are less dynamic in presence of magnetic ordering.
Therefore the two results compliment each other. Thus the local Cu-O dis-
placements are more static in the absence of superconductivity, while magnetic
ordering is present (as shown by other experiments [80]); on the other hand the
dynamic contribution gets increased while the system is superconducting with
suppressed magnetic order.
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Fig. 7 Cu-O pair distribution for the La1.48Nd0.4Sr0.12CuO4 system for T<T* (solid line) and
T>T* (dotted line) [79] is shown with the difference of the distribution across the T* (lower).
The Cu-O PDF for the La1.85Sr0.15CuO4 at T<T* is shown [37] for comparison



4
Instantaneous Local Displacements in Cuprates by Cu K-Edge XANES

4.1
Characteristic Response of Temperature Dependent Local Displacements 
in the Cuprates

As discussed above, the X-ray absorption spectroscopy is a tool to study in-
stantaneous local lattice distortions, with EXAFS, characterized by the single
scattering process [41] probing the first order pair correlation function while
the XANES, characterized by the multiple scattering process, determining
higher order of the local distribution function [41, 81, 82]. Here we would like
to show capabilities of the XANES spectroscopy to measure local and instan-
taneous displacements in the cuprates, supporting the results obtained by the
EXAFS.We have selected few examples of the temperature dependent Cu K-edge
XANES results revealing a particular change in the local lattice displacements
across the characteristic temperature T* sited above. In fact, the XANES spec-
tra, measuring instantaneous local geometry, show an abrupt change in the tem-
perature dependent spectral weight at this temperature T*. The experimental
XANES spectra are interpreted using full-multiple scattering (MS) calculations,
reproducing the experimental results [81–83]. The particular temperature 
dependence of the local displacements has been discussed with several relevant
examples.

Figure 8 shows representative Cu K-edge XANES spectra measured on the
La-based cuprate system (La1.48Sr0.12Nd0.4CuO4) in the in-plane (E||ab) and out-
of-plane (E||c) polarization geometries [84]. The XANES spectra show the
peaks which are denoted by standard notations [85] in the polarized XANES
spectra. The main absorption features are denoted by B1 and B2 in the E||ab
spectrum and A1 and A2 in the E||c spectrum. The unpolarized spectrum is
shown in the lower panel (Fig. 8). The unpolarized spectrum contains informa-
tion on the local and instantaneous displacements in the overall cluster around
the central atom. In fact in complex systems, such as the high Tc cuprates, the
displacements are anisotropic with doping and temperature and hence the 
unpolarized spectrum is a useful tool to obtain important information on the
local and anisotropic geometrical displacements around the selected site (i.e. the
Cu). In the lower panel (Fig. 8), we have shown a difference between a spectrum
measured at a temperature (80 K) larger than the T* (~60 K) and a spectrum
at a low temperature (20 K).

Absorption features in the polarized Cu K-edge XANES spectrum are due to
multiple scattering of the photoelectron emitted at the Cu site in the direction
of the electric field, and their physical origin is revealed by the MS calculations
for the La2CuO4 [85]. The calculated spectrum is also displayed in Fig. 8. The 
details on the calculations could be found in our earlier publications [84–86] for
the La2CuO4 system, showing a very good agreement for the experimental fea-
tures in respect to their energy positions and relative intensity. From the 
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Fig. 8 Polarized Cu K-edge XANES of the La1.48Sr0.12Nd0.4CuO4 single crystal measured with
the E||ab and E||c at 20 K (upper). Different absorption features have been identified by 
second derivative of the absorption spectra and denoted as A1 and A2 in the E||c spectrum
and by B1 and B2 in the E||ab spectrum. An unpolarized spectrum measured at 20 K on the
same system has been shown (middle) along with a difference spectrum between a spec-
trum measured above the charge stripe ordering. A calculated XANES spectrum for the
La2CuO4 (without including the Nd and Sr in the cluster) is also shown (lower panel) to iden-
tify nature of different peaks. The absorption peaks are well reproduced in the calculated
spectrum [84]



calculated spectrum it is easy to find the origin of different features observed
in the experimental spectrum. The features A1 and A2 are determined by mul-
tiple scattering of the ejected photoelectron off apical oxygen and La, Nd and
Sr atoms (sitting at 45° from the CuO2 plane) while the peak B1 corresponds to
multiple scattering off the in-plane oxygen and Cu in the CuO2 plane. The peak
B2 includes multiple scattering contributions similar to the main peak B1 and
also contributed by multi channel effects [85].

It could be seen that there is a high-energy spectral weight transfer result-
ing the positive and negative difference with a maximum difference of ~2% of
the normalized absorption (Fig. 8). On cooling the sample, the spectral weight
around the peak A1 (A2) is decreased with an increase around the peak B1 (B2).
We have plotted temperature dependence of the XANES peak intensity ratio
R=(b1–a1)/(b1+a1) in Fig. 9. Here the b1 and a1 represents intensities of the peaks
B1 and A1 probing high energy spectral weight transfer (from the core excita-
tions Cu1sÆepz (peak A1) to the Cu1sÆepxy (peak B1). The ratio R shows clear
increase below the T* (~60 K).

We have studied several model systems and found that the R, determined by
the unpolarized Cu K-edge XANES, shows an abrupt change across the T*.
Another example is given in Fig. 10, revealing temperature dependent R, with
an abrupt change at ~60 K, for the La1.875Ba0.125CuO4 system. This further con-
firms that the ratio R could be taken as a good indicator of the T* in the
cuprates, where the local and instantaneous displacements show an abrupt
change.

To explore the nature of these local displacements around the Cu atom
across the T*, we have made multiple scattering calculations and calculated Cu
K-edge XANES spectra for different distortions [84]. For this purpose we have
taken a simple approach by taking the HgBa2CuO4+d (Hg1201) system as a
model for the calculations having the Cu-O plane to be crystallographically flat
due to a small mismatch between the CuO2 planes and the rock-salt oxide layer.
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Fig. 9 Temperature evolution of the peak intensity ratio R=(b1–a1)/(a1+b1) for the La1.48-
Sr0.12Nd0.4CuO4. The ratio shows a clear change across a characteristic temperature T* (~60 K)



In addition the simple structural unit cell with tetragonal crystal structure
(a~3.8755 Å; c~9.4952 Å) [87] provides the added advantage to simulate differ-
ent local lattice distortions and investigate the evolution of the XANES spectrum
with different geometrical displacements.

Figure 11 shows Cu K-edge XANES measured at room temperature on a
powder sample of Hg1201 superconductor, along with a calculated spectrum
using the multiple scattering theory. The real-space multiple scattering of the
photoelectron excited from the Cu 1 s states to the cluster of atoms within a 
radius of ~7 Å from the central Cu. The features observed in the experimental
spectrum could be satisfactorily reproduced not only with respect to the rela-
tive intensities, but also in energy separations.

The calculations were extended to a distorted CuO2 plane considering a 
particular rhombic distortion revealed by the EXAFS (see above). Evolution of
the absorption differences with increasing weight of the distorted sites (Q2-type
rhombic distortion), are shown in Fig. 11. It is clear from the calculated ab-
sorption differences that the Q2-type of rhombic distortion introduces the spec-
tral weight transfer, as observed in the experimental spectra below the T*. Thus
the results of the calculations are consistent with the experimental findings, sug-
gesting that the observed weight transfer is due to an octahedral distortion
where one of the Cu-O-Cu direction gets elongated (see above), observable only
when the amplitude of the lattice fluctuations become larger than the amplitude
of thermal fluctuations.

Coming back to Figs. 9 and 10, showing anomalous change in the ratio
R=(b1–a1)/(b1+a1), we can state that the Q2 type of rhombic distortions of the
CuO2 plane could be considered a suitable response function to determine the
T*. It is worth noting that, even if the change across the T* is different, with dif-
ferent magnitude, the change is clear. The differences of R in different systems
are due to different strain on the CuO2 plane (see above) because of different
substitutional disorder (rock-salt blocks are different).
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Fig. 10 Temperature evolution of the peak intensity ratio R=(b1–a1)/(a1+b1) for the La1.875-
Ba0.125CuO4. As for the La1.48Sr0.12Nd0.4CuO4, the ratio shows a clear change across the T*



In Fig. 12 we have plotted T* (defined by the abrupt local geometrical change
as reflected by the anomalous increase of the XANES peak intensity ratio R) as
a function of the hole concentration in the La-based cuprate superconductors.
This temperature has been compared with the one obtained by the wipeout
fraction of Cu NQR [88, 89]. The T*, obtained by the two techniques, agree quite
well in the underdoped regime within the experimental uncertainties.

In summary, we have shown that XANES spectroscopy is an important tool
to study instantaneous local geometry in the complex systems such as the
cuprate superconductors. Temperature dependent Cu K-edge XANES on some
model systems have revealed an abrupt high-energy spectral weight transfer
across the characteristic temperature T* due to change in the instantaneous 
local geometry around the Cu, showing a particular evolution of temperature
dependent XANES peak intensities with an order parameter like behaviour.
Exploiting multiple scattering calculations of different distortions we have
demonstrated that the abrupt change in the spectral weight transfer, reflected
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Fig. 11 Calculated absorption spectrum for the Hg1201 is compared with an experimental
Cu K-edge XANES measured on the same system (upper). The calculated absorption is 
plotted along with absorption differences with respect to the calculated spectra considering
variable quantity of distorted sites (Q2-type of rhombic distortion). The rhombic distortion
is at the origin of spectral weight transfer between the peaks A1 and B1 [84]



by the XANES peak intensities, is due to the appearance of the Q2-type of Jahn-
Teller distortions below the T*, consistent with the EXAFS results presented
here (see earlier sections). It should be mentioned that the XANES has been
widely used as a local probe and the anomalous temperature dependence 
appears to be commonly observed by other authors [90, 91]; however, we have
quantified the temperature dependence using the new approach to exploit the
spectral weight transfer and simulate these changes using the multiple scat-
tering calculations.

4.2
Large Isotope Effect on the T* and the Local Displacements in the Cuprates

Above we have shown how the capabilities of the XANES spectroscopy could
be exploited to study the local displacements in the inhomogeneous cuprates.
Here we have further exploited the approach to study the effect of the oxygen
isotope mass in the local structure and the characteristic temperature T* us-
ing the Cu K-edge XANES spectroscopy [25].We have taken the La1.94Sr0.06CuO4
system where the largest oxygen isotope effects on both superconducting tran-
sition temperature and the effective supercarrier mass have been observed [92].
Obviously XANES is an ideal tool due to the fact that it probes the statistical
distribution of the conformations of the cluster of atoms around the Cu via
electron scattering, and is a very sensitive to distortions of the local structure
of oxygens around the photoabsorbing atom and probes instantaneous lattice
conformations.

Figure 13 shows the normalized Cu K-edge X-ray absorption near edge 
spectra for the 16O and 18O samples at 200 K.We denote the well-resolved peak
features by A1, A2, B1 and B2. These features, which extend from about 8 eV to
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Fig. 12 Doping dependence of the T* determined from the change of the XANES peak 
intensity ratio R (squares) plotted with the one obtained by wipeout fraction of Cu NQR 
(circles). The open circle corresponds to the data for the La2–xSrxCuO4 [88] while the closed
circles represent the one obtained for La1.6–xSrxNd0.4CuO4 system [89]



40 eV above the threshold, have been identified as multiple scattering reso-
nances, as discussed in the previous section. The effect of isotope substitution
on the distribution of local Cu site conformations can be directly seen in Fig. 13,
where we report the difference between the spectra of the two isotopes at 200 K.
There is a large variation of the XANES spectrum due to isotope substitution,
of the order of 2% of the normalised absorption. This is a direct measure of the
effect of isotope mass on the distribution of Cu site structural conformations
spanned during the dynamic lattice displacements.We observe an energy shift
of peaks A1 (and A2), and an intensity decrease of peak B1 (and B2) in the 18O
spectrum. These changes are clearly related with the effect of changing the 
oxygen mass on the lattice displacements involving the rhombic distortion of
the Cu-O square planes (see above).

Using the similar approach discussed in the previous section, we have plot-
ted temperature dependence of R in Fig. 14. The temperature dependence of R
(Fig. 14) shows that the crossover temperature T* increases by about 60 K upon
replacing 16O (~110±10 K) with 18O (~170±10 K) for the 18O sample. This re-
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Fig. 13 Cu K-edge XANES spectra of La1.94Sr0.06CuO4 with 16O and 18O isotopes (panel a)
measured at 200 K. The difference between the two is shown in the lower panel (panel b). The
16OÆ18O isotope effect on the Cu site structure induces a decrease of the peak B1 with an 
increase of peak A1 [25]



sult indicates that the isotope substitution leads to a large change in the local
geometry, with a giant effect on the T*. Later, a large isotope effect on the T*
was revealed by neutron scattering measurements on a different system [27].
It is worth mentioning that some of the theoretical models for the cuprates are
able to reproduce such a large isotope effect on the T* [21, 93, 94].

T* is associated with the temperature below which the coexisting charge car-
riers in distorted and undistorted Cu sites could be well distinguished within
the time scale of the X-ray absorption technique as revealed by atomic pair dis-
tribution of CuO2 plane (see above).When the temperature is lowered, with the
fixed time scale of the XANES, measuring change in higher order pair distrib-
ution, we observe an anomalous change in the local structure across the tem-
perature T* due to a sudden change in the statistical distribution of the Cu-site
due to a transition in an ordered phase. Obviously, T* could be different if mea-
sured by other techniques depending on the time scale. It is worth mentioning
that the difference below T* (see, e.g. Fig. 14) is much smaller than that above
it. This may be due to the fact that the average local structure deviation in the
ordered phase due to isotope substitution is less than that in the disordered
phase.
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Fig. 14 Temperature evolution of the XANES intensity ratio R=(b1–a1)/(b1+a1) where b1(a1)
is the intensity of XANES peak B1(A1) for the 16O (upper) and 18O (lower) substituted sam-
ples. The T* is estimated to be ~110 (±10)K for the 16O sample, and ~170 (±10)K for the 18O
sample giving a large oxygen isotope shift of ~60 K [25]



5
Temperature Dependent Correlated Debye Waller Factors Measured 
by Cu K-Edge EXAFS

5.1
A Brief Recall to the Diffraction and EXAFS Debye-Waller Factors

As discussed earlier, the effect of temperature on the EXAFS signal is taken care
of by the exponential term exp(–k2si

2) were si is the Debye-Waller factor (DWF)
of the absorber-scatterer pair. It should be mentioned that si appearing in the 
EXAFS equation is not the same as that determined by the diffraction experi-
ments.While the diffraction DWF takes into account the mean-square deviation
(MSD) of a given atom from its average site in the crystal, EXAFS Debye-Waller
factor measures the broadening of the distance between two atomic sites, i.e.
represents the distance broadening between the absorber and the scatterer. In
other words, the EXAFS Debye-Waller factor is a measure of the mean square
relative displacements (MSRD), determined by the correlated movement of
the absorber and the scatterer, and also referred as the correlated Debye Waller
factor.

In terms of atomic correlations, the EXAFS Debye-Waller factor sAB for 
an atomic pair containing the absorber (A) and the backscatterer (B) can be 
defined as [34–37]:

s2
AB = s2

A + s2
B – 2ÇsAsB

where sA and sB are the atomic Debye-Waller factors and Ç is the correlation
coefficient for a relative displacements of the two atoms. Therefore the two 
extreme cases for the EXAFS Debye-Waller factor, sAB are, Ç=0, an uncorrelated
pair distribution, giving

s2
AB (Ç=0) = s2

A + s2
B

and

s2
AB (Ç=1) = (sA – sB)2

The Ç=0 and Ç=1 cases are the limiting situation for the EXAFS Debye-Waller
factors of a pair of atoms.

Let us take an experimental example of the in-pane Cu-O displacements in
the La2–xSrxCuO4 system to enlighten the differences in the MSD and the MSRD,
measured respectively by diffraction and the EXAFS. Figure 15 shows the 
Debye Waller factors of Cu and O as a function of temperature for a single crys-
tal of LSCO (x=0.13), measured by high resolution neutron diffraction [95]. The
expected EXAFS Cu-O Debye-Waller factors for the fully uncorrelated Ç=0, and
fully correlated Ç=1, distribution have been derived using the diffraction data.

The figure suggests that the expected DWF in the EXAFS measurements
should be the one with Ç=1. However, this is valid only for a crystallographi-

312 A. Bianconi · N. L. Saini



cally ordered structure and, in the presence of any disorder (static or dynamic),
the DWF measured by the EXAFS is different with the correlation coefficient
being different from unity. Indeed, if static structural distortions are present,
the EXAFS Debye-Waller factor sAB could be presented as a superposition of a
temperature independent (static s+

2) and temperature dependent (dynamic sd
2)

terms, i.e.,

s2
AB = s+

2 + sd
2

The temperature-dependent part sd
2 could be given by the simple correlated 

Einstein model as [34]

�     1 + e–�w/kBt

sd
2 = 91 992wmr 1 – e–�w/kBt

where w is the bond vibration frequency, mr is the reduced mass of the pair, and
QE=�w/kB is the Einstein temperature. Thus the total s2

AB(T) in this approxi-
mation depends on w and T with a constant s2

+.
Considering all the above facts, it is clear that the EXAFS Debye-Waller 

factor provides important information on the local atomic displacements. The
next subsections provide some examples of the use of the MSRD as tool to study
the local Cu-O displacements in the cuprate superconductors. Before we proceed
to discuss some examples, it is worth mentioning that the Cu-O MSRDs have
been determined by the Cu K-edge EXAFS measurements. We have used con-
ventional procedure for the Cu-O EXAFS analysis considering a single distance
for the Cu-O coordination shell, where the effective DWF includes the distor-
tion effects, accounting static and dynamic displacements. This approach is
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Fig. 15 The diffraction Debye Waller factors s2
Cu and sO

2 for Cu and oxygen [104] are plot-
ted. The expected Debye Waller factor for the pair, s2

CuO for a correlated distribution (Ç=1)
and uncorrelated distribution (Ç=0) are shown (squares). Theoretically the temperature 
dependence of the MSRD for the Cu-O pair could be given by correlated Einstein model
(solid line) [37]



adopted to make a direct comparison of the temperature dependent distortions
in the CuO2 plane. Except the radial distance R and the s2 all other parameters
were kept constant (i.e., two parameter fit) in the conventional least squares
paradigm [34–37]. The starting parameters were taken from diffraction ex-
periments [87, 95–97] on the systems studied.

5.2
Temperature Dependent Cu-O Displacements from Underdoped 
to Overdoped Regime of the Cuprates

One of the interesting properties of copper oxide superconductors is the elec-
tronic crossover from underdoped to overdoped phase,with abnormal transport
properties [1–4]. While the underdoped regime is characterized by a complex
state of matter, in which low temperature orders, related with various electronic
degrees of freedom appear, the overdoped regime seems to behave like normal
metal. Here we take example of doping dependent local Cu-O displacements in
CuO2 plane to show that the electronic crossover from the underdoped to the
overdoped regime is related with the local structure. The La2–xSrxCuO4 (LSCO)
copper oxide has been taken as model system the present study and the tem-
perature dependent local Cu-O displacements (dynamic and static) are deter-
mined by the correlated DWF of the Cu-O bonds.

Figure 16 shows temperature dependence of the Cu-O DWF, revealing some
evident differences between the underdoped and overdoped samples.While the
underdoped and optimally doped systems show anomalous temperature de-
pendence, we do not see any evident temperature dependent anomaly for the
overdoped case. Indeed, we can define two anomalous temperatures in the un-
derdoped regime, a temperature Ts where an increase of s2 appears, followed by
the transition temperature Tc, where the s2 shows a small decrease. The increase
at Ts is evident in the underdoped systems (Sr0.105 and Sr0.13) and optimally
doped system (Sr0.15); however, the overdoped system (Sr0.2) shows a negligible
change. On the other hand, the drop in s2 at the Tc is better seen only for the
slightly underdoped and the optimally doped systems.

Here it is worth recalling that the La1.48Sr0.12Nd0.4CuO4 (LNSC) system reveals
similar anomalous upturn in s2 below the charge stripe ordering temperature
(see, e.g. Fig. 17) [79]. This is consistent with the charge heterogeneities in the
LNSC system shown by several experiments [80]. In fact, appearance of any
charge density wave like instability is accompanied by an anomalous change in
the DWF, known for several density wave systems [98]. Considering these ex-
perimental facts, we think that the anomalous upturn in the s2 (Fig. 17) is due
to the instability related to the charge heterogeneities and the temperature T*,
discussed in earlier sections. Ion-channelling measurements [31] have revealed
similar temperature dependent anomalies in the excess displacements (a pa-
rameter analogous to the DWF measuring dynamic and static distortions).
Neutron PDF studies also show similar local lattice response [32], extending 
a further support. Below the Ts, the Cu-O bond distribution becomes larger
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Fig. 16 Temperature dependence of the correlated Debye-Waller factors (symbols) of the 
Cu-O pairs (s2) for the underdoped La1.895Sr0.105CuO4 (upper) and La1.87Sr0.13CuO4 (upper
middle), optimally doped La1.85Sr0.15CuO4 (lower middle) and an overdoped La1.8Sr0.2CuO4

(lower) samples, determined by polarized Cu K-edge EXAFS. The expected temperature 
dependence of the Debye-Waller factor for a fully correlated motion of Cu and O is shown by
dotted lines. Different symbols in the plots correspond to different data sets. The underdoped
and optimally doped samples reveal a clear upturn (with variable amplitude) in the DWF
around 100 K, while the upturn is less evident in the overdoped case and seems to appear at
lower temperature. Approximate values of Ts are indicated



than that due to the thermal fluctuations and the spatial heterogeneous struc-
ture could be well distinguished [34–37] as discussed in earlier sections.

The amplitude of the upturn provides a measure to the barrier height in 
the multi-well potential and it seems that the barrier height decreases with in-
creasing doping and the system gets more homogeneous in the overdoping
regime, in which the spatial heterogeneity could not be distinctly identified
within the experimental resolution. It should be noted that within the experi-
mental data points (Fig. 16) we can hardly see a change in the Ts; however, it
seems that the anomalous upturn in the s2 appears to decrease with increas-
ing the doping.

It should be noted that the LNSC system reveals a sharp change in s2 at the
anomalous temperature (~60 K), while the upturn for the Sr0.105 system is 
gradual with s+

2=0, unlike the LNSC system. In fact, there is a significant con-
tribution of temperature independent part (s+

2≠0) for the LNSC system, pre-
sumably due to Nd substitution in place of La, resulting larger substitutional
disorder and chemical pressure on the Cu-O plane [77]. On the other hand, the
gradual change in the Sr0.105 system indicates that there may not be a clear tran-
sition at the upturn temperature (~110 K) and it appears as an onset of the
stripe-like inhomogeneity related with dynamic local Cu-O displacements, with
short-range order. Indeed, the upturn temperature could also be recognized 
as the temperature below which the Q2-like displacements (denoted by T*, see
above) become thermally stable with formation of polaron liquid of filamen-
tary segments [21, 99]. The stabilization of Cu-O displacements at the anom-
alous temperature could be followed by formation of stripe clusters and stripe
segments (as the strings) [100], before getting the stripe order at a lower tem-
perature.
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Fig. 17 Temperature dependence of the correlated Debye-Waller factors (symbols) of the 
Cu-O pairs (s2). The expected temperature dependence of the Debye-Waller factor for a fully
correlated motion of Cu and O, calculated by Einstein model, is shown by lower dotted line,
a constant value of 0.00145 (s+

2) is added to guide the temperature dependence of the 
experimental Debye-Waller factor (upper dotted line)



To conclude the discussion, we have shown the correlated DWF as an order
parameter of instantaneous Cu-O displacements in the La2–xSrxCuO4 super-
conductor. The local Cu-O displacements show anomalous change at a tem-
perature Ts, with variable amplitude as a function of doping. The amplitude of
the anomaly decreases with the increasing doping. The present results seem to
be consistent with a local structural crossover from underdoping to overdoping.
In addition, the s2 shows an anomaly at the Tc, revealing a close relation between
the superconductivity and the local Cu-O displacements. We will discuss this
point in the next section.

5.3
Critical Role of the Cu-O Displacements in the Cuprate Superconductors

Here we show an example of local lattice distortions in different materials with
increasing chemical pressure on the CuO2 layers, measured using correlated
Debye-Waller factors as an order parameter. The results provide experimental
evidence in favour of critical role of local lattice fluctuations in the high Tc
superconductivity in the cuprates.

Figure 18 shows temperature dependence of the s2 for the LCO, Bi2212 and
Hg1201 systems representing three different families of the cuprates. As dis-
cussed in the previous section, we can easily define at least two temperatures
(Ts and Tc) where the s2 shows anomalies within the temperature region mea-
sured here. There is an anomalous increase below the temperature Ts followed
by a decrease around the superconducting transition temperature Tc. The in-
crease at Ts appears in the LCO and Bi2212 systems; however, the Hg1201 sys-
tem does not show any evident up turn. On the other hand, the drop of the s2

at the superconducting transition temperature Tc appears common to all the
systems (however, less evident in the LCO system).The Hg1201 system manifests
a large drop in the s2 around the superconducting transition temperature.
Interestingly, the absolute values of the s2 are similar (within the experimental
uncertainties) at the superconducting transition temperature, however, quite
different above the Ts.

Here we should mention that, apart from the static and dynamic distortions
of the CuO2 lattice, the distance broadening contains contribution from ther-
mal vibration. The contribution of the thermal vibration could be described by
the Einstein model which is generally used to describe the thermal vibrations
of atoms in a crystal lattice. However, in the present case the thermal contri-
bution to the s2 should be similar (for a pair of Cu and O atoms) for all the sys-
tems and hardly affects the following discussion.

Let us discuss the anomalous increase of the s2 at a temperature Ts.We have
discussed the anomalous upturn in the s2 in the earlier section, assigning it to
an instability related with charge heterogeneity in the CuO2 plane. Therefore
the anomalous increase in the s2 for the LCO (Ts~190 K) and Bi2212 (Ts~140 K)
systems correspond to appearance of charge heterogeneity in the CuO2 plane.
X-ray diffraction measurements on the LCO system has clearly demonstrated
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onset of charge ordering to be ~190 K [101] which is consistent with the 
observation of the upturn in the s2 in this system.

One of the important features revealed here is an anomalous drop of the 
s2 around the superconducting transition temperature Tc. This is a clear in-
dication that the appearance of the superconducting state is accompanied by 
the decrease of the instantaneous local lattice distortions and hence a direct 
evidence of the role of electron lattice interactions in the superconducting 
pairing. The drop at the Tc is different for different systems and found to be
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Fig. 18 Temperature dependence of the Cu-O(planar) Debye-Waller factor s2 determined
by EXAFS; La2CuO4.1 (upper), Bi2212 (middle) and Hg1201 (lower). The dashed line is a guide
to the eyes. The resulting Debye-Waller factor s2 shows abnormal temperature dependence
with an increase below a temperature Ts followed by a decrease around the superconduct-
ing transition temperature Tc. The error bars represent the average estimated noise level



maximum for the Hg-based compound where the block-layers are Ba-O giving
smaller mismatch than the case of Bi2212 (Sr-O) and LCO (La-O). Below Tc the
s2 shows a small increase, however, within the experimental uncertainties. The
anomalous decrease at the superconducting transition temperature provides a
direct evidence for an important role of critical lattice fluctuations in the su-
perconducting state.At the superconducting transition the drop of the s2 at Tc
could be due to transfer of electron lattice interaction energy in the pairing
mechanism (the superconductivity is a coherent phenomena and the decrease
might be related to decrease of incoherent distortions in the striped phase). It
should be noted that the two anomalies are correlated; while the upturn at the
Ts increases, the drop at the Tc decreases.

Summarizing, we have determined local Cu-O displacements in the cuprates
using temperature dependence of the correlated Debye-Waller factors in dif-
ferent families. The results show that the anomalous displacements depend on
the chemical pressure on the CuO2 plane. The temperature dependence of
the Cu-O DWF shows unusual behaviour with a drop at the superconducting
transition temperature and upturn at the temperature Ts , providing direct 
evidence for an intimate relationship between the high Tc superconductivity,
charge heterogeneities and the local Cu-O displacements.

6
Local Mn-O Displacements in the CMR and Charge Ordered Manganites

While the scientific debate on the local displacements and their role in the 
superconductivity of the cuprates continues due to the fact that the amplitude
of these distortions is quite small, it is getting generally recognized that the 
fundamental properties of the manganites, hosting colossal magneto-resistance
(CMR) and the charge ordered textures, strongly depend on the local displace-
ments [49, 102–104]. Several experiments have revealed that polarons in these
materials are associated with Jahn-Teller (JT) distortions. The JT distortions in
the doped manganites are found to be of Q3-type [59]. Here we have exploited
the EXAFS technique to reveal quantitative measurement of the JT distortions
of the MnO6 octahedra.Again, the quantitative measurement of the distortions
could be possible by high k-resolution EXAFS measurements. The added ad-
vantage of fluorescence detection was to get the partial absorption cross-sec-
tion only due to the Mn, avoiding the residual contribution of the absorption
due to other atomic species. Here an example of the La1–xCaxMnO3 system [102,
105] is presented, showing the colossal magneto-resistance (CMR) (x=0.25)
and charge ordering (x=0.5). The sample with x=0.25 shows the CMR regime
above the metal-to-insulator transition at Tcm~240 K.

We have used similar approach as of cuprates to determine the local dis-
placements, and extracted local Mn-O bond-lengths distribution from the
analysis of the EXAFS oscillations due to the Mn-O distances. The PDF of the
Mn-O bonds at a temperature below (20 K) and above (300 K) the CMR tran-
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sition in the x=0.25 system are shown in Fig. 19. The PDF appear as asymmet-
ric distribution of Mn-O bonds, peaked around R1~1.92±0.01 Å, R2~2.01±0.01 Å
and R3~2.13±0.01 Å depending on the temperature. The distribution is a two
peak function with R1~1.92±0.01 Å and R2~2.01±0.01 Å at low temperature
while it gets a three peak function in the CMR phase. In the metallic region
(T<Tcm) the two distances, R1 and R2, have probability of nearly four and two
bonds, respectively [49]. The probability associated with the R1 remains nearly
constant with temperature, while the probability of the R2 gets a value ~1 bond
at T>Tcm with a crossover temperature 200 K<Tcm where the long bond R3 
appears with a probability of 1.

We should recall that the undoped LaMnO3 compound is known to show a
spontaneous distortion of the MnO6 octahedra due to the Jahn-Teller effect as-
sociated with the Mn3+ sites. Increasing the concentration of the Ca2+ ions, an in-
sulator-to-metal transition is observed with a collapse of the difference between
the crystallographic lattice parameters. However, the local structure in the metal-
lic phase with 25% doping of the Ca2+ is expected to diverge from the average
crystallographic structure because of local and instantaneous distortions.At low
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Fig. 19 Temperature dependence of the Mn-O pair distribution function (PDF) for the
La0.75Ca0.25MnO3 system. The PDF at low temperature (20 K) at higher temperature (300 K)
are shown with their components [49]



temperature, the short distance R1 in the PDF is close to the average crystallo-
graphic distance, considering indetermination given by the thermal broadening
extracted from diffraction data [102]. The separation between local bond dis-
tances, R1 and R2, DRp~0.09 Å, provides the amplitude of the instantaneous 
local Mn-O distortions due to the dynamic deformations associated with po-
larons. The polaronic lattice distortions are slightly larger than the indetermi-
nation of the Mn-O bond lengths due to the thermal vibrations, DRt~0.04 Å,
giving a ratio DRp/DRt~2, indicating the presence of polarons in the intermedi-
ate coupling regime (IJTP) as in the metallic phase of high Tc superconductors
(see above). In fact, the local structure of MnO6 octahedra contains four in-plane
bonds of ~1.92±0.01 Å and two out-of-plane bonds of ~2.01±0.01 Å, showing 
a small Jahn-Teller distortion (Fig. 9). The ratio N2/N1~2/4 of the probability 
distributions of the two Mn-O bonds (R2 and R1) in the metallic phase is consis-
tent with a nearly homogeneous spatial distribution of dynamically axial elon-
gated polaronic MnO6 octahedra due to overlapping intermediate JT polarons.

On the other hand, at T>Tcm (in the insulating phase), the system shows the
presence of more elongated MnO6 octahedra with a longer bonds (R3) such that
DRp=0.21 and the ratio DRp/DRt~5 indicating that the associated polarons are
in the strong coupling regime. The probability of one very long R3 bond per Mn
site indicates that the small JT polarons spans about 50% of the Mn sites. There-
fore we find that in the insulating phase the two distorted sites A and B, shown
in Fig. 20, coexist and each one spans about 50% of the Mn sites. This indicates
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Fig. 20 A cartoon of the possible MnO6 octahedral local distortions in the metallic phase at
T<T* (Tcm) (20 K) and the insulating phase at T>T* (Tcm) (300 K)



that the CMR transition is not only accompanied by the appearance of polarons
with large amplitude but also shows a concomitant decrease in the spatial ex-
tent of the polaronic charges [49].

Figure 21 shows the Mn-O bond distribution for the charge ordered
La1–xCaxMnO3 (x=0.50), which could be compared to prove that different phases
of the system could be characterized by different MnO6 octahedral distortions.
While at high temperature the system La0.5Ca0.5MnO3 shows distorted MnO6
octahedra with two different distances (evident from a broad Mn-O distribu-
tion), at low temperature the octahedra are largely distorted with four different
distances (two peak function) [105]. From temperature dependent study, we find
that: i) there are large MnO6 octahedral distortions in the commensurate charge
ordered state at low temperature; ii) the distortions are greatly reduced in the
charge disordered phase at high temperature. From the measured Mn-O distri-
bution on the La0.5Ca0.5MnO3, we could characterize the different octahedral
distortions in the charge ordered and disordered phases. At high temperature
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Fig. 21 The Mn-O pair distribution function (PDF) for the La0.5Ca0.5MnO3 system in the
charge ordered insulating phase at 30 K (dotted line) and charge disordered phase at 300 K
(solid line). The Mn-O PDF in the metallic phase of the La0.75Ca0.25MnO3 is compared with
the insulating phase of the La0.5Ca0.5MnO3 at 30 K (lower panel)



there are only two Mn-O distances, 1.88±0.01 Å with probability of bonds ~4,
and long bonds, ~2.01±0.01 Å with a probability ~2. On the other hand, at low
temperature there are longer Mn-O bonds (2.20±0.01 Å). Indeed the Mn-O dis-
tribution at low temperature suggests that the MnO6 octahedra have Q3-type of
JT distortions, coexisting with Q2-type of JT distortions. Instead the PDF at high
temperature reveals presence of quasi Q2-type of distortion [105]. Figure 10 
provides a good example of the metallic and insulating phases of the mangan-
ites (see, e.g., lower panel) to be characterized by their local atomic displace-
ments.

In summary, we have characterized different MnO6 octahedral distortions in
the charge ordered and colossal magnetoresistive La1–xCaxMnO3 system as a
function of temperature. In the charge ordered La0.5Ca0.5MnO3 system the small
local JT distortions persist even at high temperature while the system is in 
the charge disordered state, indicating short-range charge correlations in 
the macroscopically disordered phase [107–110]. Similar study on the CMR
La0.25Ca0.75MnO3 system reveals large local distortions in the insulating phase
with smaller distortions persisting even in the metallic state at low temperature.
The results underline short range ordered correlations to be important for the
understanding of the CMR in these manganese oxides.We have also shown that
the JT distortions and their spatial distribution play an important role to char-
acterize the metal-insulator transition in the CMR phase [49].

7
Superconducting Shape Resonance of the Interband Pairing Term 
in a Superlattice of Quantum Stripes

A direct compelling experimental evidence of the spatial self organization 
of the local lattice in the CuO2 plane of Bi2212 has been obtained by resonant
X-ray diffraction [111] (Fig. 22). Using tunable synchrotron radiation X-ray en-
ergy it has been possible to tune the photon wavelength around the Cu K-edge
and to use the anomalous diffraction to isolate the superstructure reflections
due only to the CuO2 sublattice. The results of the experiment on the super-
structure of Bi2212 have shown that the Cu-O local lattice distortions and the
Cu dimpling out of plane show a large anharmonic modulation with a period-
icity of the order of 4.7 lattice units of the orthorhombic lattice, i.e., of the or-
der of 2.4 nanometers in the diagonal direction of the CuO2 lattice in agreement
with EXAFS data [48] and previous standard X-ray diffraction works [112, 113].
The effect of this modulation on the electronic structure of the CuO2 plane is rel-
evant since the hopping integrals t and t¢ should be modulated [114, 115] with
the same spatial period. The additional periodicity induces the splitting of the
single 2D band in several sub-bands [48] and the single 2D Fermi surface of the
antibonding Cu 3dx2–y2 O 2px,y band split into several finite Fermi surface arcs.
The presence of finite Fermi surface arcs has been identified in the normal phase
of Bi2212 [64, 65, 116, 117]. The presence of sub-bands crossing the Fermi level
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due to the lattice modulation has shown that the description of the supercon-
ducting phase of cuprates requires a multiband scenario [118–122].

The multiband scenario, theoretically predicted since 1959, is not realized in
standard materials because of mixing between bands due to the short mean
free path for interband impurity scattering of single electrons, but becomes
possible for the sub-bands of a periodic heterostructure. Moreover it can be
easily shown [120–122] that when the chemical potential is tuned to a partic-
ular Van Hove singularity where the Fermi surface of one of the sub-bands
shows an electronic topological transition (ETT) [30] with the variation of its
dimensionality from 1D to 2D (or 2D to 3D) the exchange like integral giving
the non diagonal term in the pairing shows a “shape resonance” [123] that
gives a large amplification of the critical temperature.

The superconducting shape resonance in a heterostructure made of two 
intercalated sublattices has been now clearly observed in diborides where Tc
is amplified by tuning the chemical potential in a energy window around a
quantum critical point where one of the sub-bands of the boron multilayer
changes its dimensionality from 2D to 3D [124–127].
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Fig. 22 The modulation of the position of the Cu ions in the diagonal direction of the pla-
nar CuO2 lattice, i.e. in the b direction of the orthorhombic lattice of Bi2212 measure by
anomalous X-ray diffraction tuning the wavelength of the incident photon beam around the
Cu K-edge absorption edge [111]



8
Conclusion

In conclusion we have shown that the intrinsic physics of cuprates is driven by
a nanoscale phase separation near quantum critical points for electronic topo-
logical transitions with formation of mesoscopic lattice modulations where the
chemical potential and lattice inhomogeneity are self organized. It seem to 
us that the experiments show the formation of an interesting lattice modula-
tion at the level of the wavelength of the electrons at the Fermi level such that
the interband pairing between the sub-bands show a fascinating quantum 
resonance that can make stable the superconducting condensate at high tem-
perature.
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Abstract In cuprates there is a significant body of evidence for the existence of electronically
driven dynamic inhomogeneity which might arise from the existence of polarons, bipolarons
or other charged objects such as stripes, whose presence may be an essential ingredient for
high-temperature superconductivity. In this review we examine the experimental evidence
for such objects, defining the length, time and energy scales of the relevant elementary 
excitations. The dynamics of the objects below and above Tc are examined in detail with 
femtosecond spectroscopy and compared with magnetic and other measurements. The 
dynamically inhomogeneous state is described theoretically by considering an interaction
between electrons, spins and the lattice. By symmetry, only electrons in degenerate states can
couple to the lattice and spins to give an anisotropic, d-wave symmetry interaction. The 
proposed interaction acts on a mesoscopic length-scale, taking into account the interplay 
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of Coulomb repulsion between particles and anisotropic elastic strain, and leads to the 
formation of bipolaron pairs and stripes. The predicted symmetry breaking associated with
pairing and stripe formation are observed in numerous experiments. The phenomenology
associated with the co-existence of pairs and clusters (stripes) is found to apply to many 
different experiments ranging from femtosecond dynamics to transport measurements.
Excitations of the system are described quite well in terms of a two-level system, although we
find that a complete description may require a more complicated energy landscape due to
presence of mesoscopic objects such as stripes or clusters. The formation of the supercon-
ducting state can be understood quantitatively to be the result of the establishment of phase
coherence percolation across pairs and stripes

Keywords Superconductivity · Inhomogeneity · Femtosecond spectroscopy · 
Jahn-Teller effect · Local pairing · Stripes

1
Introduction

Inhomogeneity appears to play an important role in determining the funda-
mental physics of many oxides, including superconducting cuprates, complex
manganites and relaxor ferroelectrics. Even though the origins of the observed
inhomogeneity are not yet entirely understood, it is believed to be related to
nano-scale charge and spin ordering, driven by interactions between the doped
charge carriers and their interaction with the lattice. Competition between in-
teractions, particularly Coulomb and lattice deformations on different length-
scales may lead to meso-scale ordering of charges and spins, reflected by phonon
anomalies at finite wavevectors, phase separation, nano-scale pattern formation
and incommensurate spin nanostructures.

Signatures of inhomogeneity have been found by very different experiments
[1], probing on various time- and length-scales – in real space or in k-space –
often leading to seemingly different and inconsistent interpretations. Many
techniques typically give information which involves either spatial or temporal
averaging (or most often both) and thus reveal different aspects of the problem
from their respective viewpoints. Many such experiments which probe average
lattice or electronic properties fail to observe inhomogeneities and some of
these apparent discrepancies are not yet clearly understood. For example, local
probe techniques which freeze the motion of ions on short timescales (e.g.
XAFS [2] or neutron PDF studies [3]) which are eminently suitable for detec-
tion of these meso-scale patterns and deviations of lattice structure from the
average, appear to be inconsistent with slower techniques such as NMR [4], or
standard diffraction techniques which also appear to show no evidence of
static inhomogeneity. For example, recent resonant X-ray scattering experi-
ments have not shown any evidence of charge ordering or inhomogeneity. The
resolution in these experiments, however, is limited by the X-ray wavelength of
l=2.2 nm, and the features on a length-scale of the coherence length xs~1–2 nm
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might be missed [5].A different problem occurs with optical experiments, such
as femtosecond pump-probe experiments, which have spatial resolution which
is limited by the wavelength of light (typically 800 nm).

Yet, a multi-component response, as a sign of an inhomogeneous state has
been consistently observed in time-resolved and many other experiments, such
as ESR [6], NMR [7], magnetic susceptibility [8], as well as optical conductiv-
ity [9] and ARPES [10] (peak-dip-hump structure).

One possible way to resolve these discrepancies is to assume that inhomo-
geneity dynamics occurs on a timescale which is relatively fast. Although this
cannot explain the static surface inhomogeneity observed in scanning tun-
nelling microscope measurements [11], which show both a superconducting
gap and pseudogap structure on the surface, these static features might be due
to surface pinning on defects or impurities.

Thus, the experimental challenge of the last decade has been to invent and
perfect new techniques for the investigation of bulk dynamic inhomogeneities
on time-scales sufficiently short to give information on the dynamics of the 
relevant excitations giving new insight into the microscopic origins of the dom-
inant interactions leading to the observed dynamic complexity.

The experimental observations of inhomogeneity have also posed funda-
mental challenges for theories attempting to describe the multi-component 
inhomogeneous ground state in a consistent and unified manner – and leads
to a description of superconductivity. The interplay of different phases with
different symmetry, interacting on a mesoscopic scale is thought to be par-
ticularly interesting, and will be explored in some detail.

The review is divided into four parts. First we briefly summarise some of the
evidence and arguments for the existence of lattice inhomogeneity and the 
inhomogeneity of the electronic structure. In the second part, we concentrate
on a series of time-resolved optical experiments, which give a great deal of in-
formation on charge carrier dynamics on fast timescales, revealing ubiquitous
presence of multi-component pair recombination dynamics associated with
the presence of a dynamic spatially inhomogeneous electronic structure. The
distinguishing feature of time-resolved experiments is that they can distinguish
between different excitations even when these have the same energy scale, i.e.
situations where spectroscopies such as ARPES, Raman, infrared, STS etc. –
which cannot intrinsically distinguish between homogeneous and inhomoge-
neous lineshapes – fail. The important and generic results of time-resolved 
experiments on cuprates are analysed theoretically using a phenomenological
level using effectively two-level systems, which leads to a two-component de-
scription of the ground state. The inhomogeneity is inferred to be mesoscopic
or microscopic rather than macroscopic.

In the third section, our theoretical understanding of the electronic ground
state and pairing is developed. The line of reasoning which we use is moti-
vated by the original ideas of G. Bednorz and Muller KA on Jahn-Teller po-
larons, which lead to the discovery of high-temperature superconductivity in
La2–xBaXCuO4 [12]. A model Hamiltonian is proposed to describe the symme-
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try-allowed interactions which are consistent not only with the time-resolved
experiments, but also numerous others, such as NMR, bulk susceptibility,
Raman and ARPES etc. Some of the important and very specific manifestations
of the proposed model interaction are discussed, particularly related to spatial
symmetry breaking, in agreement with observations of such phenomena in the
superconducting cuprates.

Finally in the last section we consider how the proposed picture can lead to
superconductivity and describe the phase diagram arising from the inhomo-
geneous-state description. In each section, the issues are separately justified
with the interpretations as concise as possible, and limited to the issues in hand.
We also include criticisms and open issues wherever these are thought to be 
important.

2
Evidence for Inhomogeneity: Length, Time and Energy Scales

At present there is no single technique which can reliably give accurate spatially-
resolved, real-time picture of the nano-scale lattice dynamics, electronic or spin
structure, and these have to be deduced by combining the results of different
techniques. For example, local probe techniques such as XAFS and neutron scat-
tering with pair-distribution function (PDF) analysis, give information on near-
instantaneous positions of atoms in relation to their nearest neighbours, but
their accuracy is limited by the limited range of wavevectors k which can be
measured, and have pitfalls in modelling the data, leading to ambiguity in
atomic displacements which are deduced [2]. NMR has an even shorter range,
and has a relatively slow timescale of the order of 10–7 s, averaging out any 
dynamics which might be occurring on faster timescales. STM is limited to the
surface, and is a quasi-static probe of the inhomogeneity in the density of
surface states, but has nevertheless received a great deal of attention lately.

In the time-domain, optical time-resolved techniques can accurately measure
electronic relaxation times and pair recombination processes in the bulk on
timescales from femtoseconds to microseconds, but since the spatial resolution
is limited, the existence of spatial inhomogeneity is deduced on the basis of the
observation of multi-component relaxation processes and modelling of the
electronic structure.

2.1
Length-Scales: Real Space

Direct measurements of a dynamical inhomogeneities in bulk are not yet within
the realm of experimental possibility, so information on length-scales needs to
be pieced together from different techniques. Scanning-tunnelling microscopy
(STM) experiments of DeLozanne et al. [11] on the surface of YBa2Cu3O7–d and
more recently by the Berkeley groups on Bi2Sr2CaCu2O8 [11] show the local
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density of electronic states at different points on the surface to be very inho-
mogeneous, with a characteristic length-scale of the order of l0~1–2 nm. The
surface inhomogeneity clearly shows the lattice symmetry properties, e.g. tetra-
gonal d-wave-like symmetry surrounding single defects for example [11].
Certainly BiSCO and YBCO superconductors appear to be inhomogeneous on
the surface, yet the two materials differ significantly in the details.YBCO shows
quite clear stripe-like features along the crystallographic b axis – which appear
to be connected with its Cu-O chain structure – while BiSCO shows features
with typically fourfold symmetry. Unfortunately the exposed surfaces observed
by STM are not CuO2 layers in either case, but intermediate layers in the charge
reservoirs (Bi-O layers or Cu-O chains respectively). Whether these inhomo-
geneities are also present in the bulk cannot be deduced from STM experiments,
but the observed length scale is clearly in the range of l0~1–2 nm, with some 
additional hints of the existence of larger objects, resembling charge or spin 
density wave segments, observed by Howald et al. [11].

A structural length scale can also be deduced from diffuse diffraction mea-
surements.For example,Kimura et al [13] deduced a structural coherence length
of 1.7 nm in underdoped La1.9Sr0.1CuO4 at 315 K (i.e. near the pseudogap tem-
perature). The structural coherence length is deduced from the k-linewidth 
of the diffuse central peak (Dk=0.06 Å–1).Well below Tc (at T=13.5 K) the struc-
tural coherence length is extended to ls>10 nm (the linewidth is resolution lim-
ited). Unfortunately there are presently no detailed studies of structural 
inhomogeneities in LSCO over a large range of temperatures, but recent stud-
ies on superconducting YBa2Cu3O6+x have revealed the existence of c-axis order
as well as in-plane inhomogeneity on a similar length-scale of 1–2 nm above Tc.
Islam et al. [14] find diffuse peaks in neutron scattering which originate from
mutually coupled, primarily longitudinal displacements along the a axis of the
CuO2, CuO chain and apical O or Ba atoms. The characteristic T-dependence
of these peaks shows them to be related to the pseudogap T*. A similar tem-
perature dependence is also displayed by atomic displacements observed in
ion-channelling experiments [15].

The structural coherence length scale appears to be linked with the length
scales deduced from spin-ordering [16], which also shows similar temperature
dependence.

We can also obtain an intrinsic structural coherence length scale from the
QP lifetimes measured by femtosecond spectroscopy. The QP recombination
time tR is related to the anharmonic lifetime tanh of high-frequency phonons 
involved in the QP recombination process, whose lifetime in turn is limited 
by the escape time of their decay products, namely acoustic phonons. Thus 
tR is essentially determined by the acoustic phonons’ mean free path, which 
in determined by the length-scale of structural inhomogeneities. So the 
structural length scale l0=vstR where vs is the sound velocity. From the data 
on tR for YBCO and other cuprates, near Tc, we obtain – rather remarkably –
a characteristic length of l0≈2 nm. l0 decreases slowly above Tc but in-
creases more rapidly below Tc. The length scale determined from the re-

Dynamic Inhomogeneity, Pairing and Superconductivity in Cuprates 335



combination time will be discussed in more detail later in the section on QP
dynamics.

The fact that the superconducting coherence length in hole-doped cuprates
xs~1–2 nm is very similar to the inhomogeneity length scale l0 at temperatures
near the superconducting Tc is probably not a coincidence, and has important
implications for superconductivity, and particularly supporting the existence
of percolative superconductivity.

2.2
k-Space–Derived Length Scale

Inelastic neutron scattering experiments on phonons in hole-doped
YBa2Cu3O7–d [17], La2–xSrxCuO4 [18] and inelastic X-ray scattering in electron-
doped Nd1.86Ce0.14CuO4+d [19] all show a strong phonon anomaly starting close
to the middle of the Brillouin zone (BZ). The data show a high-frequency op-
tical phonon mode near 85 meV, which is well-defined at the zone centre, but
becomes strongly damped and virtually disappears in the middle of the BZ. A
mode then re-appears at near 70 meV towards the edge of the BZ in the (j, 0)
direction (corresponding to the G–M direction in LSCO). The wavevector of the
centre of the anomaly k0 corresponds rather closely to the length-scale l0 of real-
space textures in STM images as discussed in the previous section. The two can
be related by k0~p/l0, where p/k0=2–3 unit cells (0.8–1.2 nm) in LSCO [18]. The
anomaly appears over a relatively range of wavevectors Dk corresponding to the
range of spatial distortion with a range of Dl0.

The fact that Dk spans approximately half the BZ, implies that there is no
long range order associated with these anomalies, which would also imply the
existence of clear new peaks in diffraction experiments. Long range ordered
charge stripes would appear over a much narrower range of k than the nano-
scale objects seen by STM, and their existence can also be excluded by the STM,
INS data discussed above, as well as resonant X-ray scattering [5] and many
other diffraction techniques. Moreover commensurate or incommensurate
static stripes should give rise to a clearly observable zone folding, but this is not
observed in X-ray diffraction (XRD) or Raman scattering, supporting the view
that the inhomogeneous structure is dynamic. We conclude that the INS and 
inelastic X ray scattering experiments speak for the existence of dynamic bulk
inhomogeneities which have a similar length-scale l0 as the ones observed on
the surface by STM.

It should be mentioned that such anomalies in k-space have also been ob-
served in other non-superconducting materials such as La2NiO4. The details
(e.g. temperature-dependence, characteristic range Dk, and general texture of
the nanoscale structure) are different however. Indeed a concise experimental
comparison with superconducting cuprates still needs to be performed. The 
existence of phonon anomalies in La2NiO4 and La2MnO4 implies the existence
of charge inhomogeneity and also charge ordering, but does not necessarily
imply superconductivity as well. The view of the present authors is that the 
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occurrence of superconductivity depends on whether the inhomogeneity is 
associated with pairs, single polarons or a charge-ordered (CDW) state. As we
shall see later, the evidence for spin singlets [20, 48] and absence of a Curie sus-
ceptibility in the cuprates overwhelmingly supports the view that the inho-
mogeneity is associated with singlet pair formation.

2.3
Time-Scales: Dynamic Probes

Possibly the first experiments which unambiguously showed the presence of an
inhomogeneous electronic structure of bulk materials on a picosecond timescale
were non-equilibrium Raman experiments with picosecond laser pulses, which
clearly showed the presence of localized states in metallic, optimally doped
YBCO [21] . The activation energies for hopping of photoexcited carriers was
found to be close to the “pseudogap energy” scale Ep in YBCO, with Ea=34
~210 meV, depending on doping. The experiments also showed clearly that the
hopping process was coupled to the lattice [22]. Subsequent more detailed and
systematic time-resolved pump-probe experiments (to be explained in more de-
tail in the following section) showed the presence of multiple intrinsic relaxation
times, which appeared to confirm the co-existence of localised and itinerant
states [23, 24] with vastly different timescales. The pair recombination dynam-
ics appears on a timescale of 10–13 s, while localised states appear to have a dis-
tribution of lifetimes which extend to hundreds of microseconds [24, 25].

XAFS and neutron PDF experiments probe the local structure on time-
scales of the order of 10–15 to 10–12 s. In the case of XAFS, the motion of excita-
tions whose energy scales are less than ~500 meV is effectively “frozen”. This
energy scale is a few tens of meV in the case of neutron PDF. Significantly, XAFS
structure snapshots are on a timescale, which is faster than both the pair re-
combination time and lattice motion. This means that it can be used to “freeze”
the structure of lattice distortions associated with local pairs, which occur on
an energy scale of the pseudogap (<100 meV); hence the techniques have been
very important in pointing out the presence of inhomogeneities in cuprates and
other oxides [26]. The interpretation of these structures in terms of long-range
ordered stripes has proved controversial [2], although there appears to be an
emerging consensus that significant deviations from an average structure 
exist on timescales 10–10 to 10–14 s.

Another clear indication of the relevant timescale comes from the linewidths
of anomalous phonon spectra observed in INS around k0, which are of the 
order of DE~4–5 meV [18]. The implied lifetime of the excitations is t=h/pcDE
~300 fs. This is comparable with the superconducting pair recombination life-
time of tR~300–1000 fs as measured directly by femtosecond optical techniques
using time-resolved pump-probe excited state absorption [23]. A similar life-
time is obtained by THz radiation pump-probe [27] experiments which directly
measure the condensate recovery as a function of time after excitation by 70
femtosecond optical pulses. The connection between the appearance of charge-
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related inhomogeneity in INS and pair recombination measured by optical
time-resolved techniques is clearly implied.

2.4
Energy Scale of the Relevant Interactions

The energy scale of the anomalies in INS and ARPES is ~50–100 meV, and is
the same as the magnitude of the pseudogap Ep in the equivalent doping
range, as determined by single particle tunnelling [28], femtosecond timescale
pump-probe recombination experiments [23, 29, 30], non-equilibrium Ra-
man experiments [22], and other techniques which measure the charge exci-
tation spectrum. As an example, in Fig. 1, we compare the “pseudogap” mag-
nitude determined by QP recombination [23] and tunnelling [28] with the
anomaly observed in neutron data [17] (shaded area). The excitation has the
same energy scale, virtually the same lifetime and a similar temperature de-
pendence, confirming that the “object” observed in INS and time-resolved ex-
periments is one and the same. The energy scale of inhomogeneity thus 
appears to be defined by the charge-excitation “pseudogap” Ep. From the ob-
servation that charge excitations in YBaCuO typically show a higher energy
gap than spin excitations [20], it would appear that spin inhomogeneity and
ordering follows the formation charge inhomogeneities, which seemingly 
occur first.

Another energy scale in cuprates is defined by the superconducting Tc , but
at present we are not aware of any evidence of a link between the appearance
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Fig. 1 The magnitude of the pseudogap from time-resolved QP recombination experiments
compared to the energy scale of the anomalies observed in neutron data in YBCO (shaded
region) [18], connecting lattice anomalies with QP recombination dynamics



of inhomogeneities and the onset of superconductivity at Tc . Thus inhomo-
geneity appears to be intimately related primarily to the “pseudogap”behaviour
in cuprates, while superconductivity itself is associated with the Gpoint of the
Brillouin zone, i.e. the zero-momentum state.

3
Time Resolved Experiments Probing the Dynamics of the 
Inhomogeneous State

The measurement of the time-resolved optical response in general gives de-
tailed information on low-energy excited state lifetimes, more specifically on
quasiparticle recombination and related inhomogeneity dynamics. Generally,
the pump-probe technique involves a measurement of the change of reflectiv-
ity (or transmittance, for the case of a thin film) of the superconductor as a
function of time after a short “pump” laser pulse excitation. Although the 
energy of laser photons used to excite the superconductor is large compared to
the gap, the photoexcited charge carriers quickly relax from 1.5 eV to low 
energies by electron-electron and electron-phonon scattering. This process is
known to proceed on a timescale of~10–100 fs. A gap in the low-energy exci-
tation spectrum (such as occurs in a superconductor or semiconductor or
charge-density-wave system), may lead to a bottleneck situation where QPs 
accumulate at the bottom of the band (see Fig. 2). These photoexcited quasi-
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Fig. 2 A schematic diagram of the photoexcitation and subsequent relaxation processes in
cuprates: a pump; b probe laser pulses; these are separated by a variable time delay.All possi-
ble probe processes are shown in b. Whether the change is a photoinduced absorption or
bleaching depends on which optical processes (1 to 4) are dominant. If by coincidence all probe
transition probabilities are equal, there is no photoinduced signal (see paper by Dvorsek et al.
in [30])

a b



particles are detected by the probe photons using a suitably delayed laser pulse
by what is effectively an excited state absorption of photoexcited quasiparticles
(as shown in Fig. 2) [29, 30]. The measurement of the amplitude of the changes
in probe pulse reflectivity (or transmittance) as a function of time directly
measures the recombination dynamics. The temperature dependence of the 
excited state absorption in pump-probe measurements can be used to deter-
mine the temperature dependence of the gap, its magnitude, as well as – to
some extent – its symmetry on pairing timescales.

Following initial pioneering experiments of time-resolved reflectivity on
cuprates [31], the technique has been shown to give excellent reproducibility
from sample to sample, and data from different groups have been in close
agreement. (The variances which have been reported so far have been related
to the low-temperature lifetime (well below Tc) which appears to be strongly
dependent on the heating caused by the pump laser pulses, and possibly also
sample quality [32]).

3.1
Experimental Observations of Multi-Component Relaxation

The typical time-resolved reflectivity response for YBCO is shown in Fig. 3. The
response at short times (from 0.1 to 5 ps) is qualitatively similar in all HTS 
materials.At short times after photoexcitation a fast response is observed with
t1=0.3~1 ps (depending on material), which is almost T-independent, followed
at longer times (but still on the picosecond timescale) by a somewhat slower 
decay. This second decay appears only below Tc, and its lifetime is T-dependent,
showing clear signs of divergence as Tc is approached from below. (The diver-
gence of tS is an unambiguous indication that it represents recombination
across a superconducting gap which is temperature dependent near Tc, since
tSµ1/Ds(T), and Ds(T)Æ0 as TÆTc.).

In addition to the response on the 0.1–3-ps timescale, a ubiquitous long-
lived response is observed which has been attributed to localised states [24].
This will be discussed later.

The two fast responses may have the same or opposite sign in different 
materials, which is a consequence of the different optical processes of the
probe pulse [29] (shown in Fig. 2). In YBCO [23], LaSCO, NdCeCuO [33] and 
HgBaCaCuO [29] they typically have the same sign for 800 nm probe wave-
length (YBCO and Hg-1223 are also shown in Fig. 3), while in Tl-based and 
Bi-based cuprates they have opposite signs [34]. Remarkably, the temperature
dependence of the amplitude (i.e. magnitude of photoinduced reflectivity or
absorption) of the two responses appears to be quite universal in the cuprates
(Fig. 4).A careful analysis of the amplitude of the two signals gives two distinct
temperature dependences. The superconducting state response ts, always dis-
appears abruptly at Tc, while the other faster response tp, disappears asymptot-
ically at much higher temperature T*. The component with the fast response,
whose relaxation time is tp, can be unequivocally associated with the “pseudo-
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gap”, while the slower response with a lifetime ts is associated with the ap-
pearance of a superconducting gap.

In the Hg-cuprate and LSCO, where the two signals have the same sign and
the lifetimes ts≈tp the deconvolution of the two signals is more ambiguous.
Nevertheless a comparison with YBCO, LSCO, Tl and Bi-based superconductors
shows quite convincingly that the universal two-component dynamics on the
picosecond timescale and two-component temperature-dependence is ob-
served in all cuprates investigated so far. This universal multi-component re-
sponse is clear indication of the ubiquitous presence of inhomogeneity in
cuprates.
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Fig. 3 a Typical time-resolved optical response in YBCO. The logarithmic scale (insert) em-
phasises the existence of two fast recombination components below Tc. One component 
disappears above Tc. The time-decay behaviour is very similar in other cuprates such as
b YBa2Cu4O8, where the two components have different sign, depending on probe polarisa-
tion, c in La2–xSrxCuO4 and d Hg-1223 [30]

a b

c d
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3.2
Modelling in Terms of Two-Level Systems

The description of quasiparticle recombination across a superconducting gap
for classical superconductors was first considered by Rothwarf and Taylor [35],
who postulated a set of differential equations, describing QP recombination via
the emission (and re-absorption) of phonons. In classical superconductors the
QP recombination lifetime is typically tR~10–9 s. In HTS materials, the gap is
quite large and is comparable to high-energy phonon frequencies, D~�wp, and
the recombination timescale is in the picosecond range [29].

The recombination dynamics in HTS was considered in detail theoretically
by Kabanov et al. [29]. In addition to the calculation of the lifetime (which 
follows the approach by Rothwarf and Taylor [35]), they also calculate and 
verify the temperature-dependence of the QP population under bottleneck (i.e.
near steady-state) conditions. Using an effectively two-level system description,
expressions for the temperature-dependence of the QP population – and hence
of the T-dependence of the transient optical response – were derived.

Two cases are considered: (i) a T-independent gap (applicable to the for-
mation of local bipolarons for example, which can be described by a two-level
system) and (ii) a T-dependent superconducting gap (e.g. a BCS-like D(T))
(shown schematically in Fig. 5). The T-dependence of the QP density for the
two cases is given by two expressions:

2nnQP (T, Dp) µ 13D0
{1 +9 e –D0/kBT }–1, for Dp = constant (1) N(0)�W

and
81 2n 2kBT

–1

nQP (T, DBCS) µ 95 �1 +9 �7 e –D0/kBT � , (2)
D(T)+kBT/2 N(0)�W        pD(T)

for a BCS-like D(T), where N(0) is the density of states, n is the number of
phonons emitted, W is the phonon frequency [29].
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Fig. 5a, b A schematic drawing of the temperature dependence of the two gaps inferred from
time-resolved QP recombination experiments on YBCO. The pseudogap Dp signifies the
bipolaron binding energy, while the Ds (T) is the temperature-dependent collective gap 
associated with the superconducting state

a b



In case the gap D is temperature independent, the response is predicted to
fall off asymptotically at high temperatures. In the case where D is T-dependent,
and closes at Tc, the signal must also fall to zero at Tc. Both s-wave and d-wave
gap cases have been calculated.

Comparison of the theory with experimental data of both the T-dependence
of the non-equilibrium QP density (Fig. 4) and lifetime (Fig. 6) gives remarkable
agreement for each component separately. The pseudogap relaxation dynamics
is modelled with a T-independent gap (Eq. 1), while the superconducting gap is
modelled using a BCS-like gap Ds(T) (Eq. 2).

A fit to the data in Fig.4 universally shows that the two components in the time-
resolved response imply a simultaneous presence of a superconducting gap Ds(T)
and a T-independent gap Dp.The latter is interpreted as the bipolaron (pair) bind-
ing energy, i.e. the energy scale associated with the appearance of inhomogeneity.
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Fig. 6a–d The QP lifetime as a function of temperature in: a YBCO; b YBCO-124; c LaSrCuO;
d Hg-1223 [30]. Similar behaviour was also observed in Tl-1223, Nd2–xCexCuO4 [33] and
other cuprates

a b

c d



This experimentally observed two-component dynamics is highly unusual
and cannot be easily understood. For example, it cannot be described as a 
cascade of processes in a homogeneous medium. This is best seen from the data
on YBa2Cu3O7–d: the magnitudes of the two gaps Dp and Ds(T=0) are approxi-
mately equal in magnitude near optimal doping (Fig. 7), which clearly rules out
a relaxation cascade processes. The only way to describe the situation is to 
assume that the system is inhomogeneous, with the two different relaxation
processes occurring in different areas (on the nanoscale), or different regions
in k-space (with no cross-relaxation on the pairing timescale).

Remarkably, an excellent fit to the T-dependence of the optical response is
obtained when an s-wave gap is used in Eqs. (1) and (2), for either component.
On the other hand, Kabanov et al. have shown that all attempts to fit the data
with a substantially anisotropic gap or a simple d-wave gap, particularly for
Ds(T) fail [29]. Both the T-dependence and the intensity dependence are dis-
tinctly s-like. This discrepancy between the predicted behaviour for a simple
d-wave gap and the time-resolved data has proved to be very robust. Experi-
ments from different groups have given similar data, none of which could be
fit with a d-wave gap.

There are two possible ways to understand the apparent discrepancy. Either
the model of Kabanov et al. [29] is inappropriate, or our understanding of the gap
structure on the femtosecond timescale is incomplete and the electronic struc-
ture of the cuprates based on simple s and d-wave gaps needs to be re-examined.
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Fig. 7 The magnitude of the pseudogap Dp and superconducting gap Ds(T) as a function of
doping in YBa2Cu3O7–d and Y1–xCaxBa2Cu3O7–d, La2–xSrxCuO4. and Hg-1223. The remarkable
feature of the data is that the energy gaps associated with pair recombination above Tc are
similar in magnitude, whereas the superconducting gaps are quite different, corresponding
to the very different Tcs of the three materials



Fortunately, testing Kabanov’s model has proved to be straightforward,
because there exist a number of other materials with a gap in the low-energy
spectrum, particularly charge-density wave (CDW) materials. Thus a number
of quasi-1D and quasi-2D compounds were measured (K0.3MoO3, 1T-TiS2 and
2H-TaSe2 respectively) with time-resolved spectroscopy [36]. All showed ex-
cellent agreement with Kabanov’s model, particularly the temperature (in)de-
pendence of the gap(s) and relaxation time.

Moreover, systematic time-resolved studies as a function of doping in
LaSCO and YBCO, as well as Hg-1223 and YBCO-124 have shown the values
of the pseudogap Dp and superconducting gap Ds to be very close to those 
measured by single-particle tunnelling or ARPES, and also follow the same 
systematic dependence on doping. (Fig. 7). The gap ratios 2D/kTc are system-
atically found to be in the range 8–10, for the materials measured so far, in
agreement with numerous other techniques.We conclude that the gap structure
on the pairing timescale cannot be described by a simple d-wave picture.

Kabanov et al. [29] also calculated the T-dependence of the QP recombi-
nation lifetime in cuprates. The predicted lifetime is also dependent on the
magnitude of the gap D. In case D is temperature-dependent, then the lifetime
shows a divergence of ts as DÆ0, as Tc is approached from below:

�2w2
pt = tanh 98 (3a)

12kTD(T)

where tanh is the phonon anharmonic lifetime, wp is the characteristic frequency
of the emitted phonon and k is Boltzmann’s constant. The lifetime at interme-
diate temperatures (at T=Tc/2) was estimated on the basis of experimentally 
observed anharmonic phonon lifetimes in YBCO [37], and was found to be of
the order of 0.8 ps, in remarkable agreement with the observed optical transient
lifetime of t=1 ps [29], considering all parameters were independently experi-
mentally determined. More importantly, the predicted divergence has also been
observed in many cuprates [29], below Tc (such as in Fig. 6).

The appearance of the divergent QP lifetime ts near Tc is clearly consistent
with the T-dependence of the QP density n(T) and Ds(T) deduced from analy-
sis of the T-dependence of the amplitude of the time-resolved signal below Tc
(Fig. 4). In addition to the divergence at Tc arising from D(T)Æ0 as TÆTc, the
lifetime is expected to diverge at low T, as is indeed observed in many cuprates
[29, 32, 34].

Another rather surprising fact is that, when we use the value of the gap mea-
sured by pump-probe spectroscopy (2D0=900 K) at optimum doping [29], the
gap ratio 2D0/kTc=10 gives the recombination lifetime near Tc as

�2w2
pt = tanh 91 (3b)

2.4D2
0

Considering that �wp≈D0, then the recombination lifetime is approximately equal
to the zero-temperature anharmonic lifetime of the emitted phonon, t≈tanh.
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The underlying physics of the recombination process was first discussed 
by Rothwarf and Taylor [35], where they considered the kinetics of the QP 
recombination in terms of the emission and re-absorption of phonons.As two
QPs recombine, the energy is released to a phonon (there are no other excita-
tions to carry off the energy), which has to have an energy �wq>2D; otherwise
the recombination cannot take place (Fig. 8). (In high-Tc cuprate supercon-
ductors where the gap is large, we are limited to optical phonons.) These 
optical phonons can also be efficiently re-absorbed in a pair-breaking process,
thus creating a bottleneck in the QP relaxation process. The only way that the
energy can be released is if the emitted optical phonon decays anharmonically
to lower-energy phonons which carry off the energy in a way that it cannot be
re-absorbed.

This process can be easily understood in the bipolaron pairing picture.
Suppose two QPs recombine to form a bipolaron of size l0. In this process, an 
optical phonon is emitted, but it remains in the Rothwarf-and-Taylor (RT) loop
until the anharmonic decay products (i.e. acoustic phonons) leave the bipolaron
volume.At that point, the pairs can no longer be excited. The most obvious con-
sequence is that the lifetime is determined by the time that the acoustic phonons
leave the bipolaron volume, which, to first approximation, can be given by
tR=l0vs , where vs is the sound velocity (see Fig. 9). (This process can also be
treated more rigorously, taking into account the escape kinetics of acoustic
phonons in addition to the two RT equations [38], but the underlying physics
is the same.) The same picture holds for stripes, except that the l0 describes the
characteristic size of the stripe or cluster.

From the analysis presented above we see that we can determine the char-
acteristic size of bipolarons or clusters from the measured QP lifetime tR by 
using the relation l0=vstR. In Fig. 10 we have plotted l0 for La2–xSrxCuO4, Hg-1223
and Nd2–xCexCuO4 as a function of normalised temperature, normalised to the
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Fig. 8 Recombination of two QPs proceeds with the emission of an optical phonon with en-
ergy �wq>2D. The re-absorption of the phonon breaks a pair. The repetition of this sequence
leads to a Rothwarf-Taylor bottleneck [35]



superconducting coherence length xs. Remarkably, in spite of the fact that p-type
and n-type materials have very different coherence lengths, l0/xs≈1 near Tc.
Moreover, the data exhibits approximate scaling behaviour l0=xsT–n which might
be expected for a quantum critical point (QCP) at T=0, where the critical expo-
nent of n≈1 is found typically in random systems, such as glasses. The fact that
the observed behaviour is seen in all the cuprates (including p- and n-type 
materials) is a good indication that the underlying physics is quite universal.
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Fig. 9 Real-space representation of QP recombination showing the decay of emitted optical
phonon into two acoustic phonons.When the acoustic phonons escape the bipolaron volume,
they can no longer be re-absorbed to break pairs

Fig. 10 Normalized length scale l0 vs T/Tc determined from the phonon escape time tR in
LSCO, Hg-1223 and NdCeCuO from [33]



3.3
k-Space Description of QP Recombination Dynamics and Gap Anisotropy

Time-resolved experiments seem to suggest that there are very few – or no – QP
states at low energy. On the other hand, there are many experiments which do
show a d-wave-like gap in the density of states, so we need to consider the pos-
sibility that the picture of the low-energy electronic structure at short times can
be different than in the steady state. In other words, we need to take into account
the short timescale of the experiments, and more specifically the k-dependence
of the recombination processes involved in QP recombination on fast timescales.

First, let us consider the sequence of events after short laser pulse excitation.
The initial excitation of electron-hole pairs by the laser pulse and the subsequent
relaxation to states near the Fermi energy of these carriers takes place within a
few tens of femtoseconds [39]. This process is reasonably well understood, and
has been studied in normal metals, superconductors and semiconductors in
some detail. Before reaching low energies, the carriers have undergone a cascade
of scattering events, rapidly losing memory of their initial momentum, and 
occupying all available momentum states approximately equally (see Fig. 11).

As already discussed in a real space picture (Fig. 9), the next step in the 
energy relaxation process is the recombination of QPs to the ground state via
the emission of one or more phonons [29]. If a phonon exists, whose energy is
greater than the twice the gap, �wq>2D, then all the energy released in the QP
recombination can be carried off in a first-order process by a single phonon.
Such a process involves the recombination of two QPs with momenta k1 and k2,
and energy E1 and E2, to a pair state with momentum kpair at EF, and the emis-
sion of a phonon with momentum q of energy �wq.
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Fig. 11 Schematic diagram showing the initial relaxation of hot electrons excited by the
pump laser pulses. The relaxation proceeds via carrier-carrier scattering and via phonon
emission, whereby the particles encounter of the order of 50 scattering events before reach-
ing the gap, losing memory of their initial momentum. Once they have reached the gap, they
occupy all momentum states approximately equally
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a b

Fig. 12a, b Recombination processes involving two QPs with k1 and k2 respectively (dashed
arrows) and an emitted phonon (wavy line) for: a T>Tc where the final state momentum is
not necessarily zero; b the condensate T<Tc where the pair momentum is strictly zero (in
the absence of current). The electronic structure is based on ARPES, whereby the shaded 
areas at the M point represent a large spectral density at an energy D below EF

E and k conservation restrictions are quite different in the pseudogap state
and in the superconducting state, because the final (pair) state momenta are
different in the two cases (see Fig. 12a, b):

1. In the pseudogap state (Fig. 12a), with T* >T>Tc, pre-formed pairs may be
mobile, and the final pair state momentum is determined by their centre-
of-mass kinetic energy, so there are no strict kinematic restrictions on the
final state pair momentum, such as in the superconducting state. In de-
scribing the recombination process we can therefore simply consider energy
conservation pertaining to a two-level system of QPs in the excited states
and bound pairs in the ground state, separated by a gap Dp, [29].

2. Pairs in the superconducting condensate (Fig. 12b), for T<Tc are usually con-
sidered to have zero net momentum kcondensate=0, so k1+k2–q=0, and the gap
Ds separating QP states and the condensate pairs is T-dependent.

To obtain a better understanding of the recombination kinematics in this case,
we have plotted the relevant processes in k-space (Fig. 12). To make the picture
as realistic as possible, we discuss the recombination using an electronic struc-
ture based on the generic features observed in recent ARPES measurements on
La2–xSrxCuO4 [40]. The spectral intensity A(k,w) at 10 K obtained from the raw
ARPES data on LaSrCO is shown schematically in Fig. 12. Shades of grey rep-
resent the value of A(k,w) at a binding energy D(k) corresponding to the peak
in A(k,w). These peaks – which are interpreted as a sign of the presence of QP
states relevant in the recombination process – occur at an energy E=EF–ED. ED
is doping-dependent and is shown plotted on the energy-vs-doping diagram in
Fig. 7 as a function of doping x. The dashed arrows in Fig. 12b represent the two



types of QP recombination processes involving kpair=0 pairs in the condensate
as the final state, which satisfy momentum and energy conservation, k1+k2–
qR=0 and E1+E2–�w=0 respectively. It is easy to see that the emitted phonons
(wavy lines) can have only certain values of momenta qR (shown shaded in
Fig. 12). At the same time they must have an energy �wq>2ED (60–80 meV),
which in cuprates is limited to high-frequency optical modes involving pre-
dominantly O motion.

The conclusion from these analyses is that Kabanov’s model for QP recom-
bination is perfectly valid provided momentum selection rules and realistic
anisotropy of the band structure is taken into account. The pseudogap response
clearly implies that the short-timescale picture with the main QP density at the
M points can be described well by Kabanov’s model. The superconducting state
response on the other hand has stricter selection rules with the requirement
that qpairs=0, but again provided the real DOS is taken into account, Kabanov’s
model still describes the picture very well, of course considering each compo-
nent separately.

In addition to the two-component ultrafast response on the picosecond
timescale discussed above, in all cuprates there is also a ubiquitous much
slower response, with a timescale which is longer than 1 ns, which appears to
be glass-like without a clearly defined lifetime [24, 25]. This is present in CDW
systems as well [24], and is attributed to localised intra-gap states. It has been
suggested that the origin of these processes may be related – at least in cuprates
– to relaxation of nodal quasiparticles [41]. However, its appearance in many
CDW systems such as K0.3MoO3 suggests that this model of d-wave nodal re-
laxation is probably not applicable, and that clearly this very slow relaxation
component is not an exclusive feature of the d-wave state. Because these states
are probably not very important for the mechanism of superconductivity, nor
are they likely to drive the formation of an inhomogeneous state, we shall not
discuss them further here.

3.4
Origin of the Two-Component Femtosecond Response

In summarising the time-resolved experiments, we infer two unusual features
which are ubiquitous in the cuprates:

– The QP gap structure on the femtosecond timescale shows large gap be-
haviour, with negligible density of states at low energy, and dynamics which
is similar to (more isotropically gapped) CDW systems.

– The recombination dynamics shows a two-component response on the 0.2–5
picosecond timescale, corresponding to recombination across a T-depen-
dent SC gap Ds and a T-independent “pseudogap” Dp respectively, where the
magnitudes of the two gaps are doping-dependent (Fig. 7).
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The observation of two relaxation times at short timescales, one associated with
the pseudogap Dp, and the other with a T-dependent superconducting (or col-
lective) gap by time-resolved spectroscopy in all cuprates so far (Fig. 7), implies
that the response is intrinsic and a universal at the fundamental level. The 
observation of a clear two-component response in La2–xSrxCuO4 at all doping 
levels excludes the possibility that the two responses come from spatially sepa-
rate parts in the crystal, such as charge-reservoir layers and CuO2 planes 
respectively. Thus the two-component response can be attributed to the CuO2
planes, and implies a two-component ground state, which – considering the 
resolution of the optical time-resolved experiments – can only exist on a meso-
scopic or microscopic length scale.

An interesting feature of the systematic study shown in Fig. 7 is the fact that
the pseudogap Dp measured on the femtosecond timescale appears to be of sim-
ilar magnitude in LSCO,YBCO and Hg-1223, in spite of the fact that Tc differs by
nearly a factor of 4. The temperature-dependent gap Ds(0), on the other hand, is
closely related to Tc, giving a nearly constant gap ratio at optimum doping
2Ds

opt(0)/kTc=9.4 (LSCO),10.1 (YBCO) and 12 (Hg-1223).We have recently shown
that the relation between two gaps can be determined by the percolative thresh-
old for phase coherence at finite temperature [57], or more concisely, given the
characteristic energy scale Dp for the formation of pairs, then Tc (and whence
Ds(0)) is determined by the geometrical size of the pairs or objects filling the
plane and their number, which depends on temperature, as we shall see later.

4
Model Description of the Dynamically Inhomogeneous State

Very soon after the discovery of superconductivity in cuprates, the possible 
existence of electronic inhomogeneity was recognized by Gorkov and Sokol
[42], while the possibility of spin stripes was discussed by Zannen and Gun-
narson [43], Emery and Kivelson [44] and others. However, it has taken quite
some time to show experimentally that these inhomogeneities may be relevant
to understanding the normal state and superconductivity [1] and obtain spe-
cific details which are necessary for a concise model to be proposed.

Here we approach the problem of the cuprates from the viewpoint that
bosonic pairs are just a special kind of doping-induced impurity state. For spe-
cific reasons the materials prefer to form pairs rather than single polarons:
competition between highly anisotropic elastic strain and Coulomb repulsion
VC leads (at low doping) to the formation of nanoscale pairs in preference over
single polarons.

The doped holes do not have sufficient binding energy EB to form bound
states at high temperatures kT>EB and behave as a Fermion gas. For kT*<EB,
a new structural phase starts to nucleate surrounding doped holes (i.e. polarons
of well-defined lattice symmetry), leading to the coexistence of pairs and larger
objects such as stripes, particularly as doping increases. In a more usual system
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exhibiting a structural phase transition, the length of these objects grows,
showing critical behaviour, as the structural phase transition temperature Ts is
approached. However, in the cuprates, it appears that the doped holes which
precipitate in the formation of a new phase also prevent long-range structural
ordering, favouring the formation of a superconducting state instead. The small
energy difference between pairs and clusters (stripes) leads to their co-exis-
tence in the pseudogap state below T*.

In this section we shall concentrate on a microscopic description of the 
inhomogeneous state, starting with an examination of the symmetry of the 
interaction from inelastic neutron scattering experiments.We then describe an
effective symmetry-invariant Hamiltonian and discuss its consequences for the
appearance of an inhomogeneous state, and how this can lead to pre-formed
pairs, stripes and superconductivity.

4.1
Symmetry of the Interactions and Some Consequences

The key to determining the symmetry of the interaction Hamiltonian for the
system comes from the idea that the finite size coherence length xs defines the
extent of the pair, which in turn means that the interaction between particles
composing a pair is not at k=0, but at finite k=p/xs. Thus, any lattice or struc-
tural effect associated with the formation of pairs of size xs should result in a
visible phonon anomaly in k-space at a wavevector corresponding to k0=p/xs.
Examination of the k-dependence of the phonon dispersion spectrum, mea-
sured by INS [17, 18], or IXS [19] appears to support this notion strongly.
Anomalies at long wavelengths (kÆ0) are not evident (or small). Rather, the
largest anomalies appear at large k (towards the zone boundary) in hole-doped
cuprates [17, 18] and slightly smaller k in electron-doped cuprates [19]. The
point in k-space where an anomaly occurs also uniquely identifies the symme-
try of the interaction which causes it. More precisely, the observation of a
phonon anomaly at a particular point in k-space can be used to define the in-
teraction between phonons, electrons (or holes) and spins, which is symmetry-
invariant under the operations of the appropriate symmetry group of k at that
point in the Brillouin zone. The phonon dispersion anomalies for La2–xSrxCuO4
are in the (x,0,0), or GÆM direction [18]. The group of k in this direction has C2v
symmetry [45]. Hence an interaction which causes an anomaly at this point in
k-space will lead to a distortion of the lattice whose symmetry is reduced from
tetragonal symmetry (D4h) within a volume of size l=p/k0 [45]. The interaction
at k0 thus creates mesoscopic areas (or objects), whose symmetry is reduced (ul-
timately C2v – once larger objects corresponding to a new phase are formed),
while the undistorted surroundings have a higher symmetry (D4h). Note that the
symmetry of small objects whose diameter is of the order of a unit cell cannot
be easily defined, and strictly speaking, the proper symmetry group can be used
only when larger, meso-scale objects are formed (by analogy to the symmetry
transformation taking place at a structural phase transition).
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Knowing the symmetry of the interaction enables one to write a Hamilton-
ian HMJT with the correct symmetry properties [45], which acts on a length scale
defined by l0. This effective interaction acts on a scale given by the length-scale
of the inhomogeneities, and can be written in either real space or k-space. The
real-space formulation is given as [45, 46]

HJT =  ∑ (s0,l {nx
2 + ny

2}g0 (n)}(b†
1 + n + b1 + n)

n, l, s

+ s3,l {(nx
2 + ny

2)}g3 (n)}(b†
1 + n + b1 + n)

(4)
+ s1,l {nxnyg1(n)}(b†

1 + n + b1 + n) 

+ s2,l Sz,l {(nx
2 + ny

2) g2(n)}(b†
1 + n + b1 + n) .

where b and b† represent phonon operators and Sz is the z component of the
local spin. si are the Pauli matrices representing the degenerate electronic
states. The first term describes the coupling between electrons in non-degen-
erate states and is isotropic. The next two terms describe coupling between
electrons in degenerate electronic states and the lattice of x2–y2 and xy sym-
metry respectively, while the last term described the coupling of the z-compo-
nent of spin Sz to the electronic states. (All other couplings are forbidden to first
order). The coupling functions gi(n) are given by

94
exp[–(a/l) knx

2 + ny
2]

gi (n) = gi 99971 (5)
nx

2 + ny
2

where n=(nx,ny) with nx,ny≥1, and gi are the coupling constants. The function
gi(n) describes the spatial dependence of the effective interaction, as shown in
Fig. 13. It is an effective interaction which takes into account the isotropic
Coulomb repulsion Vc(r) and the attraction due to an anisotropic lattice strain,
conforming to the crystal symmetry properties. A similar interaction can be
written in k-space [46], except that g(k) then describes the effective interaction
with a peak at k0=2p/l. The electron-lattice interaction described by the first
term in Eq. (4) is isotropic. In principle all phonons which have the appropri-
ate t1 symmetry can couple to the electronic states. The second and third terms
describe an interaction with anisotropic d-like deformations of xy and x2–y2

symmetry respectively, and the last term describes the spin interactions with
the out-of-plane component Sz. (In-plane components are not allowed by sym-
metry.) One of the main conclusions from this analysis [45, 46] is that non-de-
generate electronic levels coupling to phonons and spins can only give rise to
a symmetric (s-wave) deformation, while coupling to doubly degenerate elec-
tronic states (of Eg symmetry in the high symmetry group) can give rise also
to an anisotropic d-wave like interaction in addition to the symmetric one.
Because the interaction is between electrons in degenerate states and phonons
and spins, the latter may be viewed as a finite-k or mesoscopic Jahn-Teller effect
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(to distinguish it from the more standard single-ion JT effect, or cooperative JT
effect – which leads to long range order).

An important feature of the effective interaction at (Eq. 4) is not only that it
is highly anisotropic,but also that it peaks at finite k (or at finite range l0).We have
justified this on the basis of experimental observations, but we can also justify it
theoretically if we consider the two most relevant fundamental interactions act-
ing on doped holes, namely (highly anisotropic) elastic strain and an (isotropic)
Coulomb repulsion. The total V is clearly highly anisotropic, and has a minimum
at a distance l, depending on the difference between Vc and Vs. The interaction
at Eq. (5) is a simplification of the more general form in Fig. 13. The anisotropy
arises simply as a consequence of orbital symmetry of the constituent atoms (pri-
marily Cu d-orbitals and O p-orbitals) and the crystal symmetry.

The state which HJT (Eq. 4) implies is dynamically inhomogeneous [46],
where distorted and undistorted regions coexist (Fig. 14) with a inhomogene-
ity on a scale defined by k0 or xs, but have different symmetry and different 
energies. In real space, the interaction HJT describes polaron-like objects of size
l0≈p/k0, whose symmetry is reduced compared to the bulk of the crystal.

A very important question for superconductivity is how doped holes might
order within such a model. Taking into account that the particles are charged
and including the repulsive Coulomb interaction in its general form, we have
shown that Eq. (4) can be reduced to a lattice gas model [47]. Taking only the
x2–y2 term in Eq. (4), the interaction becomes
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Fig. 13 The two most relevant potentials acting on particles in the cuprates are Coulomb
(1/r) and strain (of the form 1/r2 in the continuum limit). The total potential has a shallow
maximum, which gives rise to a rich energy landscape of stripes, checkerboards and bipo-
laron pairs. At short distances, Coulomb repulsion overcomes strain preventing on-site
double occupancy. Veff describes an effective potential used to describe the short-range
Jahn-Teller pairing interaction at finite k [45–47]
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Fig. 14a, b Real-space picture of a dynamically inhomogeneous state, depicting the CuO2

plane of the cuprates. The shade of grey represents the sign of the effective interaction for the
case of x2–y2 symmetry (second term in the Hamiltonian (Eq. 4)) Pairs and stripes are shown

H = [∑ –Vl (i – j) Si
z Sj

z + VC (i – j) Qi Qj] (6)
i, j

where Si
z is an operator describing the anisotropic lattice interaction (Eq. 4),

whose value is Si
z=1 for the state (ni,1=1,ni,2=0), Si

z=–1 for (ni,1=0,ni,2=1) and Si
z=0

for (ni,1=0,ni,2=0). Qi=(Si
z)2. Here ni,a are the occupation numbers of twofold 

degenerate states a=1,2 at site i. The Coulomb interaction is formulated as
VC(m)=e2/e0a(mx

2+my
2)1/2 , where e is the electric charge, a is the lattice constant

and e0 is the dielectric constant and m=(mx,my) is a vector. The attractive lattice
interaction is written as

Vl (s) = (1/w) ∑ (mx
2 – my

2) {(sx + mx)2 – (sy + my)2} g(m) g(s + m) (7)
m

The interaction at Eq. (7) now describes the ordering of JT polarons on a lat-
tice in an x-y plane in the presence of competing Coulomb interaction VC and
short range anisotropic attraction, where g(m) has been defined in Eq. (5) and
s=(sx,sy) is a vector. The short-range attraction is generated by the interaction



of electrons with optical phonons, whose range is determined by the dispersion
of optical phonons.

In principle, the objects created by the interaction can be single polarons,
bipolarons, stripes, etc., the stability of which is determined primarily by the
balance between elastic energy Vl and Coulomb repulsion VC on the meso-
scopic scale. Monte-Carlo studies have shown [47] that the mode Eq. (5) can
lead to the formation of both pairs and mesoscopic objects such as stripes and
clusters, depending only on the ratio of parameters VC/Vl and the doping level.
Both xy- and x2–y2-symmetry stripes are allowed by symmetry, corresponding
to “diagonal” stripes or stripes parallel to the bond axes respectively. Indeed,
STM measurements strongly suggest that these exist, but may have different en-
ergies [11]. However, for the majority of experiments, the energy difference sep-
arating the distorted and undistorted regions can be associated with the
pseudogap Dp, and the state can be very effectively described in terms of a two-
level system [6, 8, 45, 46, 48] of spin singlets (S=0) in the ground state, and un-
paired (S=1/2) spins in the excited state. The existence of pairs would imply the
existence of spin singlets (S=0) in the ground state, and unpaired (S=1/2) spins
in the excited state. Conversely, the presence of single isolated polarons would
give rise to a substantial Curie susceptibility due to unpaired localised spins.
Moreover the spin susceptibility at any give T increases with doping. Hence –
as already discussed – the existence of single polarons in the ground state is 
apparently ruled out by magnetic measurements, while static susceptibility
measurements [8, 20, 48], and NMR Knight shift data [20] (Fig. 15), support the
proposed model description of spin singlets in the ground state and S=1/2
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Fig. 15 The NMR knight shift as a function of temperature follows the behaviour expected
for a two-level system of bipolarons (S=0) and excited state (S=1/2) Fermions [20]



Fermions in the excited state. The magnetic response is thus quantitatively 
consistent with the existence of pre-formed Jahn-Teller bipolaron pairs in the
ground state [8, 45, 46, 49]. Note that the same two-level system has also been
used to fit the temperature-dependence of the femtosecond-timescale time-
resolved experiments.

4.2
Evidence of the Symmetry-Breaking Interaction: Loss of Inversion Symmetry

The distorted objects have reduced symmetry, so we expect to observe mani-
festations of symmetry breaking as pairing distortions start to occur. Evidence
for local inversion symmetry breaking below the pseudogap temperature is
plentiful both in Raman [50, 51] and infrared spectroscopy [52]. For example,
the T-dependence of broken-symmetry Raman modes rather convincingly fol-
low two-level-system behaviour [50] (see Fig. 16). There is also a large amount
of evidence for the existence of a spontaneous polarization in cuprates over a
wide range of doping [53],with the observation of phenomena such as pyro-
electricity and piezoelectricity [54], which imply the existence of on a non-cen-
trosymmetric structure, such as C2v symmetry. Note that this inversion sym-
metry-breaking is a specific prediction of the model at Eq. (4), and to our
knowledge, there is no other theoretical model currently available which pre-
dicts these symmetry breaking phenomena in the cuprates.

4.3
Stripes and Pairs: Overcrowded State

At high doping density, the distorted regions might aggregate to form longer
stripes or clusters, with the same symmetry properties defined by HJT (hence-
forth we generically use the term stripe to signify any aggregated object larger
than a pair). A comprehensive discussion of superconductivity involves the
formation of a phase-coherent state within such a system of co-existing pairs,
“stripes” and – at finite temperature – Fermions in the excited state. The T-de-
pendence of the length-scale l0 measured by QP recombination experiments
(Fig. 10) is an indication that stripes and clusters form at low temperatures.

However, it is not immediately obvious whether stripes should have signifi-
cantly lower energy than single bipolarons. To be relevant, the energy difference
between bipolarons and stripes should be at least on a scale of kTc, giving a more
complicated energy level structure, e.g. a three-level system. One answer to the
question as to whether there is an additional energy scale for different types of
stripes or clusters comes from experiments.

One indication that the state has more than one component has come from
time-resolved experiments on the femtosecond timescale, where very early,
there was evidence for the co-existence of metallic and localised states [1, 21, 22].

A careful fit to the magnetic susceptibility data [8] also shows that a two-
level description originally proposed by Alexandrov, Kabanov and Mott [56] is
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not completely sufficient. A more accurate fit to the susceptibility data can be
obtained when a temperature-independent Pauli-like contribution is included,
yet only one energy scale (Dp) is used to fit the whole data set, suggesting that
the excitation energies for bipolarons and stripes are indistinguishable, or very
close in energy. Note that when stripes are included [8] overall there are two
Fermionic contributions to the susceptibility in the mixed state of pairs and
stripes. (i) At high temperatures (above T*), we have a Fermi gas, where the sus-
ceptibility is nearly T-independent, and there are neither bipolarons nor stripes
present. (ii) At low temperatures, both bipolarons and stripes are present, the
latter with a Pauli-like contribution to the susceptibility. This temperature-in-
dependent susceptibility can then be understood to come from metallic stripes
[8]. (A similar conclusion regarding metallicity of the stripes was derived on
the basis of theoretical arguments by Mihailovic and Kabanov [45].) Yet further
indication for the existence of stripes or clusters with energy states within the
pair-gap energy scale is the slow and glass-like dynamics of the intra-gap state
relaxation [24] and recent ESR data show the existence of two components even
in lightly doped La2–xSrxCuO4 (0.01<x<0.06) [55].

We can conclude that there appear to be strong experimental and theoreti-
cal arguments for the co-existence of bipolarons and larger objects, such as
stripes in cuprates not only at optimum doping and in the underdoped state, but
also in the overdoped state. Clearly pairs must exist in the ground state, other-
wise at very low temperatures, the cuprates would not be superconducting.

5
Superconductivity

There are two fundamentally different types of dynamics which need to be con-
sidered in the discussion of superconductivity in an inhomogeneous system:

1. In the first case, the inhomogeneity is simply thermally fluctuating accord-
ing to the relevant statistics defined by the energy scale of the bound state
Dp in relation to kT. In other words, charge-rich inhomogeneities (polarons
or bipolarons) may form, disappear, and reform in different spatial locations,
driven by thermal fluctuations. The inhomogeneities are still static in the
sense that the objects have no centre-of-mass motion, i.e. their kinetic energy
is small compared to their binding energy. Nevertheless their presence fluc-
tuates on a fast timescale t~�/Dp (of the order of 10–14 s).

2. The other possibility is that the dynamic inhomogeneity is associated with
the centre of mass motion of bosons (bipolarons).

For some models of superconductivity (Bose-Einstein condensation for exam-
ple) it is essential that the pairs are mobile [56] (case 2). For other models (such
as percolative superconductivity [57]) motion of pairs is not essential. It is thus
important to determine experimentally which of the two cases applies to the
cuprates.

360 D. Mihailovic · V. V. Kabanov



A common objection to superconductivity models based on Bose conden-
sation of bipolarons in the cuprates is based on “overcrowding”. In order to 
ensure that the interparticle distance is greater than the effective bipolaron 
radius r0, the latter has to be smaller than the coherence length xs, i.e. r0�xs. In
the cuprates this might be satisfied only in the dilute (strongly underdoped)
case, while in the optimally doped and overdoped cuprates the model is prob-
ably not applicable.

An alternative scenario proposed by the present authors [57] considers bipo-
larons where the kinetic energy of the pairs plays no part, whereby a macroscopic
superconducting state is formed by phase coherence percolation by Josephson
coupling (i.e. pair tunnelling) between deformed regions, including coupling
across metallic stripes. A schematic picture of a phase coherence percolation is
shown in Fig. 17. It was shown [57] that if each doped carrier created a distortion
of size pl0

2 (or pxs
2, since l0≈xs at Tc) in the CuO2 plane of a cuprate superconduc-

tor, then at the percolation threshold, the doped carrier density corresponds to
the onset of the superconducting state. The percolation threshold for 2D is at 1/2
area fraction in a bond-percolation model (which is a good approximation to the
case in hand). In La2–xSrxCuO4, this corresponds to x=0.06 at T=0.

Doping beyond this point leads to filling beyond 1/2 effective 2D volume
fraction, there are more stripes and fewer pairs, whence the percolation thresh-
old between pairs is reached at lower temperature, in effect lowering Tc from
it would be if space were not filled with stripes. In this picture, stripes are detri-
mental to high Tcs. Higher Tc appear to be limited by the topological necessity
that overlapping pairs form (Fermionic) stripes at higher doping.

The superconducting gap Ds(T) appears as result of long-range order arising
from Josephson coupling across stripes and pairs, leading to the characteristic
mean-field like temperature dependence of Ds(T) clearly observed for QP re-
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Fig. 17 Macroscopic phase coherence by Josephson percolation across pairs and stripes. The
white areas depict charge density. The line indicates a phase-coherent percolation path



combination in the femtosecond spectroscopy experiments. Hence the simul-
taneous presence of Dp and Ds(T) in the time-resolved optical data can be 
understood. In this model, the ratio of Tc to Dp is dependent on the effective
geometrical size of the pair (which is in turn related to the coherence length),
as discussed previously in this review and in [57]. It should be mentioned here
that if pairs can tunnel between inhomogeneities [57], it is not particularly 
important whether the inhomogeneities are dynamic or static, provided the 
inhomogeneities exist on a timescale which is longer than the pair tunnelling
time.

6
Conclusions

In this review we have presented an overview of the dynamical state of cuprate
superconductors based on experimental observations on short timescales. The
observed behaviour appears to be quite universal, defining the underlying
physical mechanisms which lead to the appearance of superconductivity in
these materials. We have also described a theoretical model to account for the
dynamically inhomogeneous state, which quantitatively and self-consistently
describes many of the general features of the observed dynamics on the fem-
tosecond timescale as well as experiments on slower timescales, such as NMR
[20] and magnetic susceptibility [8]. The model also predicts very specific sym-
metry breaking phenomena observed in Raman [50, 51], infrared spectroscopy
[52] and a class of ferroelectric phenomena [53, 54] which are also observed in
cuprate superconductors. Moreover, transport properties, particularly resis-
tivity, have also been quantitatively described by model [58].

The emerging picture is one in which the inhomogeneity is coincident with
singlet pairing, while the formation of a superconducting state at Tc is governed
by Josephson coupling between inhomogeneous regions [57].

We conclude by noting that formally, we have divided the description of
superconductivity into three parts: (i) a microscopic model for formation of bi-
polaron pairs and stripes as the dominant form of inhomogeneity, considering
primarily the competition of highly anisotropic elastic attraction and Coulomb
repulsion V(r) between particles, concisely taking the appropriate symmetry
considerations into account, (ii) a set of two-level systems describing the
pseudogap behaviour of pairs and stripes, and (iii) the formation of supercon-
ducting state in an inhomogeneous medium via phase coherence percolation.

More experiments and modelling are necessary in order to clarify the details
of mesoscopic ordering of carriers into stripes [59]. Although one should ex-
pect that a detailed examination of new experiments will reveal additional
complexity, it seems that the proposed finite-wavevector Jahn-Teller model can
describe the salient features very successfully.

It is remarkable that the two main concepts, namely Jahn-Teller polarons
and perculation, which we have discussed here, also approved in the original
paper by Bednorz and Müller in 1986 [12].
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Abstract It is widely believed that the essential physics of high temperature supercon-
ducting copper oxides are governed by the properties of their antiferromagnetic parent
compounds. Since these are Mott-Hubbard insulators being dominated by strong electronic
correlations, continuations of this physics to the doped superconducting regime have been
considered to be sufficient to describe the hole pairing mechanism. However, such a rather
simplistic and naïve scenario cannot account for the complexity of the phase diagram and
most importantly neglects the crucial effects stemming from the underlying lattice. It is
shown here, that extensions of the Hubbard model (with the limiting case of the t-J model)
including polaronic lattice effects yield a reasonable physical picture to describe the antifer-
romagnetic properties as well as the exotic isotope effects observed in the doped compounds.
It is concluded that the most important lattice effects stem from a coupling of the electronic
degrees of freedom to a JT Q2-type lattice distortion.
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1
Introduction

The discovery of high-temperature superconductivity in copper oxides [1] was
guided by the knowledge that the copper ion is one of the strongest Jahn-Teller
(JT) ions known so far [2]. In the JT effect the orbital degeneracy of electronic
states is lifted by the coupling to the lattice which undergoes a lattice distortion.
The coupling and the symmetry of the lattice distortion strongly depend on the
symmetry of the orbitally degenerate states and careful group theoretical
analysis has to be done in order to find the appropriate phonon mode as well
as the related displacement pattern [3]. The occurrence of superconductivity
in such a system would be rather novel as compared to conventional BCS type
superconductors since the JT coupling is local and – as a consequence – the pair
coherence length should also not extend over numerous lattice constants but be
local as well. Superconducting copper oxides, however, turned out to be full of
unexpected surprises which substantially complicated such intriguing scenar-
ios as the JT mechanism. In contrast to conventional band structure theory,
these half-filled band systems are not metals but doped antiferromagnetic 
insulators. Their phase diagram covers a variety of exotic states as, e.g., the
pseudogap state, the strange metal behavior, a conventional Fermi liquid, a 
possible coexistence of superconductivity with antiferromagnetic fluctuations,
quantum criticality. The antiferromagnetic insulating state of the undoped or
lightly doped systems has rapidly been attributed to a strong Coulomb repulsion
at the copper ion sites which inhibits that holes occupy the copper d electronic
states [4, 5]. The energy scale involved in this process is the largest and has con-
sequently been taken as the one which mediates the hole pairing mechanism.
The motivation for these considerations has various origins: i) the magnitude
of the superconducting transition temperatures is exceedingly high ruling out
a conventional BCS mechanism; ii) in the underdoped to optimally doped 
systems conventional Fermi liquid theory seems to break down; iii) the phonon
energies are obviously much smaller than the onsite Coulomb repulsions [6];
iv) the vanishing isotope effect on Tc at optimum doping and the pronounced
isotope effect on the penetration depth seem to rule out BCS type pairing 
[7, 8]; v) the extremely short coherence length of the pairing state provides 
evidence that local energy scales are relevant, as, e.g., provided by the onsite
Hubbard U.

In contrast to the above points which support a pairing mechanism due to
strong correlations only, there is a huge amount of experimental evidences
which highlight the important role played by the lattice. One of the first direct
findings is the isotope effect on Tc, which approaches and even exceeds the BCS
value in the underdoped regime and exhibits its largest values at the boundary
to the antiferromagnetic state [7, 8]. The London penetration depth lL shows
an unexpected isotope effect [8] which is absent in conventional BCS theory.
The onset of phonon softening and hardening at the superconducting transi-
tion has been observed by various techniques [9] together with lattice anom-
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alies occurring in the superconducting regime only [10]. Local lattice anomalies
have been observed by EXAFS [4], evidencing that the regular lattice coexists
dynamically with a locally distorted one. EPR [11], STM [12], NMR [13] and
other probes have shown that the superconducting compounds are highly 
inhomogeneous. Two components have been observed in various other exper-
iments as photo-induced relaxation effects [3], infrared response [14], ARPES
[15], EPR [16]. The onset temperature T* for the pseudogap regime has been
shown to be strongly isotope dependent with a reversed sign and one of the
largest isotope effects ever observed [17]. Various experiments have provided
substantial evidence that the superconducting order parameter is not of purely
d-wave symmetry but that a coexisting s-wave component is present [18–20].
From the above facts it must be concluded that a t-J model alone is insufficient
to capture the complex physics of high Tc cuprates [21].

The chapter is organized in the following way. In the first section we review
the essential physics of the single band t-J model. Extensions to more bands are
not included even though there are numerous examples of it in the literature.
The end of the section summarizes criticisms to this model based on experi-
mental and theoretical facts. In the following section natural extensions of the
t-J model are proposed, and their consequences for HTSC are discussed con-
secutively. The results of our model are finally summarized and compared to
experimental data followed by conclusions.

2
The t-J Model and Its Extensions

Soon after the discovery of HTSC it was mostly agreed that the essential physics
of the copper oxides can be attributed to the only common element in all these
structurally very diverse compounds, i.e., to the copper oxygen planes. It has
been emphasized in a variety of work that the chains in YBCO or the apical
oxygen ions also contribute in a hidden way via, e.g., charge transfer, to 
superconductivity, the majority, however, concentrated on the planes. Here the
most obvious energy scale is given by the large Hubbard U at the copper ion
lattice site giving rise to the introduction of the t-J model [21–23]. The sim-
plest model in this respect is a one band model where doped hole states, which
dominantly occupy the oxygen ion p-states, hybridize with the central copper
ion d states to form a state where the copper ion hole together with the doped
hole shared by the surrounding four oxygen ions can be represented by a sin-
gle strongly hybridized effective band [21]. Extensions to three band models or
more complex multiband models have subsequently been introduced, but the
transparency and the use of very few parameters of the single band model have
made this the most fashionable one within models that concentrate on strong
correlations only. This is the reason why we show its derivation here in detail,
but also note that it is unlikely that such a simplistic view is able to capture the
physics of the complex HTSC compounds.
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2.1
The Standard Case

The essential physics of the single band t-J model are displayed in Fig. 1 where
the electronic states of a copper oxygen plaquette are shown [21]. The Hamil-
tonian adequate for such a plaquette reads

H = ∑ ed d+
i,s di,s + ∑ ep p+

i,s pi,s + U ∑ d+
i≠ di≠ d+

iØ diØ (1)
i,s i,s i

+ ∑ ∑ Vil d+
i,s pl,s + H.c.

i,s lŒ{i}

where d+
i,s , pi,s creates a hole at site i with spin s in the copper dx2–y2 , oxygen px ,

py states, respectively. U is the on-site Coulomb repulsion at the copper site and
V measures the overlap between the copper and oxygen ion wave functions.
The phase of the wave functions is taken into account by the convention Vil=t0

for l=i–1–
2 x̂, l=i–1–

2 ŷ and Vil=–t0 for l=i+1–
2 x̂, l=i+1–

2 ŷ with t0 being the amplitude of
the hybridization, and the Cu-Cu distance is the unit length scale. For simplic-
ity ed=0, ep>0 and to�U, ep, U–ep. In the undoped state all copper states are 
occupied by a single hole as long as t0=0. For finite t0 the Hamiltonian Eq. (1)
can be mapped onto the S=1/2 Heisenberg Hamiltonian

Hs = J ∑
r
Si

r
Sj (2)

�ij�
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Fig. 1 Schematic diagram of the hybridization of the oxygen hole and the Cu hole; the
dashed and full areas represent the sign of the wave function



with �ij� being nearest neighbor copper ions,

4t4
0 4t4

0J = 7 + 7 (3)
ep

2 U      2ep
3

and
r
Si the spin –1/2 operators of the copper holes.

In general, the doping induced additional holes can either occupy Cu d-states
if ep>U or oxygen p-states if ep<U. In the former case the reduction to a single
band model is straightforward, whereas in the latter case this is not obvious. It
was, however, shown in [21] that a reduction to a single band is possible by as-
suming that the energy of the doped hole is, to zeroth order in t0, ep.An energy
gain may be obtained by hybridizing the oxygen hole state with the copper hole
state through antiferromagnetic superexchange. The four oxygen hole states
can then form symmetric and antisymmetric combinations with respect to the
central copper ion, and combine to either triplet or singlet states. Obviously, the
lowest energy state in such a scenario is the symmetric singlet state Y– [21]
where the hole is shared by the four oxygen ions and has antiparallel spin align-
ment with respect to the central copper ion spin (see Fig. 2 where a projection
of this state is shown). The large energy difference to the corresponding triplet
state Y+ has been taken as justification to work in the subspace of the Y–-state
only. The hopping of this state from site i to j is then accompanied by the 
simultaneous hopping of the copper hole from j to i (Fig. 2).
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Fig. 2a–c Schematic representation of the reduction to the single band model and Eq. (6):
a Cu-O4 plaquette without hole; b Cu-O4 plaquette with hole corresponding to the Y– singlet
state being shared by all neighboring oxygen ions; this state is equivalent to the empty hole
state at the copper site represented by open circles when the reduction to the single d-band
is made; c 1D d-representation of the single band model showing the motion of Y–through
the lattice (Eq. 6)

a b

c



The kinetic energy of this motion is given by an effective hopping Hamil-
tonian:

Ht = ∑ tij (Y–
j di,s)+ Y–

i dj,s (4)
iπj,s

where Y– is equivalent to the Heitler-London model of the hydrogen molecule.
The effective hopping integral tij is derived within second order perturbation
theory. Basically two different hopping processes can be distinguished: one 
involves the spin exchange between the copper and oxygen holes, the other is
the effective O hole hopping. The conclusion of the analysis is that the nearest
neighbor hopping integral is the largest one, whereas the next nearest neigh-
bor oxygen-oxygen hole hopping is one order of magnitude smaller.All higher
order processes are much smaller and are consequently neglected. The finding
that the second nearest neighbor transfer integral is an order of magnitude
smaller than the nearest neighbor one is taken as evidence that this can also be
neglected to continue then in the subspace of a single band only (see Fig. 2).
This assumption is based on the argument that the creation of a Cu d hole at
site i is equivalent to the simultaneous destruction of the Y–

i state at the same
site. In contrast, the Y–

i requires that no hole is in the d state at site i.After pro-
jecting out the empty states Eq. (4) reduces to

Ht = ∑ tij (1 – ni,–s) d+
i,s dj,s (1 – nj,–s) (5)

iπj,s

Since the singlet state does not interact magnetically with all other d-holes, the
final effective Hamiltonian is given by

H = ∑ tij (1 – ni,–s) d+
i,s dj,s (1 – nj,–s) + J ∑

r
Si

r
Sj (6)

iπj,s �ij�

where both contributions to Eq. (6) contain Cu holes, only. Equation (6) is thus
the final single band Hamiltonian, which is derived from a two band model in
the limit of large onsite U.

Even though a variety of physical aspects of this model seem to have very 
intriguing properties, it remains rather unlikely that applications of this model
to the doped cuprates are possible. Despite, it has to be pointed out that for the
undoped compounds the Hamiltonian in Eq. (2) is valid. It is not only the ne-
glect of lattice degrees of freedom, which makes possible applications to HTSC
unfavorable, but also a variety of approximations which have been introduced
there. The first point to mention is the doping independence of U [24]. If this
quantity remains in the strong coupling limit, antiferromagnetism would 
survive at any doping level. It is argued, of course, that antiferromagnetic fluc-
tuations persist with increasing doping and mediate the hole pairing; however,
it has been established experimentally, that U [24] substantially decreases with
doping such that the overdoped systems display conventional Fermi liquid 
behavior. The neglect of the triplet state within the above approach presents 
another serious problem, since the singlet only state becomes unstable in this
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case [25]. In addition, a major problem stems from the neglect of other than
nearest neighbor hopping integrals. This neglect means that the hopping to the
nearest neighbor is accompanied by either a spin flip or by the formation of a
triplet state, which has been ruled out from the beginning for energy consid-
erations. However, if one assumes that this is true, a spin flip of the doped hole
must take place which is energetically nearly as costly as the triplet formation.
Thus it appears that just the second nearest neighbor hopping integral is the
crucial one to overcome the above problems. The estimates, that this is an order
of magnitude smaller than the nearest neighbor one, are not in agreement with
band structure calculations [26] which empirically show that Tc increases with
the ratio of t2/t1within a given cuprate family (here t1, t2 are nearest and second
nearest neighbor transfer integrals). The single band t-J model also ignores 
that mainly all HTSC compounds are not tetragonal, but are orthorhombically 
distorted. Here it is frequently argued that the orthorhombic distortion is small,
but, in contrast, superconductivity is suppressed in LSCO upon the transition
to the low-temperature tetragonal phase [27]. The mapping of the two-band
model onto a single band one faces another problem since the large U at the
copper site inhibits additional holes to occupy Cu d-states. Also here band
structure calculations have shown [26] that eventually copper s states have to be
included which would require to extend the model to a multi band one. Fur-
thermore the unique properties of O2– have to be taken into account since the
oxygen ion 2p6 state is unstable as a free ion whereas the simply ionized state 2p5

is stable [28]. This phenomenology requires that doped holes occupy the oxy-
gen p orbitals to lower the O2– site energy. Consequently the limit to�U,ep,U–ep
is not necessarily realized any more and the Heisenberg Hamiltonian loses its
meaning, especially if U is reduced by doping.As already mentioned above, the
most important neglect of the model, is to rule out lattice effects from the very
beginning. Lattice effects are known to modify the exchange interaction in a
decisive way. In addition, the oxygen ions on the considered plaquette become
inequivalent for a variety of lattice modes. The analysis in terms of symmetric
and antisymmetric states is getting more complicated and energy arguments
vary substantially as compared to those proposed in [21, 23]. Isotope effects, as
reported experimentally, are completely absent and phase segregation or in-
homogeneity are excluded. In addition, it remains questionable that the above
outlined experimental facts can be included by perturbative approaches within
the t-J model.

In the following section we introduce natural extensions of the t-J model 
and show that lattice effects and more than nearest neighbor hopping terms 
are needed in order to explain a variety of isotope effects. We do not explic-
itly address the pairing mechanism, i.e., we do not rule out that strong corre-
lations contribute to it, but we show that major effects stemming from the 
lattice do not necessarily compete with a t-J scenario but cooperate to yield
high Tcs.
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2.2
Coupling to the Lattice

The importance of lattice effects within the t-J model has been addressed in a
variety of previous work since substantial modulations in the hopping integral
as well as the onsite and Coulomb energies may be a consequence [4, 29, 30].
These – in turn – modify the Zhang-Rice singlet state binding energy which has
been estimated to be of the order of 5 eV. In this context, coupling to specific
planar phonon modes has been investigated as, e.g., the half-breathing longi-
tudinal mode [10], the buckling mode [31], the full breathing mode [30, 32].
These studies are motivated by experimental findings of a substantial soften-
ing of the half-breathing mode in the superconducting regime, whereas the
buckling mode and the full breathing mode do not exhibit such pronounced
anomalies.

Here we start from a different aspect since we do not consider a specific
phonon mode, but consider in general the possible nature of the electron-
phonon coupling within the t-J model. The coupling of electronic degrees of
freedom to the lattice degrees of freedom is known to have subtle conse-
quences to both, lattice and electrons. However, only few scenarios exist which
have profound consequences for the ground state properties of the coupled
system:

1. Electron-phonon coupling may cause the formation of a charge density wave
instability [33].

2. A superconducting state may result in the sense of the BCS mechanism.
3. A Peierls instability can occur [34].
4. A combined charge-spin-density-wave instability could set in [35].
5. Polaron formation may take place [36].

One can systematically rule out various consequences from the above choices:

1. A structural instability is expected.
2. Superconductivity is accompanied by a doping independent isotope effect,

and an isotope effect on the penetration depth does not exist.
3. A Peierls instability is, like 1, accompanied by a structural phase transition.
4. A combined charge-spin density wave instability competes with supercon-

ductivity.
5. Polaron formation is neither in contrast to superconductivity nor does it

lead to structural transformations as long as it remains dynamic and local.

Consequently, we concentrate in the following on polaronic effects within the
extended t-J model, which are manifold, but, for brevity, we discuss only the
most important ones within the context of isotope effects, which occur in the
hopping integrals. All other consequences have been addressed in this volume
in one of the previous sections [37] and are not repeated here for brevity. The
Hamiltonian, which we consider, describes a three band model which is a min-
imal model to describe the physics of the Cu-O planes, namely [38]
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H = H0 + Hch–L + Hsp–L + HL

H0 = ∑ Ed d+
i,s di,s + ∑ Ech c+

i,s ci,s + U ∑ d+
i≠ di≠ d+

iØ diØ
i,s i,s i

+ ∑ ∑ Vil d+
i,s cl,s + H.c.

i,s  lŒ{i}

Hch – L =    ∑ [guij,r c+
i,s cj,s + h.c.] (7)

i,j,rr =rx,ry

Hsp – L =    ∑ [guij,r c+
i,s cj,s + h.c.]

i,j,rr =rx,ry

p2
i,r M

HL =   ∑ �6 + 5 w2u2
i,r �

i,rr =rx,ry 2M       2

where c+, c, d+, d are electron (hole) creation and annihilation operators in the
charge (ch) and spin (sp) channels at sites i, j with band energies Ech, Ed. Vil=±t0
is the hybridization matrix between copper and oxygen states where the sign
refers to the phase of the wave functions, and U is the onsite Coulomb repulsion
at the copper site. While H0 transforms to the t-J model in the limit t0�U, Ech,
U–Ech, the Hamiltonians Hch–L and Hsp–L are a consequence of charge-, spin- lat-
tice coupling proportional to g, where ui,j are the oxygen ion displacements 
along rr=rx, ry, the unit vectors along the axis directions, and p,w are the mo-
mentum and frequency of the oscillator i with mass M. Both band energies,
the doped hole band and the spin related one, have the same momentum k 
dependent dispersion, however with different k-space weight, since both are 
assumed to be mostly relevant to the CuO2 planes, namely

Ek = –2t1 (cos kxa + cos kyb) + 4t2 cos kxa cos kyb – m , (8)

with a≠b being the in-plane lattice constants and t1, t2 are nearest and next
nearest neighbor hopping integrals, respectively, and m is the chemical potential
which controls the number of particles, and has been shown to scale linearly
with doping [39]. Phonon degrees of freedom appearing in the Hamiltonian in
Eq. (7), can be eliminated by standard techniques [36]. The most important
terms which appear in the transformed system are a spin charge interaction
term proportional to Vsp–chnchnsp [40] together with a renormalization of the
band energies:

�w~
Esp, ch = –2t1 exp�–g2 coth 7� (cos kxa + cos kyb) (9)

2kT

�w
+ 4t2 exp�–g2 coth 7� cos kxa cos kyb – D* – m ,

2kT
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where D* is the energy shift induced by the displacement ui of the nearest
neighbor oxygen ions surrounding the copper ion. The most important term,
however, is the polaronic band narrowing proportional to g.

The model we are now dealing with is a coupled spin-charge phonon system
with strong phonon mediated interband interactions between the spin and the
charge channel [40]. Superconductivity may arise here from either attractive
interactions in the spin channel, mostly mediated by antiferromagnetic fluc-
tuations, or from electron-lattice interactions within the charge channel, or, fi-
nally, from a combined cooperative effect between both subsystems. Details of
how to map the resulting Hamiltonian onto an effective two-band BCS type
Hamiltonian have been given in a previous section [37] and are not repeated
here. We assume in the following that within our two-band model attractive
pairing interactions stem from the spin channel whereas those in the charge
channel are too weak to induce superconductivity here. The interband inter-
actions between both components are the important terms which induce su-
perconductivity also in this channel.

3
Isotope Effects

3.1
Gap and Order Parameter Symmetry

Superconducting properties of the coupled charge-spin-lattice system are stud-
ied within an effective two-band Bogoliubov quasiparticle approach. The re-
sulting scenario is a two gap superconducting state,analogous to MgB2 [41],with
the distinction that the order parameters are of different symmetries. In addi-
tion, and opposite to MgB2, in cuprates mostly a time-averaged gap is observed
caused by fast fluctuations [42].Experimental evidences for coexisting gaps have
been proposed by various techniques, where especially Andreev reflection 
measurements support this scenario [18]. However, from other techniques sub-
stantial evidence has also been obtained that the order parameter in cuprates
is not of pure d-wave symmetry but has an admixture of an s-wave order 
parameter [14, 19, 20]. The superconducting gaps Eg,s (s-wave gap), Eg,d (d-wave
gap) have been calculated as a function of doping for various coupling constants
g and fixed ratio of t2/t1=–0.3 as suggested by band structure calculations 
for YBCO [26]. Figure 3 shows the individual gaps as a function of doping for
various coupling constants. The ratio of the individual gaps with respect to the 

961average one, namely Eg = kE2
g, s + E2

g, d , is nearly doping and coupling indepen-
dent and exhibits values which are very close to those of [18].

961Figure 4 shows the average gap Eg = kE2
g, s + E2

g, d as a function of the corre-
sponding Tc where experimental data points for Y1–xCaxBa2 Cu3O7–d [18] have
been added for direct comparison.
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Fig. 3 The superconducting gaps (d-wave; full symbols, s-wave: open symbols) as functions
of doping for various values of the polaronic coupling g as indicated in the figure

97
Fig. 4 The average superconducting energy gap Eg=kE2

g, d + E2
g, s as a function of the super-

conducting transition temperature Tc. Squares are calculated values with g=0.43, 0.63, 083
(checkerboard, grey, white), respectively, whereas full circles are experimental data points
for Y1–xCaxBa2 Cu3O7–d taken from [18]



Furthermore, we have calculated the oxygen-isotope (16O/18O) effects on Eg
and Tc for various values of g and the same parameters as in Fig. 3.As shown in
Fig. 5, the relative isotope shifts |DEg/Eg |=|(18Eg–16Eg)/16Eg| and |DTc/Tc|=
|(18Tc–16Tc)/16Tc| are found to be equal (dashed line). This striking finding is 
in excellent agreement with experimental data [8] of the oxygen-isotope effect
on the zero-temperature in-plane magnetic penetration depth lab(0) and Tc also
included in Fig. 5 for direct comparison. However, the saturation effects 
observed in Dlab(0)/ lab(0) at optimum doping are not found for |DEg/Eg| and
appear only if t1/t2 is strongly enhanced as compared to the present value. The
close resemblance between |DEg/Eg| and Dlab(0)/lab(0) in Fig. 5 is not acciden-
tal since in both quantities the leading term for the isotope effect stems from the
band energies. Interestingly, a similar linear relation has recently been reported
for the band energy isotope effect as a function of the gap values [43].

3.2
Isotope Effects on Tc

Within the above described two-band scenario, isotope effects on Tc can only
arise from the band narrowing effect proportional to g. From Eq. (9) it is seen
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97
Fig. 5 Relative isotope shift of the average gap kE2

g, d + E2
g, s (|DEg/Eg|) as a function of the 

relative isotope shift of the superconducting transition temperature Tc (|DTc/Tc|). Both gaps,
the s-wave gap Eg,s and the d-wave gap Eg,d show nearly the same isotope shift. Squares are
calculated values with g=0.43, 0.63, 083, respectively. The dashed line is a guide to the eye.
Full triangles and circles refer to experimental oxygen-isotope effect data of the zero-tem-
perature in-plane magnetic penetration depth lab(0) and Tc taken from [38]. The ratio of
t2/t1=0.3 in all calculations and the corresponding figures
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that the nearest neighbor as well as the second nearest neighbor transfer inte-
grals are affected by it in an analogous way. However, as will be shown below,
their effect is markedly different for the isotope effect on Tc. In Fig. 6 we show
the total isotope exponent as a function of the chemical potential for both 
hopping integrals (t1, t2) and various polaronic couplings g.

Even though we do not consider the case g=0 in Fig. 6 it is obvious there that
for small values g of the isotope effect nearly vanishes whereas with increasing
g the experimentally observed trends appear. In order to clarify the symmetry
of the coupling lattice distortion which causes these isotope effects, the fol-
lowing analysis has been performed: i) first only t1 is renormalized by g whereas
t2 is bare; ii) only t2 is renormalized and t1 remains unrenormalized. The results
are shown in Fig. 7. Clearly, the isotope effect due to t1 only deviates strongly
from experimental observations in the underdoped regime where it approaches
zero. On the other hand t2 follows the total isotope effect correctly. This result
admits to draw conclusions about the lattice distortion which governs the iso-
tope dependence of the gaps, Tc and lab(0). The half-breathing mode (Fig. 8, left
panel), which shows anomalous softening [10], is dominated by t1, and obvi-
ously carries the wrong isotope dependence.

Since the same symmetry considerations also apply to the perpendicular 
direction of the half breathing mode, the full breathing mode can be excluded
as well. Recently much attention has also been paid to the coupling to the B1g
buckling mode [31] (Fig. 8, middle panel). However, this mode is also domi-
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Fig. 6 The isotope exponent a as a function of doping for different polaronic coupling
strengths g as indicated in the figure
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Fig. 7 Calculated isotope effect exponent a as a function of Tc/Tc,max for g=0.83 (Tc,max is the
maximum Tc for a given family of HTSC). The grey squares are calculated by renormalizing
both hopping elements t1, t2 through the polaronic coupling proportional to g2. The white
squares are calculated by renormalizing t1 only, whereas for the dark squares t2 is renor-
malized, t1 remains bare. The black symbols are experimental data points for various HTSC
taken from [8]. The dashed lines are a guide to the eye

Fig. 8 The relevant lattice modes which renormalize the hopping integrals t1, t2 (from left to
right: half-breathing mode, B1g buckling mode, Q2-type quadrupolar type mode). The arrows
indicate the ionic displacements, the small black circles refer to the Cu ions with their cor-
responding spin, while the large grey circles stand for the oxygen ions



nated by nearest neighbor transfer only and does not involve the hopping to
next nearest neighbors. The crucial role of t2 can consequently only be taken
into account by considering the quadrupolar (pseudo JT) Q2-type mode as the
origin of the observed effects (Fig. 8, right panel). Our explanation is consistent
with the interpretation of EPR data [11], but also with data for perovskite type
manganites [44], where the dominant role of the JT formation has been demon-
strated by isotope experiments.

3.3
Isotope Effects on the Penetration Depth

Evidence for an isotope effect on the penetration depth has been obtained in a
variety of experiments, but only very recently has it been measured directly for
the first time [8]. Theoretically, the previous experimental studies have been 
addressed in various works. Polaron and bipolaron formation has been dis-
cussed to be at its origin [45, 46]; nonadiabatic effects caused by JT polaron 
formation have been considered as well [45, 47]. A doping driven crossover
from 3D to 2D has been shown to yield scaling relations where the isotope 
effect on Tc correlates with the one on lL [48]. In [45] it is assumed that two
contributions to the isotope effect exist – one stemming from the conventional
BCS electron-phonon coupling, and the other being related to nonadiabaticity
caused by dynamic charge transfer due to polaron formation. In accordance
with the new penetration depth data, it is predicted that the isotope effects on
Tc and lL have opposite signs and are related to each other [45, 48]. However,
the relation between both is not linear in [45] but depends on the number of
normal state carriers, i.e. varies within the different cuprate families. A linear
relation is observed in [48] in the limit that the system is close to a quantum
critical point in the underdoped regime.

In the following a similar analysis analogous to [45, 46] is performed, where,
however,a decomposition of the isotope exponents is not used,but rather the con-
sequences of polaronic coupling in our two-component scenario are investigated.
Results from previous calculations have already given the correct trend, but the
important second nearest neighbor hopping term has been neglected there [49].
The penetration depth lL is anisotropic as a consequence of the two-channel 
superconductivity and is obtained from the superfluid stiffness Çs via the relation

lL
–2 = m0 e2 ns/m* µ Çs (10)

where m* is the effective mass, ns the superconducting carrier density and m0
the vacuum permeability. The superfluid stiffness is calculated within linear 
response theory through the relation between the current and the induced
transverse gauge field [37]:

1            ∂
~
Ek   

2  ∂f(Ek)    1 ∂2 ~
Ek               

~
Ek  EkÇs

a = 5 ∑ ��7� 92 + 38 �1 – 5 tanh 7�� (11)
2V  k    ∂ka ∂Ek 2 ∂ka

2                Ek 2kT
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Fig. 9 a Tc as a function of the superfluid stiffness Çs for various values of g as indicated in
the figure; full symbols refer to 16O, open symbols to 18O. b Tc as a function of the superfluid
stiffness Çs for g=0.8286 only, in order to amplify the isotope effect on Çs more clearly

b

a
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Fig. 10 The normalized penetration depth as a function of temperature; full circles refer to
16O, open circles to 18O. The inset shows the same on an enlarged and limited scale in 
order to make the isotope effect more clear

94with E = k ~
E2 + D–2 and a = x, y, z, f(Eka) is the Fermi function. In Eq. (11) an iso-

tope effect on lL may arise either from an isotope effect on m* or from one on
the carrier density. Experimentally this question cannot be uniquely clarified [8].
However,back exchange experiments have clearly evidenced that the carrier den-
sity is not changed upon isotopic substitution. One could conclude from this fact
that m* is affected by the isotopic substitution whereas the carrier density re-
mains the same. However, the enhanced mass and volume of 18O as compared to
16O can have an effect on the carrier density since this is coupled to the lattice
through polaron formation. The results are shown in Fig. 9 a,b, where Tc is given
as function of Çs for different values of g. Here open symbols refer to 18O whereas
full symbols show the results for 16O. In Fig. 9b data for 16O and 18O are shown for
g=0.8286 only in order to show the isotope effect on Çs more clearly. Besides ob-
serving a clear isotope effect on Çs, there is a linear relation between Tc and Çs
reproducing the Uemura plot [50]. It is important to note that the equality in
Eq. (10) is a consequence of approximating the Fermi surface by a sphere, i.e. us-
ing a parabolic band dispersion. In the present approach this does not hold any
more since explicitly the second nearest neighbor hopping integral is included,
which has been shown to be the most important quantity in obtaining the cor-
rect isotope effect on Tc and on lL.We can thus safely conclude that the observed
isotope effect is a consequence of the effective carrier density. Since Çs µ 1/lL

2 the
resulting isotope effect on lL is obtained and shown in Fig. 10. The calculated



temperature dependence of l–2(T)/l–2(0) shows systematic depressions for the
18O system as compared to the 16O compound in agreement with the experi-
mental data [8].

An interesting correlation of the isotope exponent b on lL and a on Tc is 
obtained by comparing them for various couplings to each other. This is shown
in Fig. 11. Obviously there is a linear relation between both and a sign reversal
of b as compared to a. This finding explains our recent results of a linear 
correlation between the isotope effect on the superconducting gap and the one
on the penetration depth [8]. The sign reversal of b with respect to a has also
been predicted in [45, 48]; however, the linear relation obtained here has only
been obtained in [48] in the limit of the quantum critical end point in the un-
derdoped regime. In accordance with [45] the isotope effect on the penetration
depth may be due to an isotope effect on the carrier density.

4
Conclusions

In this short contribution we have shown that natural extensions of the three
band Hubbard model which incorporate the coupling to the lattice, are an es-
sential ingredient for any model for high Tc cuprates in order to understand the
observed unconventional isotope effects. The most important findings are that
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Fig. 11 The isotope coefficient b on Çs in relation to the isotope coefficient a on Tc for 
various values of g as indicated in the figure

Ç s
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the isotope effects are a consequence of polaron formation where the second
nearest neighbor transfer integral t2 causes the isotope effects. This observation
suggests that the important lattice mode in this respect is a pseudo JT Q2-type
mode as also suggested by chemical consideration [51, 52] and rules out that
half-, full-breathing and buckling modes are the origin of unconventional iso-
tope effects within our approach. We are thus dealing with a combined t-J – JT
model, which is complementary to the scenario of coexistence of preformed
pairs and itinerant electrons (see [3, 37]). The polaron formation is spatially lim-
ited to regions around the doped holes and always remains dynamic. In this way
a coexistence of the regular lattice with the distorted one takes place which is
strongly reminiscent of mesoscopic phase segregation. The two components of
our model do not compete with each other but cooperate, and in this way high
Tcs are possible.
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